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PREFACE. 

In the preparation of this book the needs of two distinct classes 
of students have been kept constantly in mind. First those who 
may pursue the study of Physics as a means to general culture, and 
as a foundation for further scientific study, and second those who 
may desire a knowledge of general Physics in view of its immedi- 
ate application in the study of Medicine, Chemistry or Dentistry. 

It has been the intention so to present the subject as to meet 
^ the needs of both classes, so far as it can be done in a course of 



si lectures upon General Physics supplemented by regular recitations 

^ upon the text. Special stress has been laid upon the solution of 

problems in Mechanics and Optics, and to this end a considerable 
number of representative physical problems have been added. 
Q In the preparation of a text for the use of first year students 

in the University, no effort has been made to secure either com- 
pleteness or originality of treatment. The author has drawn freely 
upon standard works upon Physics, notably upon those of Hastings 
and Beach and Carhart, in English, and of Warburg, Miiller- 
Pouillet, and Drude, in German. The aim has been so to connect 
logical development with practical application in each branch of the 
subject, as to awaken and stimulate a desire for further study of 
this fundamental and far-reaching science. If this little volume 
shall have in any degree contributed to this end, it will have repaid 
many fold the labor expended in its preparation. 

J. O. R. 
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COLLEGE PHYSIOS. 



MECHANICS, 

Introduction. 

U Science and Natural Law. Physical Science is-dbn- 
cerned with the deduction of the laws of phenomena in the 
inanimate world. ' 

The natural tendency of the' human mind is to try to 
arrange the facts of daily observation according to some 
ratioual plan; to subject them to some general rule; in 
short to explain them. A new fact is considered as 
explained when it is shown to be in accord with previous 
knowledge. Thus daily experience shows that all bodies, 
such as wood, stone, lead, water, etc., if unsupported fall 
to the ground, or if supported, they exert pressure upon 
the support, in other words they have weight. Torricelli, 
recognized as the cause of the pressure of the air, the fact 
already known to Galileo, that even gases have weight, 
and show that the ocean of air presses upon the earth's 
surface because of its weig'ht. In this way the phenomenon 
of atmospheric pressure was brought into harmony with 
the facts of previous knowledge, and with the general 
proposition that all bodies have weight. 

— 1 — 
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Siich a proposition is called a law of nature. It has been 
found to be true in all cases observed, and while it may be 
included in some more general proposition, it can never 
be shown to be false. Science has been defined as '^a 
body of generalizations so irrefragably true, that while 
they may be subsequently included in some lairger gener- 
alization they can never be overthrown. 

The term Physical Science embraces the related 
branches, Physics and Chemistry, whose boundaries are 
separated by no sharp line of demarcation, but overlap 
in many places and many laws are common to both sci- 
ences. Their ultimate problem is the constitution of mat- 
ter, and their methods of attack are daily becoming more 
and more similar; the study of matter in its relation to 
energy. 

2. Matter* Matter may be defined as that which occu- 
pies space. A mass is a definite quantity of matter. 
Chemistry is occupied with the investigation of changes 
in the composition of matter. Its fundamental proposition 
is that of the * 'Conservation of matter." In accordance 
with this principle it is asserted that the quantity of 
matter in the universe is constant, and that by no human 
agency can matter be created or destroyed. 

Physics is concerned with matter only in so far as it 
serves as a carrlMr of energy. The fundamental proposi- 
tion of Physics is the "Conservation of Energy." This 
proposition asserts that the quantity of energy in the 
universe is constant; that energy like matter is indestruc- 
tible, and that although it may be transformed and trans- 
ferred in an endliess round of changes no energy is ever 
lost; the amount of energy remains the same. This does 
not mean that all the energy is available, or that it will 
remain so. Much of the energy at our disposal is wasted, 



in tliat it escapes in the form of uniformly diffused heat 
and is thereby rendered unavailable. It ha^ not, however 
been destroyed, 

3» Inertia* Of the various properties of matter, surh 
.as extension, impenetrabilit}^ divisibility, porosity, com- 
pressibility, elasticity, weight and inertia, perliaps the 
most characteristic is that of inertia. 

Inertia is the resistance which matter offers to anv 
change in its condition of rest or motion. Matter is. 
powerless of itself either to move or to stop moving if once 
set in motion ; moreover it resists any attempt to move it 
if at rest, or to stop it if in motion. 

Illustrations of inertia are se(m in the hammering of 
the water in a water pipe on suddenly closing the faucet ; 
in the action of the hydraulic ram ; or of the fly wheel of 
an engine. Familiar examples are also found in the 
stamping of snow from the feet, in the beating of dust 
from a carpet, in the motion of a bicycle rider 
Avhen his wheel strikes a stone, or in the case of a 
person who steps from a rapidl}" moving car while facing 
to the rear. More remarkable illustrations of inertia are 
seen in the action of dj^namite when ex[)]oded upon the 
surface of a rock — the inertia of the air being sufficient to 
cause the rock to be pulverized, by the sudden pressun^ ; 
in the method of supplying locomotives with water wiiile 
running at full speed, and in milling machinery in wliieh 
rapidly revolving steel bars beat the grain to poAvder. 

4. Fundamental Units and Measurements* The meas- 
urement of any concrete or physical quantity consists 
in comparing it with some quantity of the same kind 
assumed as the standard or unit. Its magnitude or 
measure is then stated in terms of that unit. Example, 
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measuroment of a table ; L =r 4.57 Meters. 

No idea of the magnitude of a qiiaiitit}^ is gained 
unless the unit be stated. 

The fundamental concepts of Physics are those of 
space, mass and time, and most physical quantities may 
be expressed in terms of these. For this reason the units 
of length, mass and time are called fundamental uhHh, 
and all other units expressible in terms of these are t(M*med 
derived tnits. Such a system of units is called an abso- 
lute sy?>tem. In the system in common use among 
scientific men the unit of length is the centimeter, the 
unit of mass is the gram, and the unit of time is the 
second. This is usually called the C. G. S. system. 

The centimeter is the one-hundredtli part of the 
standard meter. The standard meter is repi'esented by 
the distimce at O*' Centigrade, between two marks on a 
certain bar of metal kept in the Archives of Paris. The 
meter was originally intended to be the one ten-millionth 
part of an earth-quadrant from equator to pole. Subse- 
quent measurements have shown this distance to be 
10,000,880 meters. The term meter, therefore refers to 
the bar of metal and has no relation to the shape or size of 
the earth. The relatioji between the centimeter and the 
inch is 

1 in. rr^ 2.54 cms. 

Thi}'(fram is the one-thousandth part of a mass of 
metal called a kilogram, kept in the Archives of Paris. It 
was intended that the gram should represent the mass of 
one cubic centimeter of distilled water at the temperature 
of maximum density [4° (./.] ; although more exact deter- 
minations have shown this relation to be slightly in error, 
yet for all practical pui'poses we may regard the mass of 
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one cubic centimeter of distill^ water at 4° C. as equal 
to one gram. The relation between the kilogram and tlie 
pound is 

1 kilo = 2.2 lbs, 

Tlie second is the unit of time employed in scientific 
measurement and may be defined as the ^^ part of a 
mean solar day, where a mean solar day denotes the 
average time between the successive passages of the sun 
across the meridian, taken throughout the year. 

It remains to be noted that while the units of mass, 
lengtli and time are called fundamental units, there are 
employed other units not reducible to these though 
connected with them by certain constants w^iich have 
been determined by experiment. Such are the units of 
temperature, of heat, and of luminous intensity. 

Dimensional Formulae and Derived Units* It is fre- 
quently of advantage to express physical quantities in 
general terms, in order to show" more clearly tlieir relation 
to each other. In such cases we write [M] , [L] , and [TJ , 
with the proper exponents to show how" tlie fundamental 
quantities of mass, length and time enter into the derived 
values in question. Such a formula is called a dimensional 
formula. A few examples of derived units will illustrate. 

Area« The area of any plane figure is proportional 
to the product of two of its linear dimensions ; hence the 
dimensional formula for any area is [L^] i. e., the square 
of a length. 

Unit area is 1 cm'^. 

Volume* Since the volume of any solid is propor- 
tional to the product of three of its linear dimensions, the 
general formula for a volumn becomes [I/] ; that is, a 
length cubed. Unit volume is 1 cm^ or 1 cc. 



N 
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Density* The densit^^ of a body is by definition, the 
mass per unit volume. It is found by dividing the mass 
of the body by the volume ; hence the formula for density 

(-~).or[ML-»] 

Velocity. Velocity is the time rate of wotion, A mov- 
ing body passes over a spjice L (cms.), in a certain 
time T (sees.) ; hence the mean or average velocity is found 
by dividing the space by the time, or the formula is[LT^] . 
Unit velocity is a velocit}" of one centimeter per second. 

Acceleration* When the motion of a body is not 
uniform the velocity is no longer constant but varies every 
instant. If this variation be uniform, then the average 
rate of change of velocity is found by dividing the dift(M*- 
ence between the initial and the final velocities, by tlie 
time. Acceleration is defined as the tiyne rate of cliduge 

of velocity; its equation is (1) a = 7 — -, where v^ and 

V denote the initial and final velocities of the body. The 
dimensional formula for acceleration is [L T"^] . Unit 
acceleration is an acceleration of 1 cm. per sec. per sec. 

Momentum. Momentum is the quantity of motion 
possessed by a body and is the product of the mass and 
the velocity. Momentum = mv. Dimensional formula 
[M L T~^] . Unit momentum is possessed by unit mass 
moving with unit velocity. 

Force* A body has no power to change its motion of 
itself. Any change in the motion of a body, either in 
magnitude or direction must be due to some action upon 
the body which we term a force. Force is defined as the 
time rate of change of momentum. Its equation is 

(2) F = T 2 = ma. 
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The dimensions of force are (MLT"^) . The unit of 
force is the dyne. It is that force which will give unit 
mass unit acceleration. 

6. Circular Measure of Angles. About the vertex C of 
the angle fy, Fig. 1, describe a circle with radius r, and 
denote the subtending arc, AB, by s; then in circular 
measure the angle S is defined by the equation 

(3) *^ = -f. 

If ^ be taken as unity, then 
s = r. This unit angle is called a 
radian. A radian is that angle 
whose subtending arc is equal to 
the radius. 

Again, from the point A drop' 
a perpendicular to CB, and from 
B erect a perpendicular to CB to 
Fig. 1. meet CA produced. Then in the 

DA " 

two right triangles ACD, and ECB, we have sin = p . , 




DA 



BE 



and tan = ^^ = ^ ; noting the equality of CA and 



DA 



BA 



tan 



BE 



CB, we may write tan 6 = pp , ■=- ^. , ^.*ix .. _ -pw 

or the angle ^ lies between its sine and its tangent in 
value ; that is, sin 6^<^< tan 0, As S approaches 0, these 
values approach each other, and we may w^rite, without 
serious error, for small angles sin ^ :== ^ = tan B, Tliis 
approximation is frequently employed in physical formulae. 
The formulae are usually assumed as correct for values of 
under three degrees. 

7. Trigonometrical Formulae* The following trigo- 
nometrical relations will find frequent application. In 
any right triangle ABC, Fig. 2 right angled at C, we have 



^o,. /. ^^'i%0^ 
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by definition 



. side opposite BC 

hypothenuse AB 

. ___?i^® adjacent AC 

hypothenuse ~ AB 




tan A--- — 



side opposite 



BC 
AC 



sin A 

cos A 



Fltr. 2. 



side adjacent 

Also sin A — cos (OO^'-A) - cos B. 

sin'^ A -i cos'^ A =r 1. 

sin A ( f B) -- sin A cos B -t cos A sin B. 

sin 2A ----- 2 sin A cos A. 

Tlie following rallies of the sine, cosine, and tan^(Mit 
of the various angles should be memorized. 



« 


: 0° 


: 30° : 45° ,: 60° 


: 90° 


: 180° 


sine 


: 


: i : ii . : il » 


: 1 


: 


cosine 


: 1 


: ij » : i|-» : \ 


, 


: -1 


taneent 


: 


: — : 1 : I 8 


: OO 


: 



B>r 



X' 



1/8 

hyy Ptojection upon Rectangular Axes. If we have a 

' ^ l)air of rectangular axc^s 

XX', YY', Fig. :5, then we 
can resolve any quantity 
capable of being repre- 
X sented by a right line into 
two components, parallel 
to the two given axes. 
Thus let OC rei)resent sucli 
a line, making an angle H 
with the XX' axis. Then 
tlie component of OC, parallel to the x axis is OC cos «, 
and the component parallel to the y axis is OC 




Y 
v\ff a. 



i 
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cos (90^ — h) =00 sin H. These two components, OA ancj 
OB, are^ called the projections of OC upon the x and y 
axes respectivel3% The angle H measures the difference 
in direction between the line OC and the axis, and is 
called the direction angle. To prqject any line upon, any 
other ^ miUtijjly the line in question by the cosine of the direction 
anale, 

9. Ctfrvaturc^ Tlie direction of motion of a body at 
any point in a curved path is. the tangent to the curve at 
that point. Since the direction in which the body is mov- 
ing constantly changes, it is of importance to know the 
rate at w^hich the direction of motion changes. Curvature 
is defined as the rate of change in direction per unit length of the 
curve. 

In tlie case of a point describing the 
circular arc PQ, (Fig. 4), the change in 
direction is the angle included between 
the tangents at these points. This angle 
is in turn equal to the angle ^, included 
between tlie radii OP and OA. But by 

Fit?. 4. equation (8) H ^-- -p-, 

hence the curvature is 

H __ 1 
s " " r ' 

or the curvature at any point on a curve is the recip- 
rocal of the radius of tlie circle which most nearly 
coincides with the curve at that point. In the circle 
the curvature is constant ; it is variable in tlu^ ellipse 
or the parabola, and zero in a straight line. 

J0» Vectors and Scalars* Certain physical quantities 
such as velocities, forces, accelerations, (electromotive 
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forces, electric currents, etc., are of such a nature that 
they require botli a number and a direction to define them 
completely. Such quantities are called directed (pwutl- 
ties or vectors. These quantities may be represented 
both in magnitude and direction by a straight line. 

Other pliysical magnitudes sucli as mass, density, 
energy, power, electrical resistance*, etc., have no rehition 
to direction, and are completely described by a single 
numerical value. Such quantities are called scalar quan- 
tities or scalar s, 

V\, Addition and Subtraction of Vectors* Given 
vectors, p and q, repre- 
sented in magnitude and 
direction by the straight 
lines AB and BC (Fig. 5), 
their sum r, may be de- ^^^ 
termined and calculated as 
follows : From t)ie point 
C drop a perpendicular upon AB produced, .and let 
the angle ^ be the difference* in direction between ,the two 
vectors. Then AC is the sum of the vectors p and q ; for 
(4) AC'-^ = AD'^ ; DC^ or 

v^ -- [p -| q cos ^]*^ -}- q'sin' H whence 

r^ =:r p'^ -|- q'^ -i 2 pq cos ^. 

It is to be noted tliat this formula covers all possible 
cases arising from different values of ^. Thus for ^ — 0°, 
I* -= P + q ; for H --. 90% v' - p'^ \ q^;^ r= 180% r ^ p - q. 

The solution may b(^ effected graphically by laying off 
and connecting in order the lines AB and BC, representing 
the vc^ctors' ]) and q ; then the line AC represents the 
vector sum of p and q, when* the points A, B, and C may 
be any points whatever. 




Fijf. b. 
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v^ 




12. Summation of any Ntunber of Vectors. The fore- 
going graphical method 
may be extended to the 
case involving any num- 
ber of vectors. Thus in 
(Fig. 6,) the resultant R, 
of the vectors P, Q, S, T 
and U is represented both 
in magnitude and direc- 
tion by the line drawn Fig. 6. 
from the beginning of tlie first to the end of the last, the 
vectors being added in any order whatever. 

The numerical value of the resultant of any number 

of vectors is readily calculated by 
projecting the vectors upon the X 
and Y axes, adding the various 
components upon each axis and 
then combining the x and y com- 
ponents. Thus if, (Fig. 7) , pi, 
P2, pn etc., be the various vectors, 
making angles «i, «2, «ii, with the 
axis of X, then the sum of the x 
components is 

Xi + Xj + Xn = pi cos «i -f P2 cos «3 + Pn COS «„ 

or 



Y 




Fig. 7. 



(6) 
(7) 



X = 2' p cos a 

Y = 2' p sin a 



and similarly 
whence 



R^ 



X2 -f Y^ 



and the angle <P between the resultant and the x axis is 

given by the equation. 

Y 
(8) tan ^ ^ -Y— 
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MOTION AND FORCE. 

I3. Motion. Motion is change of position occurring 
in time. Displacement is cliange of position without 
regard to time. All motion is purely relative ; absolute 
rest is unknown in the universe. Motion embodies the 
two conceptions of space and time, and is to be studied 
under the two aspects of a change in the magnitiule of the 
motion, and change in the direction of the motion. 

Motions may be classified (a) as to direction, into 
rectilinear, curvilinear and vibratory motions ; (b) as to 
kind, they may be divided into uniform, uniformly acceler- 
ated, and simple harmonic motions. 

i^ Force* Whenever a body has its condition of 
motion changed, either in magnitude or in direction, this 
change is attributed to some action upon the body which 
we term a force. A force is thus considered as an action 
upon a mass, and is measured by the product of the mass 
and the acceleration conferred upon the mass. 

Force is thus the product of Mass and Acceleration, or 

F ::=Ma. 

The C. 6. S. unit of force is the dyrie. A dyne is that 
force which will give a gram mass an acceleration of one 
centimeter per sec. per sec, or it is that force which will 
give to unit mass unit acceleration. . 

The intensity of a force is the force exerted upon unit 
mass. Thus the intensity of the force of gravity is 980 
dynes, since it imparts to a gram mass an acceleration of 
980 cms. per sec. per sec. 

When a force -acts for but a short time, as in the case 
of a blow or a collision, the effect is called an impulse and 
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is measured by the product of the force and the time during 
which the force acts, or 

Impulse " F t. 

The element of time is essentia] to the consideration, 
of the effect of any force, as nothing short of an infinite 
force could produce an effect in zero time. 

Again every force is to be considered [^s res^ulting 
from the mutual action of two bodies.' Under tliis aspect 
the resultant action is called a stress. Thus a mass of 
1 kilogram is attracted towards the earth and in turn 
attracts the earth with a force of 980,000 dynes. This 
mutual action tends to produce motion in tlie case of both 
bodies. The force by whicli a body is attracted toward the 
earth is called its weight, and weight is the product of mass 
and the acceleration due to gravity, or 

W == M g. 

Since tliQ value of g increases slightly from the equa- 
tor to the pole, it follows tliat the weight of a body is not 
constant at different points upon tlie earth. The mass of 
the body, however, is constant. 

Weight is not to be confused with inertia, wliich sig- 
nifies the resistance whicli a body offers to being set in 
motion in any direction. Weight is tlie force opposing 
motion of the body away from the earth ^s center. The 
inertia of a mass is a constant and characteristic property ; 
its weight is a function of the acceleration due to gravity. 

J5« Force as the Catise of Motion* We have seen that a 
body is pow^erless to acquire motion of itself, and equalljv 
incapable of coming to rest, of itself, if in motion. 
Change of motion therefore, is always due to the action of 
force. The equation F = Ma, shows that force does not 
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appear except in connection witli matter. Tliere is always 
a mass involved. Again the factor a, indicates that force 
is exeiiied only ivhile the motion w? vhanging, A steam engine 
exerts force in pumping water from a well, in that it sets 
the water in motion ; gunpowder exerts force upon the 
cannon ball during the time the ball is passing from tlie 
breech to the muzzle of the gun. The ball in turn exerts 
force only while its motion is clianging ; i. e. while it is 
smashing the target or piercing the armor of the ship. A 
ball flying through space and encountering no resistance 
exerts no force ; its motion is imchanged. A locomotive 
pulling a train with uniform velocity along gt level track, 
exerts force sufficient to overcome friction and no more. 
A body in motion moves until some force stops it. This 
is all summed up in Newton's First Law of Motion. 

^ 'Every body continues in its state of rest or unifarm motion 
in a straight line, except in so far O'S it is comjjelled to change tluit 
state by forc^e impressed upon it,^^ 

This law is symbolized in the equation 

F -- M a. 

If a be zero there is no force ; hence there must exist 
either rest or motion. Again, a denotes the rate of change 
of velocity either in magnitude or direction ; hence if a be 
zero there must exist either rest or uniform motion in a 
straight line. 

All apparent exceptions to the action of this law are 
in reality but proofs of its truth. .A stone thrown into the 
.^ir does not move with uniform velocity in a straight line 
for a single instant ; yet the reason is found in the im- 
pressed force of gravitation, which compels it to change 
that state. 
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*^ 
16* Newton^s Second Law of Motion* The second law 

of motion is : 

^^ Change of motian is pi^ojjortioiial to five moving force im- 
pressed, and takes place in the direction in which tlie force acts, " 

Newton explains this law as follows: **If a force 
generate any motion a double force will generate a double 
motion, a triple force a triple motion, whether they be 
applied simultaneously and at once, or gradually and 
successively. This motion, if the body were already 
moving, is either added to the previous motion, if in the 
same direction, or subtracted from it, if directly opposed, 
or compounded with it if the two motions are inclined at 
an angle/' 

This law is also embodied in the equation F = M a, 
and gives us a means of measuring either force or mass as 
the case may be. 

Thus we judge of the mass of a body by the force 
necessary to set it in motion. We kick a barrel lying on 
the ground to see whether it is empty or not. If full it is 
started with difficulty ; if empty it moves very readily. 
Again, suppose we have small cubical blocks of cork, 
aluminum and lead each mounted upon a little car so as 
to move readily on a smooth table. We attach to each car 
a small spring balance and tie the balance to a rod by 
which we pull the blocks quickly along the table. The 
result will be that while all the blocks have practically 
the same acceleration, the balances will indicate by their 
stretch the kinetic reactions, i. e. the relative masses, of 
the various substances, la this case the acceleration 
being constant, the force is directly proportional to the 
mass. 

If on the other hand, the blocks with their cars be 
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placed upon a smooth table and struck equal blows, as from 
a spring hammer, then the accelerations produced in the 
various blocks will afford a measure of the irrelative masses. 
The cork block w^ould move off rapidly, the aluminium more 
slowly and the lead would scarcely be moved at all. We 
should conclude that the lead contains the most matter, 
the aluminium next, and the cork least. In this case th(* 
force is kept constant, and the accelerations vary inversely 
as the masses. 

NcwtonV Third Law of Motion* The third law of 
motion states that 

**To evei^y action there is an equal and cwifrary rea^^tion^ or 
the mutual actions of two bodies are equal and opposite,'' In 
explanation of this law^ Newton adds, ** Whatever presses 
or draws another body is pressed or drawn to the same 
extent by that body. If one press a stone with the finger, 
the finger is pressed by the stone. If a horse pull on a 
stone by a rope, the horse is pulled equally towards stone ; 

and to the extent that the forward motion of the one 

is aided the forward motion of tlie other is impeded.^' 

This law expresses the tw^o-sided nature of everj- 
force. Force is always the mutual action of two bodies, 
the action of the one being equaled by the reaction of the 
other. This amounts to saying that forces alw^ays occur 
in pairs. Such a pair of forces is called a stress; if tlx^ 
forces act toward each other it is a pressure, if aw^ay from 
each otlier it is a tension. 

Again no force can be exerted unless there be some 
resistance to overcome. There can be no action unless 
there be something to act upon which will, in its turn, 
react. The athlete prefers to jump from a slab of stone ; 
he can not '*rise^' from a pile of straw or a heap of 
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cushions. For the same I'eason it is tiresome to walk in 
melting snow or loose sand. 

If motion ensue as the result of the action of two 
bodies, then the law^ expresses the equality of the resultant 
rnotions ; that is, if a force confer upon the masses m and 
m', velocities of v and v', then the law states that their 
momenta are ecjual, or 

m V = m' V. 

Illustrations of this law are manifold. The explosive 
force of the powder drives tlie ball from the cannon ; the 
two are shot apart, moving with velocities inversely as 
their masses. The recoil or **kick" of a gun is the greater 
the more nearly the masses of gun and projectile are made 
equal to each other. 

The screw of a ship drives the water backward with a 
velocity as many times greater than the forward velocity 
of the vessel, as the mass of water moved is less than that 
of the vessel. Boats have been propelled by machinery 
that pumped water in at the bow and expelled it in a 
small stream under high velocity at the stern. The 
motions of fish in the water, and of birds in the air, the 
ascent of sky-rockets, and the action of rotary lawn- 
sprinklers are all explained in accordance with Newton's 
third law of motion. 



TYPES OF MOTION. 

t&* Uniform Motion* The simplest type of motion is 
uniform motion in a straight line. In this case the 
velocity, or space traversed in unit time, remaiim constant. 
Equal spaces are described in equal times. The a<xeleratimi 
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is therefore zero. We raay, from these conditions, write 
down the equation of unifomi motion from definition. 
We have 

(1«> A _-. V - a constant. 

t 

whence s = vt 

These conditions involve tlie permanence of any 
motion once set up, and the absence of any force to main- 
tain it. ,v>v-/ ' . • - 

t^ Unifotmly Accelerated Motion* In tlie case of 
uniformly accelerated motion tlie body moves with a 
constantly, and uniformly increasing or decreasing veloc- 
ity. It passes over unequal spaces in equal intervals of 
time. The velocity is no longer constant, but the accelera- 
tion, or the rate at which tlie velocity changes, is constant. 
Hence we mav write 

(11) V - Vo 

^ = a = a constant. 

t 

The force producing unifoi-mly accelerated motion is 
also a constant force, since 

(12) F -- ma. 

From equation (11) we see that v, the velocity at any 
time t, is 

(13) ^ V ^ Vo + at ; 

or the final velocity v, is equal to the initial velocity v^, 
plus the change in velocity acquired in time t. 

The average velocity v, during this interval of time 
is, of course, 

(14) - _ V 4- Vo 
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where v denotes the constant velocity at which the body 
would have described the same space in time t. The 
expression for the space described is readily found from 
equation (10) ; thus we have 

or, replacing v by its value from equation (13) we have 

(16) s = v,t + iat^ 

Finally, combining equations (11) and (15) to elimi- 
nate t, we have 

(17) v^ = v,^ + 2as. 

It is further to be noted that the acceleration may be 
either positive or negative ; in the latter case the accelera- 
tion and the motion are oppositely directed, and the accel- 
eration becomes a retardation. In their general form the 
equations of uniformly accelerated motion become 

(18) V = Vq dz at V 

s =r Vot ± iat^ 
v^ = Vo^ ± 2as. 

^« Freely Falling Bodies* In the case of a freely 
falling body equations (18) become, on substituting 
for the general acceleration a, the acceleration due to 
gravity (g — 980 cms. per sec. per sec), 

(19) V -= v, ± gt 

s = v^t ± igt^ 
v^ = Vo^ ± 2gs 

In case, the body start from rest, Vq is zero, and all 
terms containing it disappear, hence 

(20) V = gt 

s = igt^ 
v^ = 2gs 
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It is to be noted that in case of a body starting from 
rest the velocity is proportional to the time, the space 
described is proportional to the square of the time, and 
the space described in the consecutive seconds varies as 
odd numbers 1, 3, 5, 7, <fec., as may be readily shown. . 

If a body be thrown vertically upward with an initial 
velocity v^, tlie motion and the acceleration are oppositely 
directed and the lower sign is to be used in equations (19). 
Tlie time of ascent and the hight to which a body thrown 
vertically upward will rise, are found by setting the final 
velocity, v = 0, the value it assumes at the highest point 
in its flight. Then we have 



t 



s = 



g 



2 



2g 



These values of t and s are tlie same as would be 
required to produce a velocity v^, in the case of a body 
falling freely from rest. 

2U Atwood's Machine* Notes in Lectures. 

22* Motion on an Inclined PIane« Thc^ inclined plane is 
another device for reducing 
the effect of gravity. Sup- 
pose a body slide without 
friction down a plane AB, 
(Fig. 8) , making an angle 
(p with the horizon ; it is 
required to find the equa- 
tions of its motion. It is 
to be observed that the 
acceleration due to gravit}' 
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i^ffective in producing motion down the plane is the com- 
ponent parallel to the surface of the plane. This compo- 
nent is readily found by projecting g upon the plane in 
accordance with article No. 8. The effective component is 
seen to be g cos (90°-^) or g sin ^, and the equations of 
(19) become 
(21) V — v^ ±L g sin fP t 

s = v„t ±1 ^ ff sin ^ t^ 

v2 =. v^'^ ± 2 fi: sin «^ s 

Substituting for sin </>, its value -p, and setting v^ =ri: 0, 

in the last equation of (21) we see that v*^ = 2 g h, or the 
velocity acquired by a body starting from rest and sliding 
down the plane is the same as that which it would have 
acquired in falling through the vertical hight h. 

23. Unif Of m Circular Motion* A body describing circular '^^ 
motion at a constant speed is yet under the action of a 
constant force, since the motion changes at every instant, 
not in magnitude but in direciioii. 

In uniform circular 
motion therefore, there 
exists at every instant an 
acceleration toward the 
center. The value of this 
acceleration is readily cal- 
culated. Thus in Fig. 9, 
a particle performing uni- 
form circular motion de- 
scribes the arc AB in time 
t, with a velocitj^ v. It has 
in the same time been 
deflected from a straight line AD, through the distance 




/ 



-/ 
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AE, or AE is the space described due to the constant force 
acting toward the center. If f — the acceleration toward 
the center then ^ 

and AB ^= v t, 

since the motion is uniform. 

If now the arc AB be taken very small, it will differ 

but little from a straight line, and the two triangles ABE 



AB or 



hence 


AB : AE :: AJ^ 


• 


AB* - AE . AC 


whence 




(21) 


v*t* - i f t* . 2r 


or 


r 



If T be the time of a complete revolution of the particle 

2 - r 
in the circle, then v =' — ^^, and 

^ -I 

(22) f ^1Jl_'' ^ '^- -; '^''' ' ^-' 

T* - .' . 

2 TT 

The quantity -'^~- ~ o), is termed the angular velocity. 

Hence we may write 

(23) f -: coh 

24« Applications of Unfform Circulaf Motion* 
We have seen that in uniform circular motion a 
constant force is needed to keep the particle from flying 
off on a tangent. This stress is termed Centripetal force, 
and its measure is the product of the mass times the accel- 
eration, or 

F =m 



v'^ 



r 
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The tendency of the particle to fly off, or the reaction 
of the particle against being pulled out of a straight line, 

is called Centrifugal force, and its measure is also m — . 

These two so-called forces are in reality but the two aspects 
of a stress, the one being the action of the moving mass, 
tending to move in a straight line and the other the 
reaction of the center. 

Examples of applications of these forces are seen in 
the action of a boy's sling; in the tendency of a bicycle 
rider to fall when turning a corner sharply while riding at 
full sp'^ed ; and in the necessity for raising the outer rail in 
railway curves , The shape of the earth is an example of this 
action on the plastic mass of the earth while in rotation. 
Oth^r applications of this principle are seen in 
.machines for drying clothes ; for separating honey from 
the honey comb, or molasses from sugar. Cream separators, 
blood testers, lawn sprinklers, and the mechanical gover- 
nors on steam engines all illustrate the same principle. 

25« Simple Harmonic Motion* Simple harmonic motion 
is a motion in which the acceleration is proportional to the 
displacement^ofjlie niQxin^ body from its position of rest. 
It is an oscillatory motion, the body tracing the path over 
and over again. This is the most important type of 
motion to be studied, as it finds its applications in Sound 
Light and Electricity as well as Mechanics. 

Examples of simple harmonic motion are seen in the 
vibrations of the prongs of a tuning fork, of guitar strings or 
of a pendulum bob, if the amplitude be small ; other exam- 
ples of this form of motion are found in the motion of the 
piston rod of an engine, of the shuttle of a sowing machine 
or the sickle of a reaping machine. 
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Simple harmonic motion may also be defined as the 
apparent motion of a point describing uniform 
motion in a circle, when viewed at a great distance from 
the circle and in the plane of the circle. Tlie apparent- 
motion of tlie moons of Jupiter is a simple harmonic 
motion. These little bodies revolve about the planet in 
orbits nearlv circular, and their motion as seen from the 
earthy is an oscillatory motion about the planet as a center. 

If we consider a point P, (Fig. 10) , moving uniformly 
around a circle, then the 
projections of this point 
upon any diameter of 
the circle will represent 
a simple harmonic mo- 
tion upon that diameter. 
In this cas(» the circle is 
called the circle of refer- 
ence. The amplitude is 
the radius of the circle 
of reference. The period 
of the vibration is the t'is- lo. 

time required to make a complete revolution in tlie circ](» 
or a to and fro motion on the diameter. 

Phase is that fraction of a period which has elapsed 
since the moving point last passed through the position of 
rest in the positive direction. Phase may be expressed 
either in time, or in an angle which .varies as the time. 

If Of represent the angular velocity of the radius vector 
CP, then H =z w tj is the angle swept out in time t ; for, 
since the motion is uniform, 

A. — A ^ " ^ 

2 - ~ T ' 




or H .=z 



r\^ 



^=^ o* t. 
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The angle ^ is called the time angle, i. e., the angle 
swept out in time t, if tim^ is counted from the instant the 
point P passes through X7>"In the case of motion on the y 
axis,- it is also the phase angle, since by definition, phase 
is measured from the instant at which tlie point P passes 
X, or its projection on the y axis passes through C, in the 
positive direction. 

• For the same reason it is to be observed that in the 
case of motion on the x axis, phase must be measured from 
the radius CY', since the point P is at Y' when its projec- 
tion on the X axis passes through C going in the positive 
direction. In this case the phase angle is Y'CP, or 
^ + 90°. This shows that uniform motion is to be 
regarded as the resultant of tw^o simple harmonic motions 
at right angles to each otlier, of the same period and 
amplitude, and differing in phase by 90°, or a quarter of 
a period. 

Again if we should begin to count time from some 
otlier point, as E, then for the motion on the y axis, the 
time angle ^, is ECP, while the phase angle is XCP as 
before, or [0 — e) . For the motion on the x axis the time 
angle is ECP, but the phase angle is Y'CP as before or 
(& -f s). The angles e and e are called the epoch angles. 
The epoch angle, is the angular difference between the 
time angle and the phase angle, or it is the angle which 
must be added to or subtracted from the time angle to 
produce the phase angle. 

It is further to be noted that while s and T are 
constant for any specific case, the time angle grows 
continuously from 0° to 2 - with the growth of t from 
to T. 

26* Equations of Simple Harmonic Motion* In order to 
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describe in mathematical terms the behavior of a point' 
executing simple harmonic motion it is necessary to 
express its distance from the position of rest in terms of 

Y an angle that varies as the 

time. Thus in Fig. 11, 
the motion of the points s 
and s is completely de- 
scribed if vv^e write 

X -= r sin Y'CP 

y -- r sin XCP 

or 

(24) 

X = r sin {& + s) 
y = r sin (# - s) 

As a special case we may assume the point E to 
coincide with X, then 6 = XCP, e — 0, and e " 90°, and 
equations (24) become 

(25) X = r cos 

y = r sin 8 

Again, since the acceleration in uniform circular 
4 ^2 r 




FiK. 11. 



motion is f 



rpa 



and directed toward the center, 



we have by projection upon the x and y axes, the following 
expressions for the accelerations along the x and y axes 
respectively ; 
(26) . 4 X* r 



f 



X — 



f. 



T 

4 ::^ r 



. cos N 



. sin 9 



The negative sign denotes that the acceleration is 
always opposite in sign to the displacement. Equations 
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(26) show that the acceleration along the x axis ia a maxi- 
mum when that along the y axis is 0, and t^ice versct^ since 
the one varies as the sine and the other as the cosine t)f the 
same angle*. ' 

If we substitute in equations (26) the values of sin tn 
and cos h, we have 

(27) . 4 7r2 r X 4 rs 



4 jr* r 


X 


^^2 

4 7r2 r 


• 

r 


rp2 


• 

r 



rpi 



TT' 



which shows that the acceleration along the x axis is 
proportional to x, and that along the y axis is proportional 

r 

to y, or that the acceleration is proportional to the dispkicemenL 
This is the characteristic of simple harmonic motion. 

27« Velocity of a Point Executing Simple Harmonic Motion^ 
The velocity of a point executing simple harmonic motidn 
luay be readily calculated. Let P. (Fig. 11) , be the 
moving point, and let PV represent its velocity in the 

i 

circle. Then Vx and Vy, the component velocities parallel 
to the X and y axes, are found by projection as usual, and 
we have 
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Vx 


- V cos 


(90° - 8) 


' 


V sin ( 


9 


Vy 


— V cos ^ 




But V is the velocity in 


the circle, and is 


therefore 


2 TT r 
T ^ 


hence 




(29) 


„ 2. 


— cin u 



v,= 



T 

2 jr r 



T 



cos 6 
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From equations (29) it appears that the velocity 
along the x axis is a maximum when the velocity 
along the y axis is zero, and vice versa. Also from com- 
parison with (26) we see that when the velocity along the 
x axis is a maximum the acceleration along x is zero ; this 
means the velocity is greatest at the middle of the swing 
where the acceleration is zero, and zero at the end of the 
swing where the acceleration is greatest. 

It should also be noted that since the angular velocity 
(0, is a constant, then the time of a vibration, T, is also a 
constant, and the vibrations of a body executing simple 
harmonic motion are all ■performed in the same time, and are 
indejjendent of the amjMtude. Such vibration are said to be 
isochronous. This is seen in the constancy of the pitch of 
the musical note from a string or tuning fork, as the 
vibrations die away. This characteristic of simple har- 
monic motion is of high importance in the theory of the 
pendulum, in acoustics and optics. 

28* The Curve of Sines* An important aid to the study 
of simple harmonic motion is found in the graphical 
method, whereby the moving body is made to trace its 
path upon some recording surface. In such cases the 
simple harmonic motion is compounded with a uni- 
form motion in a straight line and the resultant 
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curve is called a sine curve. Such a curve is readily 
obtained as follows: Divide each quadrant of the circle, 
(Fig. 13), into four equal parts, each of which will 
thus correspond to the distance passed over by the point 
moving in the circle, in one sixteenth of a period. From 
^lie points of division drop perpendiculars to the x diame- 
ter ; these perpendiculars will then denote the displace- 
ments of the point executing simple harmonic motion on 
the y axis, at the ends of the successive intervals of time, 
and are therefore proportional to the sines of the angles 

swept out in j^ , ^-rr , jp- , etc. Next lay off on the x 

diameter produced, a series of equal lengths to represent 
the spaces described in the same intervals, due to the 
uniform motion, and beginning at M^, erect perpendiculars 
equal to the y displacements at the coreesponding times. 
Finally sketch a smooth curve through the extremities of 
these perpendiculars and the sme curve is the result. 

Such a curve is readily obtained b}' allowing a tuning 
fork to trace, with a fine style, its vibrations upon a sheet 
of smoked glass or paper. The time interval between M^ 
and Ml corresponds to a half period, or the particles at M^ 
and Ml differ in phase by half a period, while the particles 
at M^ and M2 are in the same jjhase. 

The distance M^Mi, is a halfivave length, and M^M2 is a 
complete tvave length, where a wave length denotes the distance 
the motion has run forward in a single period T. Hence 
we have the important relation 

(30) X = Y T 

wliere X denotes the wave length, V tlie velocit}^ of the 
wave motion, and T the period of the simple harmonic 
vibration. 
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PROBLEMS* 



1. A bady has a velocity of 60 miles au hour. Find its 
velocity in feet per second, and in cms, per second. 

2. A body starts with a velocity of 640 cms. per second, 
and in ten minutes has a velocity of 3428 cms. per second. 
Find the acceleration. 

3. A mass of 5000 gms. moves with a velocity of 4 
ilaeters per sec. Find its momentum. 

4. A mass of 600 gms. starts from rest and in 6 sees, 
has a velocity of 36 meters per second. Find the force. 

5. A vessel contains 400 cc. of sulphuric acid, density 
1.8 gms. per cc. Find the mass of the acid. 

6. Detroit is 38 miles from Ann Arbor; How long will 
it take to travel this distance at the rate of 5 kilometers per 

^%m hour? 

^ 7. Express a mass of 65 lbs. in grams; a weight of 65 
lbs. in dynes. 

8.. What force will give a mass 700,000 gms. a velocity 
of 124,000 cms, per sec. in 10 minutes. 

9. What is the force of gravity on a body whose mass 
is 700 lbs. ? 

10. Find the mass of 465 cc. of lead. f- 

11. A wire guy rope, the tension in which is 12 X 10® 
dynes, makes an angle of 60° with the horizon. Find the 
vertical and the horizontal components of the tension. 

12 Find the acceleration produced upon a mass of 4 
grams by a force of 36 dynes. 

^13. A force of 60 dynes acts upon a body for one 
minute and imparts to it a velocity of 900 cms. per sec. 
Determine the mass of the body. 

14. An engine winds a cage of mass 3000 kilos up a 
shaft at a uniform speed of 10 meters per second. Find 
tension in the rope. What is the tension if the cage move 
with a uniform acceleration of 10 meters per sec. per sec? 

15. An elevator starts to descend with an acceleration 
of 300 cms. per sec. per sec. ; find the pressure on its floor 
due to a man whose mass is 75 kilos. What would be his 
weight with respect to the elevator, if it started to ascend 
with the same acceleration? 
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16. A steamer whose velocity in still water is six miles 
an hour starts directly across a stream whose velocity is 10 
miles per hour. Find the velocity of the steamer in crossing:; 
also when it makeS an angle of 30'' with the current down 
stream. 

17. A gun of mass 3000 kilos, placed upon a smooth 
horizontal plane discharges a ball of 30 kilos mass at an 
elevation of 30° to the horizon; lind the velocity of the gun's 
recoil in terms of velocity of ball. 

18. Ari inelastic mass of 900 kilos moving with a veloc- 
ity of 30 meters per second, meets another, equal and 
similar mass moving irl the opposite direction, at ten meters 
per second. Find velocity of total mass after impact. 

19. A certain force a^ts upon m units of mass, and at 
the end of a second the mass is moving at the rate of 32 ft. 
per second. What velocity would be produced in 32 units 
of mass by the same force, in the same time? 

20. How many dynes of force are required to give Br 
mass of 50 kilos a velocity of 12 meters per second, the 
force being supposed to act for exactly one second? 

21. How many dynes are needed to give a gram a 
yelocity of 9.81 meters per sec, if the force act for one 
second? What if it act for two seconds? 

22. Compare the velocities produced in masses of 2 
kilod, 750 gms. and one gram, by forces of 300,000, 112,500, 
and 150 dynes respectively. 

23. Equal forces act upon the masses specified in the 
previous problem; find .the acceleration produced. 

*^ 24. A body falls freely from rest for 15.6 seconds. 
Find the final velocity and the distance traversed. 
•/ , ft^ 25. How long will it take a body to fall 650 ft., and 
f' what velocity will it acquire? 

^ 26. A body is thrown downwards with a velocity of 
V ^74 cm. per sec. Required its velocity and position at the 
' end of 20 seconds. 

/ 27. A body is thrown vertically upwards with a velocity 
of 827 cm. per sec. How long will it continue to rise, and 
hpw high will it rise? 

28. A body is thrown vertically upwards with a velocity 
of 697 cm, per sec. How long will it take to rise 195 cm., 
and what velocity will it then possess? 

29. A ball is thrown vertically upward to a height of 
150 ft. With what velocity did it leave the hand? 
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30. A mass of 876 gms. is attached to a spring balance 
which is carried upward at such a rate that the balance 
indicates 932 gms. What is the acceleration of the motion? 

31. A mass of 162 kilos hanging by a perfectly flexible 
cord drags a mass of 973 kilos along the top of a smooth 
table. What is the acceleration of the system, and wiiat is 
the tension in the cord? 

32. Two masses of 100 gms. each are hung by a flexible 
cord over a frictionless pulley. A mass of 10 gms. is placed 
upon one of the 100 gm. masses. Required the accelera- 
tion of the system and the tension in the cord. 

33. Masses of 938 and 762 gms. respectively, are hung 
by a flexible cord over a frictionless pulley. How far must 
the masses move in order to accjuire a velocity of 325 cms. 
per sec. y 

34. A body slides down a smooth plane 326 cms. long, 
inclined at an angle of 45° to the horison. Find the time of 
descent and the velocity with which it reaches the bottom. 

35. A mass of 200 grams is constrained to move in a 
circle of 600 cms. radius with a velocity of 240 cms. per sec. 
What is the centripetal force and the period of revolution. 

36. The distance of the moon from the earth is 3.84 (10)^® 
cm., and the lunar month is approximately 27 days and 8 
hours. What is the acceleration due to the earth's attraction 
at the moon? 

37. If a skater describe a circle of 100 ft. radius with a 
speed of 20 ft. per sec, find the inclination of his body from 
the vertical in order that he may maintain his equilibrium. 

38. If the equatorial radius of the earth is 3963.4 miles, 
find the time of rotation necessary for a body at the equator 
to weigh nothing, assuming g ^^ 981 cm. per sec. per sec. 

. for the earth at rest. 

. 39. A mass of I gram moves uniformly round a- circle 
40 cms. in the diameter at the rate of 24 revolutions a 
minute. Compute the force towards the center. 

40. A mass of 1 gram executes simple harmonic motion 

with an amplitude of 4 cms. and a period of 0.5 sec. Fiifd 

T T 
the force toward the center when the phase is -, , -?r , and _ 

T 

-^ , respectively. 
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WORK AND ENERGY. 



. 2^ Woffc* Work is the production of a state of 
motion or a state of stress, in opposition to forces tending 
to resist such an effect. 

Examples of work are seen (a) in the starting of a 
heavy car upon a smooth level track ; (b) in the compress- 
ing of a gas into a cylinder ; (c) in pumping water into an 
elevated reservoir ; (d) in the winding of a watch ; [e) in 
the charging of a storage battery ; (f) in the action of 
gravity upon a system composed of a wheel and axle, to 
which is attached a heavy weight by means of a cord 
wound round the axle* 

When a body moves in the direction of the force acting 
upon it, the force is said to do work upon the body in 
giving it motion, as in the case of a freely falling body ; if 
the motion be in opposition to the force work is said to be 
done upon the body against the force, in giving the bodj" a 
change in condition, or putting it in a state of stress ; an 
example of this is seen in the body lifted against gravity. 

The measure of work done is the product of the force 
into the distance, or 2 .. ; ^ . it'' o 

(30) W -= F s. — >^^ 

If the motion take place in a line inclined to the 
direction of the force, the effective displacement is found 
by projection, and the work is the product of the force into 
the effective displacement. An example of this is the work 
done in moving a body up an inclined plane. In tliis case 
the work is 

(31) W -- P s cosf': 
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where ip is the angle between the direction of the motion 
and that of the force. ^ ^ Ni %^ 




Tlie dimensions of the work are 

[M L T-2 X L] = [M "L? T-^. 

The C. G. S. unit of work is the erg. An erg is 
the work done by a force of one dyne acting througli a 
distance of one centimeter ; i. e., unit work is done bj' unit 
force acting through unit distance. The force exei'ted by 
gravity upon a gram mass is 980 dynes. Therefore to lift 
a gram mass one centimeter agaiilst gravity would require 
980 ergs of work. 

30# Powen It is to be noted that the expression for 

work, W -- F s, contains no element of time. The same 

« 

work is done in lifting a bag of grain to the top of a build- 
ing, whetlier the work be done in an hour or in a month. 
Power involves the idea of the rate at which work is done, 
and may be defined as the time rate of doing wwk. Hence 

(^2> Power = f = V' 

The dimensions of power are [M L^-^. 

The C. G. S, unit of power is the watt, A watt is the 
power wliich will do 10,000,000 ergs of work in one second. 
The practical unit of work is the kilo-watt, or one tliousand 
watts . 

The English unit of work is the foot-pound; i. e., the 
tlie work done in lifting a pound one foot high against 
gravity. The corresponding unit of power is the horse-potver, 
which denotes tlie power to do 33,000 foot-pounds of work 
per minute, or 550 ft. lbs. per second. 

One horse power is equal to 746 watts, 

ZU Energy* Whenever work has been done upon a 
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system in producing a change either in its motion, its. 
position or its molecular condition, the system has acquired 
the capability of doing work in turn. 

Energy is the capability of doing work, possessed by a system 
by virtue of work having been previously done upon it This is 
seen to be true of all the cases cited under Article 29. The 
car, once set in motion, can do the work by virtue of that 
raotipn and to the extent of that motion ; the wheel and 
axle and the falling weight each posesses energy, the one 
by virtue of its motion of translation, and the other by 
virtue of its motion of rotation ; the gas compressed in the 
cylinder, or the coiled spring of a watch each possess 
energy in the form of a stress or a tendency to return to a 
former state. The water in the reservoir possesses energy 
in the form of gravitational stress ; the chemical elements 
in a storage battery, having been torn apart by the electric 
current, now tend to reunite and thus possess energy in 
the form of chemical stress, 

Energy is thus seen to exist in one of two distinct 
forms: (a) Energy of Motion, or Kinetic Energy; (b) Energy 
of Stress or Potential Energy, 

If we do work upon a system we increase its energy,, 
in that we transfer energy from our bodies to the system. 
The sum total of energy in the system working and the 
system worked upon, is at all times a constant quantity. 
When work is done by one system upon another both 
kinds of energy are present and there is a transfer of 
energy from tlie system working to the system worked 
upon. Hence work may be defined as an act of transferring 
energy from one system to another. 

It is to be noted that whenever the motion is with the 
force, the motion of the system is increased and the system 
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gains in kinetic energy, as in the case of a freely falling 
body. When the motion is against the force, kinetic energy 
is changed into potential, as in the case of a body thrown 
vertically upward. 

Strictly speaking the system working is able to 
transfer only its available energy to the system worked 
upon. The working system may possess energy in the 
form of heat, that is unavailable for the purpose of doing 
useful work. In the same way the system worked upon 
may receive energy from the system working in the form 
of peat, which escapes later, and is no longer available as 
energy in the system worked upon. 

32jt Expressions for Energy* Since by definition a system 
possesses energy only by virtue of work done upon it, the 
unit of energy is the same as the unit of work, the erg. 
The dimensions of energy are the same as those of work, 
[M L^T-^J. 

Potential energy is stored up work, and its expression is 

(32) W = Fs = Mas-= Potential Energy. 

To express the kinetic energy of a body in terms of 
its mass and velocity, we need to remember that we have 
a force F, acting through a spacs s ; the expression for 
kinetic energy may be deduced in a number of ways. 
Thus if a mass m, be acted upon by a force F, for a time 
t, during which it receives an acceleration a, it will pass 
over a space s, = i a t^ and acquire a velocity v, = at. 
Then the work done by the force will be 

ATT T^ T^ 1 9 111 a*t* m v'^ 

W = F s = F i a t^ =- 2 """ ~7Y~ ' ^'* 

m v^ 

(33) Kinetic Energy =^ — -.y- - 
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Again since v^ — 2 a s, we may write 
m v^ ~ 2 m a s, 

or — ^ — ^ m a s — - F s -~ Kinetic hnergJ^ 

Finally we may deduce the same expression from 
fundamental definitions. Thus, the impulse is equal to 
tlie force into the time during wliich the force acts, or 

Impulse - F t — m v - m v 
also the mean velocity is 



o J 



t 2 

, ,:, m v^ m v'^ 
wiience r s - — ^ — ~. 

This last expression states tliat the work is equal to 
the cha7ige in kinetic energy produced, and is a more 
general expression for the work done upon a body. By 

m v^ 
setting v^ ^ 0, we have K. E. — — — - as before, 

33» Transformations of Energy^ Transformations of 
energy occur on every hand. An excellent example is seen 
in the motion of a pendulum bob. At the highest point of 
the swing its energy is all potential, at the lowest point \% 
is all kinetic ; at intermediate points it is partly kinetic 
and partly potential. Were it not for the slight loss of 
energy in overcoming the resistance of the air and the 
friction of the cord, this transformation would go on 
forever. 

Consider also the transformations of energy presented 
in the consumption of coal in the furnace of a steam 
boiler. The cjal supply of the world, represents the 
largest avanable source of potential energy and is simply 
the stored up sunshine of geologic ages. When the coal is 
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barnod in the furnace this energy becomes kinetic in fb^ 
form of heat, it appears as kinetic energy in the molecular 
moti<ms of the water particles in steam, and as i)Ot<'ntial 
energy in the stnvss of the steam pressui'e on the l)oiler. 
In the steam engine tlie energy becomes the kinetic energy 
of the moving masses of the machinery and bolt^, which 
in turn may be transformed into the kinetic enerjrv of 
the electric current and transformed into light, motion, 
chemical stn»ss and tinally into heat again. 

The transformation of energy from the potential to 
the kinetic form is always a perfect one, in that all the 
potential energy appears as kinetic. On the other hand 
the transformation from kinetic to potential is never 
perfect ; some of the energy escapes as diffused heat and 
thus becomes unavailable for the purpose of doing useful 
work. 

Potential energy tends to become a minimum. If in 
any system, any one of the stresses acting be removed, a 
redistribution of tlie energy occurs and the potential 
enerffv diminislies wliile tlie kinetic ener<jy increases. An 
example* of this is seen in the bursting of a reservoir full 
of wati^r. The redaction of the restraining wall being 
removed, the water is carried down hill by the force of 
gravity with increasing velocity. The kinetic energy is 
incr(*ased at the expense of the potential. Other illustra- 
tions are seen in the bursting of a soap bubble, in the 
concentration of dew drop into a sphere, and in the 
position assumed by any body free to move into a new 
position of equilibrium. The result in all cases is that the 
system is at rest only when the potentim^ ' epergy is as 
small as possible. * . 

34. Conservation of Energy* Throughout all the various 
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transformations of energy it is to be noted tliat no body or 
system of bodies can acquire energy save at the expense of 
energy possessed by some otlier sj'stem. Hence we maj^ 
say that work is the process byj^^hichjoiifLsyskuji^ti^^ 
.tsener ^ to anotlie r, and it seems certain from the most 
careful experiments, that the amount of energy lost by the one 
fiystem is the exact equivalent of that gained by the other. Tliis 
means that no macliine or combination of machines can 
ever be made to return more energy than is given to it. 
Perpetual motion is a delusion. Phj^sically it is impossible 
to get something for nothing. Everything must be paid 
for in terras of energy. 

Not only is it imp^ssible to make a machine that will 
create energy, no machine will ever return all the energy 
put into it. Owing to friction between the parts of the 
machine, some energy is transformed into heat and 
rendered unavailable for doing useful work. It is not 
lost, since energy, like matter is indestructible. 

The doctrine of tlie conservation of energy states that 
in a system so situated that it ^wither loses energy from tvithin 
)ior gains energy from loithout, the amount of energy is constant. 
No energy can be created, none can be destroyed. 



MECHANICS OF A RIGID BODY. 

^ 35» Motion of a Rig;id Body* A rigid body is one that 
suffers no cha^^jf form as a result of the forces acting 
upon it. A^i^^^^'ce is applied to a rigid body that is 
free to move^^^^ody will acquire motion of translation 
or of rotation or of both together. The motion of transla- 
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tion imparted to the body is fully accounted for bj' tlip 
equation F = m a, which shovv.s that the acceleration 
imparted to the body will var>' directly as the force and 

4 

inversely as the mass of the body. It is now necessary to 
investigate the conditions attending the rotation of a body 
as produced by one or more forces. 

The effect of a force in producing rotation in a body 
about any point is termed the moment of the force al)out thai 
point The moment of a force is the product of the force* 
times the lever arm, or it is the product of the force into 
the perpendicular distance from the point 
to the line of action of the force. Thus "" 
in Fig. 14, the moment of the force 
about the point O, is PF X OP. Mo- 
ments are termed positive or negative 
according as they tend to produce rotation in the counter 
clock-wise, or clock-wise direction. 

36. Resultant of Two Parallel Forces* Let Fi and Fsr 

t ^^ -»' (Fig. 15) to be two 

parallel forces 
applied to a rigid 
body in the direc- 
tions aa and bb ; it 
is requinxl to find 
the point of appli- 
cation C, of the re- 
sultant R, such that the latter sliall have the Same effect 
in producing rotation about any point O^j^the combined 
eflfect of Fi and Fti, taken together. Fr^^^^Ldrop a per- 
pendicular upon th(» direction of Fi aii^^ind R, cutting 
them in A, B, and C. Let OA - xi, OB --: x. and OC - X. 
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Then by the conditions of the probk^m 

R X =- Fixi 4 F-X;. 
But by definition 

R - Fi ^ Fi C^y^ 

whence 

(:54) 



or 



X 



F, 



FiXi 

Fi 


"4-" 

1 


F2XJ 

f7" 


X2 


X 




X 


Xi 





F2 

This sliows that the point of application of the result- 
ant divides the line joining the points of application of the 
forces into parts inversely as the forces. If the point O 
coincide with C, then 

^xiy Fi 
^i F2 
or 

which means that the moments of Pi and F2 about C are 
equal and opposite, and there is therefore no tendency to 
rotate about this point, or the forces are in equilibrium 
about C. 

If Fi be equal and opposite to F2, then the value forX, 
from (34) becomes infinite, or the solution fails for the 
forces equal and oppositely directed. This simply means 
that therc^ is no point at which a single force can be applied 
so as to produce equilibrium for this system. Such a 
system of forces is called a couple. Two equal, parallel, 
oppositely diverted forces constitute a couple, and if applied 
to the adjaccmt parts of a rigid body tend to produce 
rotation. 

The moment of a couple is obviously the product of 
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one: of the forcej^ into the pcn'pt^ndicular diKtancp between 
them. 

3^ Center of Inertia,^ If we take a Ixxly ^ as a iong thin 
rod 1 m, (Fig. 16).^ then every particle of matter in the rod 

is subject to the force of 

f . ' ■" ". "" ■ ■ ; ■ . 'z — ' . i ^'avitjy and the directions 

of these forces may be con- 
if ^ i^ i ^ ^ ^ ^ 4r side red as sensibly par- 

*'*^- ^^' alleL If we take moments 

about any point O, situated anywhere, either inside or out- 
side the body^ we find for X^ the acting distance of the 
resultant, R. 



mig f m2g ■-^- mgg 



+ 



niag 



or 



(35) 



X - 



1 mgx 



- mx 
- m 



The point defined by equation (35) is termed the 
center of inertia or the center of mass, or the center of 
gravity of the body. It denotes the point of application 

« 

of the resultant of all the forces of gravity acting upon the 
body. If a rigid support be placed under this point in the 
body, all the forces of gravity acting upon the body will be 
in equilibrium, since the sum of the moments about this 
point is equal to s^ero. 

This general principle may be applied to a few simpk* 
cases. 

(a) The center of uK^rtia of a line is at its middle 
point. 

(b) The center of inertia of any lamina having an 
axis of symmetry, lies on tins axis. If the lamina have 
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two axes of symmetry, then the center of inertia of the 
lamina lies at their intersc^ction. 

(c) Tlie center of inertia of a triangle lies at the 
intersection of the median lines of the triangle. 

(d) The center of inertia of any pol^^gon may be 
determined by dividing the polygon into triangles and 
considering the weight of the triangles as applied at their 
respective centers of inertia. 

(e) The center of inertia of a triangular pyramid 
may be shown to be three fourtlis of the distance from the 
apex to the center of inertia of the triangular base of the 
pyramid, 

38» Conditions of Equilibrium* Since the motion of a 
rigid body is eitlier a motion of translation or of rotation 
or a combination of the two, it follows that for the body 
to be in equilibrium, there should be no tendency to pro- 
duce either translation or rotation. Hence the conditions 
for equilibrium are 

(36) i* P X =- 

IF - 

where moments and forces are to be taken with regard to 
their proper signs. The origin or center about which the 
moments are to be taken may be situated anywhere, as its 
position is of no importance. 

39. Stability of Bodies* The principle of moments may 
be applied to the determination of the stability of bodies. 
A body is said to be stable^ or in stable eqiiiUbrium,, when it is 
necessary to do work upon it in order to displace it. In 
such a case the center of inertia must be raised, if the 
body is to be displaced, and the body tendj< to return to its 
original position if disturbed. If, on the other hand, the 
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body on being disturbed lias its cent(»r of inertia lowered, 
or tends to fall farther from its original position, it is said 
to be in unstable efjui/ibriam. A book h^ing on its side on a 
smooth table is in stable equilibrium. If the book be set 
upon edge or upon end it is in unstable equilibrium. A 
ball or a cone lying on its side upon a smooth horizontal 
surface, is said to be in neutral or indifferent equilibrim. 
In the case of a body of regular outline, as a parallel- 
opiped or a cylinder, the stability of the body in any 
positionis measured 
by the moment of 
the restoring force. 
Thus in Fig. 17, let 
ABCD represent a 
rigid body, and let 
G be its center of 
inertia, distant h ^*^'' ^' 

above the base DC, =^ b. If we attempt to overturn the 
body about either C or D the restoring moment M, tending 
to right the body, is 

M — m g X EC ^ m g J b. 

This moment decreases as the body is tipped over, and 
vanishes when the body has been tipped through the angle 
<P, such that the line of action of the force passes through 
the axis of rotation at C. Hence the stabilitv of the body 
may be set proportional to </>, the angle of tip necessary to 
overturn it. From the figure 
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tan <l> =^ 
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From this it appears that the stability of the body 
varies directly as the base, b, and inversely as the hight h, 
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pf the center of inertia above the base. A pyramid is a 
very stable structure, because of its broad base and also 
because its center of inertia lies low in the body. 

The stability of quadrupeds is great, on accotint of the 
broad base, represented by the nven enclosed by the four 
feet, and because the center of inertia is almost vertically 
over the center of the base. For the kangaroo, though an 
apparent biped, the tail acts as a third leg and the base is 
correspondingly increased. In man the base of support 
is small and the center of inertia is high, and the stability 
of the upright body is not great. In corpulent persons the 
effort to keep the center of gravity over the base leads to a 
swaying or rolling motion in walking, which is seen in an 
exaggerated form in the waddling walk of a duck or a 
goose. 

40^ Machines* A. machine is any device for so trans- 
forming or transferring energy as to enable man to emi3loy 
the forces of nature for doing useful work. In all cases a 
certain amount of energy is applied to the machine and in 
return a certain amount of useful work is done by the 
machine. An ideally perfect machine would return all 
the energy applied to it. In actual practice a portion of 
the applied energy is always expended in overcoming 
friction, and is thusi frittered away as heat. Notwithstand- 
ijig this loss, machines are employed for the purpose of 
applying to better advantage the forces at our command, 

Since Energy = Work =^ Force X Space, it is 
evident that with a given amount of energy, the force nuiy 
be increased exactlj^ in the ratio that the distance through 
w^hich it acts is decreased. Thus if P be the force applied 
to the machine, and s the distance through which it 
moves, W the force exerted by the machine, and s the dis- 
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tance through wliich the machine works, th<»n, if \v(? 
neglect Motion we have 

P s -- W s 



or 



W 
P 



s 



W 



The ratio p, het ween the force exerted and the force* 

applied is called the mecfmnmil advantage of the machine , 
Newton descHbed six elenientaiy macliines to whicli 
all others may be reduced. These are the lever, the 
pulley, the inclined plane, tin* wheel and axle, the wedge 
and the screw. These mav be reduced to three since th(» 
wheel and axle is but a modified lever, and the screw and 
the wedge are but modifications of the inclined plane. In 
all cases however, the law of machines hold good : viz. 
tJie force applied, into its aetimf diHtance is equal to tlie forve 
exerted into its acting distanee. A few examples will illus- 
trate. 

^U Simple Machines. Tlie Lever, The lever is a rigid 
bar turning freely about a fixed point called the fulcrum, 
which is to.be ccmsidered as the center about which the 

moments of the forces P and W are to be taken. 

• 

For equilibrium these moments must A F B 



P 

.ST 



be equal and opposite, or 

According to the relative position of the 
fulcrum and the points of application of 
the forces P and W, hn^^M's are classified i 
of follows: (Fig. 18.) ^ 



B 



w 

F 



^"W 



A 

tig. »H. 



F 
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(a) Levers of the first class; fulcrum between the power 
and the weiglit. Examples, a crow-bar, a pair of scissors, 
or a pair of forceps. 

(b) Levers of the secoiid class; weight between the ful- 
crum and the power. Examples, a pair of nut-crackers, a 
wheel barrow, or a door swung by its outer edge* 

(c) Levers of the third class; power between the weight 
and the fulcrum. Examples, a pair of sugar tongs, or a 
pair of tweezers ; a door swung by its inner edge ; the 
human fore-arm. 

The jmlley, A pulley is a small wheel turning freely 
about an axis, and having a grooved rim for the reception 
of a cord. A fixed pulley serves simply to change the 
direction of the applied force., ^ 
but offers no mechanical advan- 
tage. It is a lever with equal 
arms. A movable pulley, (Fig. 
19), permits of giving different 
velocities to P and W, and its 
mechanical advantage is propor- 
tional to the number of strands 
of cord supporting the weight. 

The imiimd plane. In the inclined plane we have a 
plane surface inclined at an angle 9 to the horizon. Three 
cases are possible : 

(a) Power a,cfs parallel to the plane. In this case the 

Q force P, (Fig. 20), tending to produce 
motion up the plane is balanced by the 
component of the force of gravity do^ort^ 
B fhe plane, or for equilibrium 

Fiff. 20. IF - 





Mjr. 19; 
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M g 



Hence we have 

P = M g (cos 90^^ - H) 
= M. g sin ^ 

If we represent the length of the plane by 1/the 
height by h, and the base by b, we have on substituting 
the value of sin H in the above expression, 

h^ 
1 

or 

P 1 == M g h 

thus showing that tl^e work done in pushing the mass M 
up the plane is the same as that required to lift it through 
the vertical hight h. 

(b) Power acts parallel to the bam of the plane. In this 
case the power P, (Fig. 21), furnishes ^ 

a component up tlie plane which must ^ 

be balanced by the component of the 
weight down the plane, or A 

P cos ^ = M g sin 6^ 




whence 



1 






or 



P b.= M g h 

and again the work done in the two cases is equal. 

(c) Power a^ts at an angle <P with the j^lo'ne. In this 
case the equation of equilibrium is obtained as before by 
setting the components parallel to the plane equal to each 
other, or 



P cos (P 



M g sin & 
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The inclined plane permits of a small force being 
employed to do work by moving through a correspondingly 
greater distance. The winding curves of a railway as 
it makes its way up the mountain side, illustrate the 
application of this principle. 

42, Friction. Friction is the resistance offered to the 
motion of one portion of matter upon another. It seems 
to be due partly to the molecular attraction between the 
surfaces in contact, and partly to tlie nature and condition 
of those surfaces. Even the most highly polished surface 
is covered with minute scratches and projections which 
oppose the motion of a similar surface over it. Friction 
always acts tangentically to the surfaces in contact and 
always opposes the motion. 

Friction is of two kinds : (a) static, friction^ or the 
resistance offered to a force tending to start one body to 
slide uniformly upon another, (b) kinetic friction^ or the 
force necessary to keep the body sliding in uniform motion 
on a horizontal surface. Static friction is always greater 
than kinetic friction and varies fi'om zero up to a maximum 
value, but is never more than that required to prevent 
motion. 

The following facts concerning friction seems well 
established by experiment : (a) The friction depends upon 
the nature of the substances but is independent of the area 
of the surfaces in contact. 

(b) The friction is independent of tlie speed of the 
motion unless it be very small, when it rises to the 
maximum or static friction, as the speed falls to zero. 

(c) The friction is proportional to the force with 
which the surfaces are pressed together; i.e., it is that 
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force times some factor which is always Ivan than unity. 
This factor is called the coefficient of friction. 

43. The Balance. The ])a]ance is an instrument for 
the comparison of masses. It is a lever of the first class, hav- 
ing equal arms. In its simplest fonn it consists of light, 
strong beam, suppoi'ted at its center by a knife-edge resting 
upon an agate plate, and carrj-ing upon knife-edges at its 
ends tw^o pans for the reception of tlie masses to be compared. 
When distui'bed the system oscillates about its position of 
equilibnum, to which it finally returns. When masses 
are placed in the pans, it is evident that the original 
position of equilibrium will be resumed only when the 
moments of tlie forces of gravity acting upon these masses 
are equal. If we assume the arms of the. balance to be 
equal, we may set the masses equal to each other when 
their moments have been shown to be equal ; i. e., when 
tlie balance resumf^s its original position of equilibrium. 

In case tlie arms of the balance are not of equal 
length, th(^ true weight of the body may 3'et be determined 
by the method of double weighing. Let the arms of the 
balance be 1 and U, and let tlie true weight of the body be 
W. Suppose the body when hung from the arm 1, to be 
balanced by a weight Wi on li, and w^hen hung from the 
arm 1, to be balanced by a weight W2 on 1. TIkmi by the 
principle of moments we have for the first case 

W 1 - Wi li 
and for the second 

Wi 1 : W li 

Dividing the first ecpiation by the second we liave 
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W 



Wi 
W 



or 



whence 



W» = Wi W» 



W 



-4 



W^ w*^ 



From this it appears that the true weight of a body 
may be found upon a balance of unequal arms by weighing 
first in one pan and then in the other and taking the square 
root of the product. If Wi and W2 are not greatly different 
from each other, the arithmetical mean of the two weights 
vis usually sufficient unless extreme accuracy is required. ' 

M /J Sensibflhy of the Balance* The delicacy of the balance 
IS determined by the sensibilty. This depends upon a 
number of considerations and is expressed in terms of the 
angular displacement of the beam for a small difference 
of weight p, usually 1 milligram, in the pans. 

The sensibility is determined as follows : Let the 
points A, B, C (Fig. 22) , repre- 
sent the knife-edges of the two 
pans and the beam, and suppose 
these points to lie in a horizontal 
line. Let the center of gravity 
of the system be at Gr, distant r 
from the center of susiDension C, 
and let the weight of system bo 

w. For two equal weights P and F, placed in the pans, 
the system is in equilibrium. If an additional small 
weight p, be placed in the right hand pan, the system is 
displaced through the angle ^, and finallj^ comes to rest in 




:p+p 
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the position A'CB'. In tliis position tlio restoring moment 
due to w, and the disturbing moment due to p, must be 
equal and opposite. Then 

w X G' D -- p X B' I 

Substituting for B' I and G' D their values in terms 
of B, we have 

w r sin f^ — p 1 cos ^ 



whence 



tan 9 ] 



w r 



The quantity i^t^vmedthe sensibility of the balance 

and is seen to vary directly as the lengtli of the beam , and 
inversely as the weight of the system, and as the distance 
of the center of gravity of the system, from the point of 
support. 

In order therefore, for the balance to sensitive, the 
beam should be long and light and the distance r, between 
the center of gravity of the system and the center of sup- 
port should be small. Practical considerations however, 
set a limit to each of- these theoretical suggestions. The 
beam must neither be so long nor so light as to render it 
liable to bend under the load it is to carry, else the sensi- 
bility would be diminished ; also if the distance r be made 
too small the system becomes unstable and the time of 
vibration becomes inconveniently long. 

45^ Moment of Inertia* It is now necessary to investigate 
the expression for the kinetic energy of a rotating body. 
Suppose a rigid body rotate uniformly about a line through 
its center of gravity, which we shall call its axis of rotation. 
Then two particles of mass mi and m2 situated at dis- 
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Rectangular Lamina, axis through center and perpendicular 

to the plane, sides a and b, • 

J . , a^ + b2 

12 

Circular Plate, axis through center perjjendkrular to the 
plate, radius - r 

Circular Plate, axis any diameter, radius =^ r 

I = M 4 

4 
Circular Ring, axis through center perpendicular to plane 
of ring, outer radius = R, inner radius = r 

Circular Ring, axis anv diameter, radii as before 

I = M <?!_+ rl) 

4 

Moment of Inertia about an axis parallel to an axis though 
center of gravity of body, and distant from same by a dis- 
tance a, moment of inertia about axis through center of 

gravity -= I^, 

I = I, + M a^ 

46* Moment of Inertia and Angular Acceleration* If a 

be the angular acceleration, then « = — - — - ; also the 
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linear acceleration a ==^ — -— °- = — ^- = « r, or the 

linear acceleration is equal to the angular acceleration 

limes the radius 

a — « r. 

If now we consider a particle of mass m, at a distance 
r from the axis of rotation, then the force necessary to 
give it a linear acceleration a, is 

F = m a = m « r 
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and the moment of the force is m « r X r since the force 
acts tangenttall}^ to the circle described b}- m, or 

moment = m « r^ for a single particle. 

The moment of the force necessary to give the entire 
body the same acceleration is 2' m « r* = a 2* m r'. If we set 
a equal -to unity, then the moment of the Jorce necessary 
to produce unit angular acceleration is 2' m r'^ ^^^ I, the moment 
of inertia, 

4^ Kinetic Energy of Rotation* We have now derived 
two distinct formulae for kinetic energy. 

(a) K. E. of translation ~- \ M v^ 

(b) K. E. of rotation =^ i I «A 

Our comparing these formulae for kinetic energy, we 
note from their symmetry that the angular velocity <«>, of a 
rotating body, corresponds to the linear velocity v, of a 
moving body; also that moment of inertia /, of the rotating 
body, Gorresjionds to the mass M, of the moving body. This rela- 
tion is most important, and finds constant application in 
mechanics. The fly-wheel of an engine acts as a reservoir 
of kinetic energy, not only on account of the mass, but 
still more on account of the distribution of its mass, since 
this is largely in the rim, thus making its moment of 
inertia as large as possible. 

Again it sliould be observed that a system n\ay possess 
kinetic energy both of translation and of rotation at the 
same time. Thus the wheel of a bicvcle when in motion 
possesses kinetic energy due to its motion of ^translation 
equal to i m v^, and also due to its rotation amounting to 
i I f"^. This fact has been ingeniously employed in. tlie 
manufacturer of steel shells for modern, longdistance, riflt^d 
cannon. The flying C3'^lindrica] sliell p()ssess(»s both eneroy 
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of translation and energy of spin round its longer axis, 
duo. to the twisting motion imparted to it by the rifling of 
the gun. The striking end of the sliell is now made of the 
liardest steel, and tinishcHl with a screw point, so that the 
instant it strikers a target, th(^ kincMic enero-y of rotation 
-eauses it to hore in like an auger, thus increasing its 
destructive action many fold. 

47*CLIdeaI Simple Pendulum^ The ideal simple pendulum 
may be defined as a heavy material particle, suspended by 

a weightless thread. As an approxi- 
mation to this ideal we may use a lead 
ball supported by a fine silk coixi. It is 
required to find an expression for the 
time of vibration of this pendulum. Let 
the pendulum of mass m, be supported 
by a cord of length BA, ■= 1, (Fig. 23) ; 
when drawn aside to the position B, it 
forrps an angle BAN = ^, w^ith the 
vertical and the component of BG == mg 
which is ejffective in producing motion, 
is m g cos (90 - ^) = m g sin ^. L^t N B = x, and let fx 
be the acceleration toward the position of rest, then Mfx is 
the force urging the bodj^ toward N, or M f^ ^=^ - m g sin H 

whence 

fx == - g sin S 
also 




F*K. '^'. 



therefore 



1 



; if 8 be small, we may set sin H .—- H 



1 ^ 



Vv 



f, 



X 

. or "^-^ 

9' 1 



Now since g and 1 are constants, it is clear that \vdthin the 
limits where we may write sin ^ :.— ^ ^=^tan ^, the arx^elsra- 



tioa w proportional to the displacement, and the motion of 
the pendulum will be siin/jte Itannonic motion. But from 

Article 27, we have 

r. -- - -p5- X 

whence 



T -= 2; 



Vi 



g 

this is the time of a Gom.pUte vibration; for a half vibration 

To find tlio length of tlie seconds pendulum, where 

S ----Q80 -^.setT-l.orl = i: A }^ 
" ' sec* \yHO 



from which 
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I = —5- = 99.3 cms. 



48. Compound or Physical Penduluoi. Any body sus- 

liended so as to swing freely about an axis, forms a 

compound or physical pendulum. In such a pendulum 

the mass of the body may be considered as concen- 

_trated at at its center of gravity. Suppose the 

lieavy body, (Fig. 24), be drawn aside through an 

angle W, then the moment of the restoring force is 

M g h sin W, where h is the distance from 

the point of suspension to the center of gravity 

of the pendulum. This same moment tends 

to produce an angular acceleration «, and from 

I Article 46, we have seen that such a moment 

is equal to 

v\«. ■:*■ a X m r^ 
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hence equating these two values for the moment of the 
force m g" upon the pendulum, we have, 

a-mr'* = Mg'h sin ^ 

whence 

2" m r^ _ g sin 8 
M h - a 

* £i 
Now is a linear acceleration divided by an 

angular acceleration, and from Article 45, we have seen 

that the quotient must be a length; hence ''-^ , is also 

a length, that is, it is the length of an equivalent simple 

pendulum, which will vibrate in the same time as the 

2" m r^ 
body. If we let 1 = ^ , , equal the length of this 

simple pendulum, we may write the expression for the 
time of vibration of the body at once. 



T = 2.yjl = 2.yj-l 



m r' 



g ^ M h g 

This is a general expression for the time of vibration 
of any heavy body when disturbed, about its position of 
equilibrium. 

The length of a compound pendulum may be deter- 
mined experimentally by suspending near it a simple pen- 
dulum and altering the length of* the latter until the two 
vibrate in the same time. The length of the simple pen- 

I m T^ 
dulum so found is 1 = ^ , . If now, we lay off this 

length upon the compound pendulum, measuring from the 
center of suspension through the center of gravity, we find 
the center of oscillation O; that is, the center of oscillation 
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is distant from the center of suspension by the length 



I m t' 



T— , and the pendulum behaves as if all the mass 



'= M 

were located at this point. 

It may be also shown that the center of oscillation and 
the center of suspension are interchangeable; or in other 
words, for every point of suspension S, there exists a con- 
jugate point O, such that the pendulum will vibrate in the 
same time, whether suspended from S, or from O. 

The center of oscillation is also termed the center of 
percussiouy since, if the pendulum be struck a blow at this 
point it will move forward in its arc, with no jerk or jar 
upon the point S, as if the whole mass had received the 
blow. At any other point the effect of a blow would be 
to start the pendulum to swinging, and also to jerk it from 
its support owing to the tendency to rotate, about some 
axis other than the point of support. This is well illus- 
trated in the case of a base ball bat, which is to be con- 
sidered as a compound pendulum. If the ball be received 
upon the bat at the center of percussion, no jarring of the 
hands is experienced by the striker. If the ball strike the 
bat at any other point, either too near the end or too near 
the hands, the jarring effect is very painful, and the bat 
is usually broken as well. 



ELASTICITY. 

4?. Stress and Strain. Elasticity is that property by 
virtue of which matter resists the action of a force tending 
to change its shape or bulk, and which causes it to resume 
its original shape or bulk after the force is removed. If a 
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body possess elasticity of shape it is called a solid ; if it 
jjossess no elasticity of shape it is called a fluid. Any 
change in a body either of size or shape produced by the ac* 
tion of a force is called « strain. The force producing such a 
change is called ct stress^ and is measured in dynes per unit urea 
of the cross section upon which the stress is exerted. 

Fluids possess perfect elasticity of bulk; tliat is, they 
return exactly to their original bulk on removal of the 
compressing stress. For every solid there is a limiting 
distortion beyond which the body when freed from the 
distorting stress no longer completely regains its former 
shape. This is Q^Wed the limit of elasticity. All solids do 
not recover their initial shape with equal promptness. In 
some cases this return is much retarded, especially after 
repeated or long continued distortion. This is commonly 
termed elastix^. fatigue, and is quite noticeable in metals. 

50l Hookers Law« When an elastic body is distorted 
within its limit of elasticity, the opposing force called out 
by the distortion, tending to restore the body to its original 
condition, is propoi'tixmal to the distortion. This is known as 
* ^Hooke' 8 Law,'' siiid as originally stated, ^^ut tensio sic vis,^' 
expresses the proportionality between the distortion and 
the restoring force. The applications of this law are very 
numerous, including every form of elastic reaction against 
strains produced by external mechanical agencies. 

As will be readily seen, the application of Hookers 
law involves the fundamental assumption that the force, 
and therefore the Ojcceleration is proportional to the distwtiwi. 
If the original position of the system be takem as the 
position of rest, we have at once the characteristic condi- 
tion of simple harmonic motion. Such motions are seen 
in the vibrations of elastic springs, of the air 
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particles in the production of sound, in the vaiying 
charges in an electnc condenser, and in compressional and 
torsional waves in solids. 

5t," Coefficients of Hastkicfty* In <5eneral twenty-one 
coefficients would be necessary to exprt^ss completely the 
elastic nature of a body. If however tlie body be isotropic 
these twenty -t)ne coefficients reduce to two : the coefficient 
of volume elasticity e, and the coefficient of niinple rigidity, iu 
The general expression for these coefficients is the quotient 
arising from dividing the stress by the strain. 

In the coefficient of volume elasticity e, we have the- 
stress or applied pressure p, divided by the compression 
produced ; where compression denotes the change in volume 
V, divided by the original volume V, or 

. e -^ P = £ . V 

V V 

V 

Since all changes in volume are conceived as being very 
small, if we assume a volume of gas v, to be subjected to 
to a change in pressure dp, producing a corresponding 
change in volume dV, then 

^ dV ^ 

It should be observed that the expression for the 

dV 
strain, ^- , denotes a ditatatiori if positive, a>nd a, compress imi 

if negative. The coefficient e, however, has reference simply 

dp 
to the numerical magnitude of the ratio, t^ , and is there- 

V 

fore independent of the sign. 

Besides the elasticity of volume, solids have as we 



— 63 — 

have seen, elasticity of shape as well. If a solid be so 
distorted that its shape alone is changed it is said to have 
undergone a shear. T hus if we conceive all the partic les 
in a certJiin.pIane^inaJ)ody to be fixeji , an d all t he rem ain- 
ing particles to move in planes piirallel tojliis. planfi^nd 
by amounts proportional toiJlfi^', d ^ ^^^^jy C^f^,! ^:^J^^ th is pla ne, 
s uch aj uQliurii is called a shmr. The stress applied to cause 
such a motion is called a shearing stress, and the coefficient 
of simple rigidity is the quotient obtained by dividing the 
shearing stress per unit area, by *the shearing strain per 
unit length. 

52» Three States of Matten Matter presents itself in 
one of three states ; solid, liquid or gaseous. These states 
are not separated by sharp lines of demarcation but 
shade almost insensibly into each other, the particular 
state which the body assumes being dependent upon the 
temperature and pressure to which it is subjected. 

A solid is a body which resists any stress tending to 
change either its shape or its volume ; in other words it 
possesses elasticity both of shape and of bulk. It is 
characterized by small mobility of its molecules, and by 
the possession of surfaces of distinct outline on all sides. 

A liquid is a body wliich has no elasticity of shape, or 
which offers no resistance to a shearing stress ; it is 
characterized by considerable mobility of its molecules, 
by a distinct, free, upper surface, usually of a meniscus 
shape when confined in a tube, and by the existence in 
that free surface of a specific stress or tension, not found 
elsewhere in the body. 

A gas is a body whose parts are held together only by 
the action of external stress, and which offers resistance 
to the decrease but none to the increase of its volume. It 
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is characterized by perfect mobility of its molecules. It 
has no upper surface and no surface tension, but tends to 
fill all available space. 

Liquids and gases when subjected to shearing stresses 
are unable to remain in equilibrium, and their parts move 
into new positions, or tend to flow \ they are therofore 
classed together under the general term fluids. Fluids 
have perfect elasticity of volume but no elasticity of shape. 
' 53» Ititcfmcdiary Qualities* As has been said, the ihree 
states of matter shade gradually into each other, although 
the changes are more abrupt in some cases than in others. 
Thus while most substances are perfectly elastic under 
hydrostatic pressure, no substance has yet been found to be 
perfectly elastic under shearing stresses producing finite 
strains. Owing to the varying behavior of substances 
under stress, a number of intermediary qualities are 
manifested, by virtue of wiiich certain characteristics of 
the fluid state are seen to exist even in solids. 

A body which breaks upon the application of slight 
stress is said to be brittle. Glass, gems and hardened 
steel are examples of brittle substances. 

A plastic substance is one which has its form perma- 
nently altered by a stress exceeding a certain value. 
Plastic solids under pressure behave as liquids, and flow 
with greater or less freedom. Thus cold lead under 
enormous pressure is made to flow through a die, produc- 
ing lead pipe. 

Plastic bodies may be beaten into various forms, 
rolled into sheets, or drawn into wire. This is exempli- 
fied in the case of copper and platinum and in still higher 
degree in the case of gold. Substances which may be 
beaten into thin sheets are called malleable; those that may 
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be drawn into wire are said to be ductile. Certain sub- 
stances are plastic at high temperatures and brittle at 
ordinary temperatures. Thus glass and quartz are ex- 
tremely brittle at ordinary temperatures, yet when fused 
they may be drawn into threads of exceeding fineness. 
Quartz especially, when fused may be drawn, into fibers 
so fine as to be invisible to the naked eye, yet capable of 
supporting relatively large masses, and possessing almost 
entire freedom from elastic fatigue. 

Certain organic substances rival the metals in ductil- 
ity. Thus sugar and pitch at certain temperatures maj^ be 
drawn into threads so fine as to float on the air, while 
the spider's thread is formed in some cases of a thousand 
separate strands, united into one. 

Viscos-lty may be defined as the resistance to flow, due 
to the internal friction of the particles of a fluid upon each 
other. A liquid that flows readily, as alcohol or ether is 
called a limpid liquid as opposed to a viscous liquid like 
honey or Canada balsam. Viscosity usually diminishes 
with increase of temperature ; hot water is less viscous 
than cold ; syrups and saline solutions are limpid when 
hot and viscous when cold. Gases also exliibit viscosity 
though in a less marked degree. 

Again some substances continue to yield indefinitely 
to the action of continued stress. Thus shoemaker's wax, 
while brittle to a sudden blow, will creep slowly down an 
inclined plane under the action of gravity ; long glass 
tubes, laid horizontally upon supports at the ends, sag 
down in the middle, due to their own weight ; sandstone 
pillars under enormous weights have slowly bent without 
breaking. All these are examples of viscous substances. 
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MECHANICS OF FLUIDS. 

(A) Fluids at Rest. 

54L Fluid Pressure, A perfect fluid is a body which 
offers no resistance to a shearing stress. If we convsider 
fche distortions in a fluid mass as vanishingly small, even 
tlie slight resistance of the fluid to change of form, arising 
from viscosity becomes zero, and we find that fluids at rest 
behave as perfect fluids. Since in a perfect fluid there is no 
viscosity, and hence no statical friction, it follows that the 
pressure on the containing vessel must all be normal to 
the surface of the vessel, because any pressure other than 
a normal pressure could be resolved into a normal and a 
tangential component. The normal component would 
produce pressure on the side of the vessel ; the tangential 
component would produce motion in the fluid unless 
opposed by statical friction. But there is no statical 
friction, and since the fluid is at rest, there can be no tan- 
gential component. Therefore the fluid pressure on the side 
of a vessel is normal to the side of the vessel. 

Again, it follows from the absence of statical friction 
ill a fluid, that any pressure exerted upon any surface of 
a confined fluid must be transmitted undiminished to every 
equal area of surface in contact with the fluid. For con- 
sider two cylinders connected with a closed vessel, each 
cylinder being stopped by a piston of area a, and the whole 
filled with a fluid. If now one piston be forced in through 
a distance b, then the second piston must be driven out an 
equal distance, if no compression of the fluid is to ensue. 
The work done by the first piston is P b, where P is the 
total force exerted. Since no work is done in compressing 



the liquid, the work done on the second piston must be Qb. 
w]ience 

Pb = Qb 



5^ Pressure at any Point in a FIoifL Since pressure 
in a fluid is transmitted undiminished in all directions it 
follows that the pressure at any point is the same in all 
directions. For suppose a body of liquid to be in equi- 
librium, and conceive a cylinder of the fluid of very small 
diameter to become solid without change of density. 
Then unless the pressures upon the ends of the cylinder are 
equal and oppositely directed motion will ensue. But the 
liquid is at rest ; hence there is no difl"erence in the pres- 
sures upon the two ends. Now since the cylinder may be 
rotated in a horizontal plane, it follows that at any point 
in a liquid the horizontal pressure is the same in all 
directions, and since the diameter of the cylinder may be 
indefinitely diminished, the vertical pressures must be 
equal for the same reason. 

This may be illustrated experimentally by the apparatus 
shown in Fig, 25. Bend three glass 
tubes of about 5 mm. diameter, into 
the forms of tubes I, II, III. Fill 
the lower parts of the three tubes to 
the same hight with mercury and 
immerse in a vessel of water, keep- 
ing the mouths of the three tubes in 
a horizontal line. The difference in ^' 

level of the mercury in the two arms of each .tube is the 
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same; thus showing that in that horizontal plane in the 
liquid, the upward, downward and lateral pressures are 
equal. On lowering the tubes to the bottom this difference 
in level increases ; thus showing that the pressure increases 
as the depth increases. 

56* Free Surface of a Liquid HorUontaL It may readily 
be shown that the free surface of a liquid at rest is hori- 
zontal. Let A, (Fig. 26), be a particle 
of liquid of mass m, on a surface that 
is not horizontal. Then the force of 
gravity on the particle is m g in the 
direction A B. This can be resolved 
into a normal component AC, and a 
tangental component AD. The normal 
component simply produces pressure on the interior of the 
liquid and may be neglected. The tangential component 
AD is free to produce motion. Its value is 

AD = Mg cos BAD. 

But by hypothesis the liquid is at rest ; this can not be 
true unless AD — 0>< But since Mg can not be zero, 
cos BAD must be zero ; that is, BAD = 90° ; or the sur- 
face of the liquid at rest must be level. 

L./^ • 57^ Pressure of a Heavy Liquid on an Immersed Surface* 
Consider a surface of area A, immersed in a liquid of 
density d. It is required to find the pressure upon this 

surface due to the weight of the liquid. 

Let the area be subdivided into a large 

munber of very small areas, ai a? aa anf 

then A == i* a. 

If we take one such little area as a, 
Fig. 37. (i^^ig 27), at a depth h from the surface, 




A 
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then the mass of liquid pressing upon this surface is the 
•volume a h, multiplied by the density, or a h d, and the 
Jcyrce or pressure on this small surface i^ a h d g. The total 
pressure on the surface is therefore 

P = aihidg + a^hadg + a8h«dg + anhndg 

= (aihi + aiha + a8h«+ aahn) dg 

Let H be the distance from the center of gravitj^ of the 
surface pressed upon, to the surface of the liquid. Then 
by equation (35) page 42, we have ^ 

AH- ^ ± ^ 

P == AHdg. 

This is a general expression for the pressure due to a 
heavy liquid upon any surface immersed in it, in any 
position whatever. The expression shows also that the 
pressure upon an immersed surface varies directly as the 
area of the surface, as thp depth of the center of gravity 
below the surface of the liquid, as the density of the liquid, 
and as the acceleration due to gravity. 

5&^ Principle of Archimedes* A solid hnmersed in a liquid 
is buoved up by a force equal to the weight of the liquid displaced. 
This principle is readily shown to be true by considering 
a vessel filled with liquid which is in equilibrium. This 
condition of affairs will not be disturbed if we suppose a 
certain part of the liquid to become solid without change 
of density. The forces acting on the solidified portion are 
its weight acting through its center of gravity, and the 
pressure of the liquid upon its outer surface. Since this 
equilibrates the weight of the solidfied portion, it follows 
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that the resultant of all the pressures due to the fluid, must 

be directed upward through the 
center of gravity of the solidified 
portion, and equal to the weight of 
that portion. Consequently, the 
buoyant force exerted upon any body 
immersed in a fluid, is equal to the 
^'*^'- ^'^^' weight of the fluid displaced by the 

body, and acts through the center of gravity of the body, 

A result of this fact is that any body weighed in a 
a fluid, weighs lessi than if weighed in air, by an amount 
equal to tlie weight of the fluid displaced. This seeming 
loss of weight is due to tlie buoyant force of the fluid in 
which the body is immersed. Hence to find the volume 
of any body of irregular outline it is only necessary to 
weigh it first in air and then in distilled water at 4°C. 
The apparent loss of weight is the w^eight of a volume of 
water, equal to th(» volume of the body, and if the weight 
be expressed in grams, the volume is at once obtained in 
cubic centimeters. In this way the number of cubic 
centimeters of iron in a handful of carpet tacks may be 
obtained. 

In accordance with the principle of Archimedes, it is 
necessary to correct for the buoyancy of the air, in refined 
determinations of mass. This precaution is unnecessary 
in case the object weighed and the weights used have the 
same,density ; it is the more necessary the smaller the 
the density of the body weighed. 

If w^e immerse a body in a fluid w^hose density is 
greater than that of the body, the body will displace more 
than its own weight of the fluid and will therefore rise 
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until the weight, of the fluid displaced just equals it own 
weight, when it floats. Hence a floating body ^displaces 
its own weight of the liquid in which it floats. 
Finally, if we call m the mass of the body, 

mi its apparent mass when weighed in fluid, 

d the density of the body, 

di the density of the fluid, 

V the volume of the body, and if we set the 
apparent loss of weight equal to the buoyancy of- the fluid 
we have 

m g - mi g = V di g. 

595. Density and Specific Gravity* The density of a body 
is its mass per unit volume. The specific gravity of a body 
is the ratio between the density of that body and the 
density of some substance assumed as a standard, For 
liquids and solids the standard is distilled water at a tem- 
perature of 4'' C. For gases hydrogen is usually assumed 
as the standard. If the mass and volume of a body be 
known its density is given by the relation 

V 

Ordinarily the volume of a body is found in accord- 
ance the principle of Archimedes, by finding the mass m, 
of the body in air and its apparent mass mi, in some fluid 
of known density, di. The difference is the mass in grams 
of the fluid displaced by the body. The density of the body 
will then be given by the expression obtained in the 

previous article, on substituting for v, its value -r, or 

a =■ . di 

m - mi 



In case the fluid is distilled at 4°C., di is taken as 
unity. If the weighini^ be done at some temperature 
other than 4°C., or the fluid be other than distilled water, 
then di represents the densitj' of the fluid used, at tJie tern- 
perture at which tfie weighing was done. 

For bodies lighter than water, a sinker with a sharp 
point is hung from the left hand pan, immersed in the stand- 
ard fluid and counterpoised by small shot or fine sand. The 
body whose density is sought is placed in the left hand 
pan and its mass determined as usual. It is then fastened 
to the sinker by sticking it upon the sharp point, immersed 
in the fluid and equilibrum restored, either by adding 
masses to the left hand pan, or removing them from the 
right hand pan. The change in mass represents the mass 
of the liquid displaced, i. e., (m - mi). Whence as before 

m- mi 
For finding the density of liquids, the most accurate 
method is by means of the pyknometer, or '^specific 
gravity bottle." This is a small flask, fitted with a ground 
glass stopper, which is perforated throughout its length 
for the escape of superflous fluid on filling the flask. The 
flask is first cleaned and dried and weighed empty. It is 
then filled with the liquid and weighed, and finally 
filled with the standard and weighed. These two weights, 
less the weight of the empty flask, give at once the 
masses of equal volumes of the substance and of the 
standard ; whence we have 

d = ^ 

v 
Other methods, of which one or two will be described, 
are frequently employed for determining the density of 
liquids especially when great accuracy is not required. 
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<0j; liquids in Gmimunlcating Tubes* Consider a bent 

tube, (Fig. 29), containing two 
liquids, between which there exists 
no chemical attraction. When the 
system has come to rest, it will be 
found that the liquid stands at a hight 
h, above a horizontal line through the 
junction of the two liquids. The 
weight of this column is evidently 
balanced by the weight of lu, the 
height of the denser liquid above the same line. Let d 
and di be the respective densities of the two liquids, and 
let a be the area of cross-section of the tube. TJie equation 
of equilibrium is then ( '^' 

a hi di g - a h d g 




x?irf ^. 



whence 



4.' 
d 



h 
h, 



or the hights of the two liquids above their common plane 
of separation, vary inversely as their densities. 

In case the liquids react chemicall}" 
upon each other, the device shown in Fig. 
30, may be used. The bent tube is inverted 
and the ends placed in cups conaining the 
liquids of density d and di. Through a short 
tube at the top the air may be partly re- 
moved from the tubes, producing a differ^ 
ence of pressure P, between the air inside 
and outside the tube. This difference is Fig.ao. 

balanced in each case by the rise of the liquid in the 
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two tubes, and we have for equill)riuni 

a hi di g — a h (1 g 

as before. 

If the density of one of the liquids be known, the 
densit}" of the other may l>e computed at once. 

6 J. 'Hydrometers. An hydrometer is an instrument 
for determining the density of a substance quickly , and to 
a moderate degree of accuracy. Its action depends upon 
the principle that a fioating body displaces its oum mass of the 
fluid in lahich it floats. Hydrometers are of two kinds — 
hydrometers of variable immersion, and hydrometers of 
constant immersion. 

(a) Hydrometers of variable immersion. The hydrometer 
of variable immersion consists of a hollow body, 
(Fig. 31), furnished with a slender uniform 
stem, which is usually graduated in equal 
divisions. The h)wer end of the instrument is 
weighted with mercury or fine shot so that it 
will float upright and and sink to a certain fixed 
mark upon the stern, when immersed in a certain 
fluid of known density d. 
The hydrometer is calibrated empirically and is 
usually provided with a scale giving the densities directly 
in terms of the density of water. For liquids heavier than 
water, the fixed mark is near the top of the stem, while 
for liquids lighter than water it is placed near the bottom. 
Hydrometers of variable immersion find wide appli- 
cation in manufacturing operations, where they are used 
to show the approximate density of the liquids in question. 
Such instruments are generally graduated with special 
reference to their use, and take the forms of lactometers, 
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alcolmloih'^tfirs, acidimeters, snliniraeters, etc. 

C*) Hydrometers of constant immersion. The NicliolsoR 
hydi'oiTifiter, (Fig. 32), is an instrument of 
of much more genernl application, since it 
may he employed to determine the densities 
of either solids or liquids. It consists of a 
hollow body weighted as hefore and provided 
with a slender stem carrying at its upper end 
a small pan for the reception of known ng. k. 
masses. The stem is provided with a single mark A, to 
which the instrument is simk in all cases by means of gram 
masses placed in the small pan above. 

Let M be the mass of the hydrometer, and let mi 
and mj be the masses required to sink the instrument to 
the mark in liquids of densities di and dj. Then, since the 
volume of liquid displaced is always the same, we have 

M -|- mi _^ M -|- m? 
"d^ " ^ " d. 



- M_di^* A 



If the first liquid be distilled water at 4''C, then 



The mass of the instrument is determined once for all 
and forms the constant of the instrument. 

The hydrometer may also be used to determine 
approximately the mass of a small body, by placing it 
upon the pan, and noting the mass necessary to be added 
to sink the instrument to the mark ; the body is then 
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removed and additional masses added to sink the instru- 
ment again to the mark. 

At the lower end of the instrument is provided a 
basket for holding a solid, when immersed in water. If 
the mass of the body m^, , has been determined as described 
above and mi and m2 be the masses to be added to sink the 
instrument to tlie mark when the body is on the pan, and 
in the basket respectively. Then the loss of weight of the 
body in water is 

(M + mi, + m2) - (M + m^ f mi) — ma - mi 
and the density of the body is 

m2 - mi 

62j, The Barometer* A barometer is an instrument for 
measuring the pressure of tlie atmosphere. It is made by 
taking a stout glass tube (Fig. 33), about 80 cm. 
long and closed at at one end, filling it with 
mercury, and inverting it with the open end 
under the surface of mercury in a shallow dish. 
When the system has come to rest, the mercury 
in the tube stands 76 cm. above the level of the 
mercury in the dish. 

Now since pressure in fluids is transmitted 

undiminished in all directions, it follows that 

the weight of this column of mercury, 76 cms. 

in hight, must be balanced by the downward 

pressure per unit area, of the air upon the sur- 

Fig. 33. face of the mercury in the dish. If for any 

reason the atmospheric pressure change, the corresponding 

difference in the hight of the mercury in the tube enables 

us to measure this change. If the barometer be carried 
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up the side of a mountain, or down into a mine, the 
elevation above or the depression below the sea level may 
be roughly determined from the difference in the baromet- 
ric readings. 

The pressure of the atmosphere as measured by the 
barometer is readily computed. Assume the tube (Fig. 
33) to be of unit cross-section. Then the volume of mer- 
cury supported is 76 cubic centimeters ; the mass is 76 X 
13.596 := 1033,296 grams, and the force is 1033.296 X 980 = 
1,012,630 dynes per square centimeter. This pressure is 
called the pressure of one atmosphere. In Englisli units, the 
pressure of one atmosphere, is approximatelj^ equal to the 
weight of 14.7 lbs. per square inch. 

It should be noted that the barometric hight is con- 
stantly changing, and tliat the standard hight of 76 cm. 
or 30 inches is for places at the level of the sea and at the 
temperature ofO'^G, An increase in the elevation above sea 
level produces a rapid change in the barometric height. 
Ann Arbor is 882 feet above sea level, and the mean 
barometric reading for the year 1901 is found to be 29.03 in. 

• 63^ Manometers* Let a tube be attached to a bell jar 
and the jar be placed upon the plate 
of an air pump with the lower end 
of the tube dipping into a cup of 
mercury, as shown in Fig. 34. On 
withdrawing tlie air from the bell- 
jar the mercury rises in the tube, 
thus furnishing a measure of the 
exhaustion as the pumping proceeds. 
Such an arrangement, is called, is called a manometer. For 
measuring slight differences in gaseous pressure, the 
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second form shown in Fig. 34, is used, where the total 

pressure upon the gas in the horizontal arm 
is one atmosphere, jdIus the mercury column 

X\l For the measurement of pressures amount- 

^Vl ing to several atmospliere the coriviyression inano- 
IJ meter, (Fig. 35), is a convenient and compact 
Fig. 36. form. 

64. Pumps. In the action of the ordinary lifting 
pump (Fig 36), is seen an aj^plication of the 
pressure of tlie atmosphere. It consists of 
a piston D, working air tight in a cylinder 
HK, to which is attached a pipe of smaller 
diameter, closed by the valve A. Suppose 
the pump to be inserted in tlie water at L, 
and the piston be at the bottom of the cylin- 
der. On raising the piston the weight of 
the air closes the valves B and C in the 
piston, and the air in the small pipe 
expands, raises the valve A, and passes in to 
fill the vacant space in the cylinder. The 
pressure of the air in the pipe is diminished and the 
hydrostatic pressure due to the weight of the atmosphere 
derives the water up into the small pipe. On the down- 
ward stroke the air in the cylinder closes the valve A, and 
escapes through the valves B and C into the outer air. By 
the second and succeeding strokes of the piston, the air 
below is still farther rarefied, until the water rises above 
the valve A, passes above the piston through the valves 
B and C on the next downw^ard stroke, and is finally lifted 
to S where it flows out. Since the density of mercury is 
13.6 times that of water, it follows that the pressure of the 
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atmosphere will support a column of water 13.6 times the 
barometric height; i. e., 30 in. X 13.6 = 34 feet. This 
would represent the maximum effect to be obtained from 
the pressure of the air ; as a matter of fact an ordinary 
pump will not raise water more than 26 feet. 

The fcn^ce pump is provided with a solid piston and 
a second pipe is attached to the cylinder above the valve 
A. This pipe leads to an air chamber into which the 
water is driven on the down stroke of the piston, and 
retained there by a valve similar to A. An outlet pipe 
fitted with a nozzle delivers the water driven out of the 
air chamber by the force of the compressed air ; in other 
respects the working of the pump is similar to that of the 
lifting pump. s ^ ; v. i ' v 

64*^Thc Siphon. The Siphon, (Fig. 37), is an instru- 
ment for transferring liquids 
from one vessel to another at a 
lower level. It consists of a 
bent tube, with arms of unequal 
length filled with liquid and 
inverted with the shm'ter arm 
in the vessel from which the 
liquid is to be transferred. The 
distances a and b, from the sur- 
faces of the liquid in the vessels 

to the highest point of the band of the tube represent the 

two columns of liquid in motion. 

Let h be the hight of tlie column of liquid which the 
atmospheric pressure will support at time and place of 
the experiment, let s be the cross-section of the tube and 
d the density of the liquid. Then the pressure to the 
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right, on a plane through the highest point in the tube is 

h 8 d g — .1 3 d g, 
and the pressure to the left is 

lisdg — bsdg, 
or the difference in pressure, tending to produce flow is 
(h s d g — a 8 d g) — (h s d g — b s d gj ^^ (b — a) s d g 

From this it appears that the velocity of flow will be 
proportional to the difl^erence in the length of the arms. 
If a equal b the flow ceases. If a be greater than 1>, the 
liquid flows in the opposite direction. 

65. The Air Pump. Thft action of the air pump is 

essentially tlie same as that of the common lifting pump. 

In addition to the parts described in Article 68, the 

air pump is fitted with an automatic valve A, (Fig. 38), 

which opens at the 

up stroke of the 

piston and closes on 

each down stroke. 

This is eifrctpd by 

making the valve 

A , in the form of a 

conical plug at- 

piff. aa tached to a rod 

passing through the piston, which slides upon the rod 

with a small degree of friction. By this means the valve 

A is opened to admit air from the receiver, which by 

reason of its diminished density would be unable to lift 

the valve by its expansive force. A manometer F, shows 

the degree of exhaustion in the receiver as the action of 

the pump proceeds. Owing to unavoidable leakage in the 
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pump itself, to the air given up by the oil used for lubri- 
cating the piston, and to various other causes, it is impos- 
sible to secure a high degree of exhaustion by a mechanical 
air pump. 

For work requiring a high degree of exhaustion as in 
the production of Geissler, or Roentgen tubes, a mercury 
air pump is employed. In these pumps the piston is a 
column of mercury, which on rising, fills a large bulb 
expelling tlie air through a barometric manometer'. On 
descending the air from the vessel to be exhausted enters 
the bulb through a glass-mercury valve, and expanding 
fills it at a much diminished pressure, only to be forced 
out as before by the liquid piston. By the use of such 
pumps pressures of one millionth of an atmosphere ai'e 
readily attainable. 

66. "Weight and Density of Ain Galileo satisfied him- 
self that air had weight by weighing a glass globe first 
filled with air at ordinary pressure, and then filled with 
air under high pressure. The experiment is ordinarily 
performed today by weighing a stout glass balloon, when 
filled with air and then when the air has been exhausted. 
A liter of ordinary air, containing 0.04 % of carbon dioxide, 
under standard conditions, i. e., at 0°C. and 7G cm. pres- 
sure, weighs 1.293 grams. Hence the density of air is 
0.001293 grams per cubic centimeter. 

In the use of a delicate balance it is frequently neces- 
sary to correct the weighings for the boyancy of the air in 
which the substance is weighed, in accordance with the 
principle of Archimedes. Thus let m be the weight of the 
body weighed, w' the weight of the brass weights, and a and 
a the buoyant force of the air upon the body and weights 
respectively. Then for equilibrium 
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w — a r.- at — a 



or 

to rr-: (n -\- a — a 



Thus the correction to be added to the weight of 25 
grams of cork, whose density is 0.25 g. per cc. is obtained 
as follows : 

« =-7rlr X 0.001293 == 0.1293 gi-ams, 

« ^ -iZ- X 0.001293 = 0.0038 grams, 
Or the coriTCtion to be added is 125 milligrams. 

iA/8r^^^* Boyle's Law* Mention has already been made of 
"^le work necessary to compress a gas in a cylinder, and of 
the resistance offei*ed by a gas to any force tending to 
decrease its volume. The relation between the volume of 
any mass of gas and the pressure exerted by the gas upon 
the walls of the containing vessel was first stated by 
Robert Boyle in 1662, although its far reaching importance 
was more fully realized by Marlotte, a French physicist, 
who rediscovered the law, independently, in 1676. 

Boyle's law states that, at a constant tempexoMre, the 
volume of a body of gas varies Inversely as the pressure to ivhich 
it is subjected. Thus if p^ and v^ be the initial pressure 
and volume for a mass of gas, and p and v, the final ipres- 
sure and volume, then 4 ^ 'J^P^'''^'-' ' ■ •■;[ *f ' 

P V =^ p, v„ >^»\ 

or the pi'oduct of the pressure and the volume is a constant. 
Since the density of any body vai'ies inversely as the 
volume, the law may be stated in another way, viz : 

P _ Po 

d " d„ 
or the pressures ai'(» directly proportional to the densities. 

V . '\ •. ^ 



— 83 — 

Careful experiments have shown that for high pres- 
sures or low temperatures, Boyle's law is only approxim- 
ately true. Thus it has been shown that all gases may be 
liquefied by the application of pressure and the reduction 
of the temperature. As the gas approaches the point of 
liquefaction, the variation from the law is most noticeable. 
Gases which can be liquefied by pressure at ordinary tem- 
peratures, such as chlorine, sulphur dioxide, and carbon 
dioxide can hardly be said to obey the law at all, for pres- 
sure exceeding 100 atmospheres ; while for gases like nitro- 
gen, oxygen and hydrogen, the law is very nearly true at 
ordinary temperatures. An ideal gas would obey Boyle's 
law at all temperatures, and in general, it may be said, 
that the farther removed any gas is from its point of lique- 
faction, the more nearly it behaves as ah ideal gas. This 
departure from the law by all gases when near the point of 
liquefaction, has been attributed totlie action of two causes ; 
(a) The attraction of the molecules of the gas, for each other. 
This would increase as the compression increases and 
therefore assist the compression, (b) The size of the 
molecules, which would tend to retard the compression of 
the gas. More complete formulae for the behavior of a 
gas under varying pressure and temperature have been 
proposed by Van der Waals, Clausius and others. 



(B) Fluids in Motion. 

68. Velocity of Efflux* When a small opening is made 
in the side of a vessel filled with liquid, at a distance h 
below the surface, the liquid flows out with a definite 
velocity v, where 
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v2 = 2 g h. 



l(Xi 



This formula for the velocity of a liquid issuing under 
pressure, due to a head h, is known as Torricelli's tlieorem. 
It may be demonstrated as follows : Suppose a particle of 
liquid of mass m, to be situated in the surface of the liquid. 
Its potential energy with respect to the orifice is m g h. 
In passing from the surface of the liquid to the orifice it has 
fallen a distance h, and, if we negle ct the viscosity of the 
li quid, its kinetic energy on emerging from the orifice, must 
equal its potential energy at the beginning, or 



i m v'^ 
whence as before, 



m gh 



- 2gh. 



'. L«^ 



If a be the area of the orifice, then the quantity of 
liquid discharged in time t, w^ould be a v t cubic centi- 
meters. 

In practice this rate of discharge is never reached. If 
the opening be a simple orifice in the side of the vessel, 
without mouth-piece of any sort, the quantity of liquid 
discharged is about 02% of the theoretical value. This 
difference is due to the convergence of the lines of flow, 
producing a contraction of the jet just outside the orifice, 
whereby tlie actual cross section of the stream at this point 
is much reduced. By using a short cylindrical mouth-* 
piece, of length tw^o or three times its diameter, and se't 
flush with the inside of the vessel, the flow" may be made 
82 % of the theoretical value ; while by so shaping the 
mouth-piece as to conform most closely to the form of 
the contracted jet, a velocity but little short of y' 2gh is 
attained. / . 
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69. Flow of Liquids through Tubes. If instead of a 
ra^^tai tiil)'^ an elastic tube of rubber be attached to the 
orifice of tlie discliarging vessel, the efflux is the same as 
hy a rigid tube of the diameter assumed bj^ the elastic 
tube, 80 long as the flow is uniform. If, liowever, the flow 
by any m^Mins be made to assume an intermittent or 
pulsating cliaracter", the discharge from the elastic tube is 
notably hirger than from the rigid tube. The nature, of 
the discharge is also modified, in that the stream from tlie 
rigid tube reproduces faithfully every feature of the pulsat- 
ing impulse, while the elastic tube rapidly smooths out the 
inequalities of pressure, so that in an elastic tube of suffi- 
cient length the pulsation disappears entirely. This fact is 
of importance in explanation of the flow of the blood 
through the arteries, the coats of w^hich are extremelj^ 
elastic. 

Again the flow of liquids through tubes is much 
retarded on account of friction, not only among the parti- 
cles of the liquid but between the liquid and the walls of 
the tube. This latter friction is much the more important 
of the two, and increases rapidly wnth the roughness of the 
walls of the tube. The flow of a river is greatest at the 
center of the stream, and at the surface of the w^ater where 
the effect of friction from the bed and banks is as small as 
possible. .. 

In a vertical tube the liquid column breaks into a 
series of liquid masses fitting the tube more or less per- 
fectly. These masses acquire an increasing velocity in 
their descent and act as liquid pistons fitting the interior 
of the tube. A partial vacuum results and the water is 
forced into the pipe more rapidly on this account. The 
force of this suction causes the noisy draught with which 



86 — 



the last portions of warer loavo a wasli basin or a batli tub, 
where tlie waste pipe is long and free. This action of ver- 
tical waste pipes is liable to draw out the water from the 
siphon traps, and leave the way open for the entrance of 
poisonous sewer gas. For this reason all waste pipes from 
basins, closets, batli tubs, etc., are now required to have a 
separate vent to the outside air. 

This suctional action of liquids in vertical tubes is 
utilized in the Bunsen aii* pump where a vertical column 
of w^ater of more than 34 feet is made to exhaust the air 
from a receiver ; tlie limit of the exhaustion being of 
course the pressure equal to tlie vapor tension of water at. 
the existing temperature. In tlie Sprengel pump the liquid 
is mercury. This has two advantages ; it requires a verti- 
cal column but 30 inches long, and the vapor tension of 
mercury is practically negligible. 

70» Flow in Pipes of Variable Section* In a tube of 
variable cross section, tlie flow of the liquids presents some 
interesting feat- 
ures. In Fig. 39 
the variation of the 
pressure exerted by 
the fluid upon the 
walls of the tube is 
show^n by the man- 
ometer tubes. It is 
thus seen that in a 
tube of variable 

cross-section running full of liquid, the pressure is greatest 
in the widest part of the tube and least in the narrowest 
part. This somewhat surprising result is easily explained 
by considering the conditions of flow in the different parts 




Fig. 39. 
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of the tube. It is readily seen that with steady flow the 
velocity is greatest w^here the cross section of the stream is 
least, and vice versa. The liquid in passing from a wider 
to a narrower part of the tube must, therefore, undergo an 
acceleration, since for steady flow^, the same volume must 
pass any section in the pipe in the same time. To produce 
this acceleration the pressure on any section must be greater 
fi'om behind; similarly in passing from the narrower to the 
wuder part of the tube the velocity decreases^ or the accelera- 
tion is negative; hence the pressure is greater from before 
than- from behind, so tliat the pressure is greatest in the 
widest part of the tube and least in the narrowest part. 
7L Jet Pump. The reduction of pressure within a 
contracted stream has been applied in the construction of 

many useful pieces of apparatus. In Fig 40 
is seen a common form of aspirator or jet 
pump as used in the laboratory. Water 
entering through the arm B, under hydrant 
pressure passes through the constricted inner 
tube at A, and flows out at D. Owing to the 
small cross section of the stream at A, the 
velocity is very great, and the pressure is so 
much reduced that the air from the tube E is 
drawn along through the constricted portion 
in a torrent of small bubbles and carried down the tube D. 
With a well constructed pump of this kind, a vacuum of 
from 25 to 27 inches of mercury may be obtained, with 
w^ater from the city water mains. Obviously the pump 
will work equally well if the water enters at E and the air 
through B. 

This pump has been adapted to numerous uses. The 
filter pump, of the laboratory, the atomizer for spraying 
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of |)^i'famr»s or modicines, the iiijoctor in steam boilers, and 
'^h'* forced draught as used on locomotives aref all different 
forms of this apparatus. 



MOLECULAR MECHANICS. 

7Z Molecular Forces* By molecular forces are meant 
all those forces whose range of action is confined to insensi- 
ble distances, that is, to distances comparable to the spaces 
between the individual molecules of a solid or a liquid. 
Under this head belong the forces of adhesion, cohesion, 
friction, viscosity, elasticity, capillarity and surface ten- 
sion, and although certain of these have been mentioned 
in previous topics it seems proper to classify them here 
under the general term molecular forces. 

The magnitude and importance of these forces are apt 
to be underestimated. It is owing to the action of molecu- 
lar forces that any solid body is not only kept from falling 
to pieces of its own weight, but is abfe to resist the appli- 
cation of enormous stress as well. A clean Hass tube 
cautiously lowered to the surface of clean water exhibits 
no attraction for the water, and causes no change in its 
upper surface so long as there exists any appreciable dis- 
tance between them. But if the glass tube touch the 
surface, the water promptly runs up into the tube and 
clings to the outside, so that when the tube is withdrawn, 
a drop of water hangs to the lower end and the force of 
gravitation is unable to pull it off. Clearly we have here 
to do with forces, in comparison with which the force of 
gravitation is weak and insignificant. 



- 89 - 

The attraction between unlike molecules, as between 
water and glass, is called adhesion: that between like mole- 
cules, as betw^een ^vater and w^ater is called coheskm. These 
are in reality only different names for the same thing, viz : 
molecular attraction, and it is to be noted that this attrac- 
tion is exhibited onh^ so long as the substances are 
in contact, that is, it acts through insensible or molecular 
distances. From a study of the behavior of gases we are 
led to believe that elasticity is due to molecular forces and 
molecular motions, and that the same is equally true of 
capillarity, surface tension, and viscosity. 

73* Adhesion and Cohesion* If t\Yo smooth, freshlv cut 
surfaces of lead be firmly pressed together with a slight 
twisting motion, they cling together with considerable 
force, but having once been pulled apart they can be made to 
stick again only by a])plication of sufficient force to bring 
the surfaces into close contact. A pair of glass plates, if 
highly polished, plan(\ and free from dust, may be pressed 
together so firmly that it is impossible to separate them 
without rupture. That this is not due to the pressure of 
the air, is shown by th(^ fact that the plates cling together 
more firmly in a vacuum than in the open air, owing to the 
removal of the air film bc^tw^een the platens. 

The adhesive action of glue, cemeiit, mucilage, 
and such substances renders it possible to unite twx) 
bodies so firmly that they break before separating. 
Dissimilar substances are united W'ith difficultv owing to 
their different rates of expansion or contracrion w^hen 
heated or cooled. Thus it is impossible* to seal an iron or 
copper w4re into a glass tulx*, sinc(» the metal and the 
glass have different rates of expansion ; platinum on the 
other hand and certain alloys of nickel aiul iron may be 
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sealed into glass, since they exi)an(I and contract at the 
same rate as glass. For the same reason different kinds of 
glass can not be made to hold when sealed together. 

Gases adhere to solids witli great teniicity. It is 
almost impossible to free a glass tube from the adhering 
film of. air, and consequently in the making of barometers, 
thermometers, and vacuum tubes of any description the 
air film is removed from the inner surface of the glass 
only by repeated heating and pumping. 

The cohesive force of water is illustrated by hanging 
a clean, smooth, glass plate to one arm of a balance so 
that it is horizontal, and bringing under it a jar of clean 
water. On touching the under side of the plate to the 
water, taking care to avoid air bubles, it will be found 
necessary to add a relatively largc^ weight to the opposite 
scale pan in order to pull the disk squarely away from the 
water. When the disk is pulled away it is found that the 
finder surface is tvet, thus showing that the attraction be- 
tween glass and water is greater than tliat betw^een water 
and water. This is true in all cases wherc^ a liquid wets a 
solid. 

If mercury be used instead of water, it is found that 
a greater for (^e will be needed to pull the plate away from 
the mercury and also that tlie under side of the plate is now dry. 
In the latter case we find that the attraction between glass 
and mercury is less than the attraction between mercury 
and mercury, as is ahvays th(^ case where a liquid does not 
wet a solid, 

74» Capiflary Phenomena* If a solid be immersed in a 
liquid which wets it, the liquid rises about the sides of the 
solid, and the surface* of the liquid is concave upwards. If 
the solid be in the form of a tube the liquid rises into the 
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tube to acertain lipiglit, which varicK inversply as tlie diame- 

tpi- of the tubo, and forms at its upper surface in the tube, 

a meniscus of liquid with its concave side upward. If the 

liquid do not wet the solid, it is depressed about the solid, 

or in case of a tube, it \s depressed to acertain depth, 

varying inversel}"^ as the diameter of the tube, below the 

level of the liquid in the vessel, and the surface of the 

meniscus is convex upward. Since phenomena of this class 

are most clearly shown in the case of fine, hair like tubes, 

they are called oapiUary phenomena, from capilltts, a hair. 

In Fig. 41 is shown the 

action when a clean glass tube is 

immersed in water and mercury- 

respective!}'. 

The principal facts con- 

earning capillary phenomena 

Fig. a. are briefly these ; 

In tubes of less than 2 mm, in diameter the elevation 
or depression varies inversely as the diameter of the tube. 
■The elevation or depression is independent Of the 
pressure to which the liquid is subjected, and also inde- 
pendent of the thickness of the tube. 

An mri-eam in the temperature of the liquid cannes <i 
decrease in the elevation or depression of the capillary 
cohim n . 

The elevation or depressi(m depends upon the nature 
of the liquid and of the tube in contact. Clean water on 
clean glass gives an elevation greater than that of any 
other liquid, while pure water in a steel tube gives 
neither elevation nor depression. 

Examples of capillary actiou are seen in the action of 
blotting paper absorbing ink, in the lamp wick supplying 
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the flame with oil, and in tlie swelling of a tub or barrel if 
filled with water when about to fall to staves. A cotton 
or hemp rope, if wetted, absorbs water, increasing in 
diameter and diminishing in length ; at the same time 
the temperature of the rope rises from 2° to 10° C. Work- 
men drive wedges of dry wood tightly into holes or 
slits cut in largo stones and then wet the ends of the 
wedges. Tlie increase in the size of the wedge is sufficient 
to burst the stone. 

Besides the capillarity of liquids there seems to be an 
analogous phenomenon in the case of metals. Joseph 
Henry discovered that mercury would pass through a 
bar of lead as water through a towel, and silver has been 
. shown to pass into the pores of copper when the two 
metals are heated. 

7^ Molecular Range* In accordance with the assump- 
tion that molecular forces are exerted over insensible 
or molecular distances, it follows that each individual 
molecule becomes a center from which it exerts its mole- 
cular attractions and repulsions over the number of 
molecules included in its sphere of influence. Let the 
radius of this spere be s; then ^ denotes the limit beyond 
which the molecule neither influences nor is influenced by 
its neighbors. Within this sphere however it is attracted 
equally on all sides and hence remains in equilibrium. 

In order to determine the valu(^ of this quantity £, 
Quincke employed a glass plate, one half of which was 
coated with a Hvedge-shaped layer of pure silver. On 
inserting the plate in water, with the silver film 
vertical, the water rose against the glass above the 
level of the water in the dish, but th(* elevation gradually 
fell awa}" with increasing thickness of the silver film until 
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at a point where the thickness reached a value of 
0.000005 cm. the capillary effect disappeared entirely. 
At this point the molecules of the glass ceased to influence 
the molecules of water, hence tlie value of =, the molecular 
range, is commonly given as 0.000005 cm. 

7$» Surface Tension. It has heen shown that within 
the limiting distance *, the molecules attract their neigh- 
bors and are attracted by them, and that a molecuh^ situat- 
ed in the body of a liquid will be in equilibrium by virtue 
of the equal attractions on all sides. Consider now a 

molecule nearer the surface of a 
liquid than the molecular range £. 
In this case the horizontal attractions 
will be equal in all directions but the 
vertical attractions are unequal ; the 
resultant being an unbalanced com- 
ponent toward the interior of the 

FlR. 42. ^ 

liquid. At the surface of the liquid 
this resultant stress, normal to the surface reaches a 
maximum, and the mass of the liquid, (Fig. 42), behaves as 
if surrounded by an elastic bag under stress, tending to 
contract indefinitely and compress the liquid into as small 
a volume as possible. 

The surface of a liquid is therefore a si^at of potential 
energy, and in order to force a molecule from th{^ interioi* of 
the liquid out into the surface film, work must hv done in 
moving the molecule through the distance «, against the 
forces tending to force it back into the interior. An 
increase in the area of the surface film therefore, means an 
increase in its potential energy, and since potential energy 
always tends to become a minimum, it follows that if a liquid 
mass be fr(^ed from the action of other forces it will assume a 




— 94 — 

form such tliat its surface will ho a minimum, and it«* 
volume a muximura, that is, it will assume the form of a 
sphere. This condition is readily realized by placing 
drops of olive oil in a mixture of alcohol and water of the 
same density as the oil. The drops are thus freed from 
the action of gravity and float as spherical globules in a 
medium of their own density. If by any device the 
globule is prevent<^d from assuming a spherical form, it 
will still take a form presenting the minimum area 
consistent with the conditions imposed upon it. 

The effect of surface tension is exemplified in the 
shape of the dew drop, in the forms of falling drops of 
liquid, and in the manufacture of shot, where molten 
lead, poured through a fine sieve at the top of a high 
tower, is brok(Mi up into small globules w^hich harden as 
they fall through the air, and are caught in a tank of 
water beneath. 

Again, small heavy bodies that are not wetted by a 
liquid, may be placed upon the surface of tlie liquid 
and float upon the surface film. Thus needles 
may be made to float upon water, ho long as the film in 
not broken, in which case they sink at once. The same 
principle is illustrated in the case of small insects which 
run upon the surface of the water, their slight weight 
being insufficient to break through the surface film. 

The foUow^ing table shows the value of the surface 

tension in dynes per unit width of film, for tli(^ various 

substances mentioned. The values are mostly those given 

by Quincke. 

Mercury against air 585. Mercuryagainst water 418. 

Water' '' '' HI. Olive Oil '' " 20.6 

Olive Oil '' '' 36.9 Turpentine** '' 11.6 

Alcohol " ** 25.5 
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??♦ Experiments on Surface Tension* If two small 
pieces of wood bo floated near eacli other upon the sur- 
face of clean water and a drop of oil be touched to the . 
water between them, they fly apart to the sides of the. 
vessel, as though drawn by a spring. The addition of the 
oil reduces the surface tension of the liquid film at that 
point, and the water film tears apart. 

If a phite of clean glass be wetted with clean water, 
the water will spread out into a thin layer over the entire 
plate. If the plate be not absolutel}^ clean, the water will 
gather up into irregular masses with rounded edges. If 
now a drop of alcohol be touched to the water layer, the 
water film will be seen to break at the point of contact, 
and gradually draw away from the alcohol drop, leaving a 
dry space on the plate around that point. 

If a ring of stiff wire (Fig. 42) , be dipped into a soap 
solution and withdrawn, a film of the 
solution will adhere to it for several 
minutes. In this film, which is really 
two films placed back to back, may be 
seen the motion of the liquid particles 
seeking new positions as the tension in t'U 43. 

the film changes. If we drop a loop of silk thread upon 
this film, it floats about freely upon it ; if the film inside 
the loop be broken by touching it with a hot wire, the loop 
suddenly flies out into a circular form, showing that th(» 
tension in the film is equal in all directions. This 
circular loop still floats freely in the film, and behaves like 
an elastic hoop of steel. 

If small pieces of clean gum camphor be thrown upon 
the surface of clean water, the little particles begin a most 
lively and erratic motion. Each little ])iec.(^ s])ins with 
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great vigor and at the same time sweeps over the surface, 
tlie larger ones gathering in the smaller ones. The gum 
camphor dissolves slowly in cold water, and the surface 
tension of the water film is thereby weakened. The spin is 
due to unequal dissolving on the surface of the camphor 
particle. If the water be warmed it spins faster, if the 
surface be touched with a trace of oil, the motion ceases 
instantly. 

If several snaall, clean, wood balls be thrown upon 
clean water, they seem to attract each other and collect 
in'o a little cluster. If a number of similar balls be smoked 
with lampblack and then placed in the same dish, they also 
attract each other, but the clean balls and the smoked 
balls seem to avoid each other. 

A small cylinder of fine wire gaaize, if immersed in 
water and lifted out in a horizantal position, retains the 
water in it and may be carried about the room. On 
breaking the water film at one jioint in the gauze by blow- 
ing upon it, the water begins to run out. The flow may 
be checked by shaking the water so as to restore the film, 
thus preventing the entrance* of the air. 

78. Angfles of Contact. From the table in Article 7fi, . 
it is seen that there exists at tlie surface of separation 
between a liquid and a gas, or between two liquids, a 
stress or tension which is a constant for the same sub- 
stances. Thus there exists in the surface film of olive oil 
in contact with air, a tension of 86.9 dynes per centimeter 
width of the film, while for water and air the tension is 81 
dynes per centimeter width. If now a liquid be brought 
into contact with a second liquid in the presence of air, 
then for equilibrum, the three surface tensions should form 
a triangle of forces, and theoretically the angles between 
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the tensions should be constant. If, however, one of the 

forces should chance to be greater than the sum of the 

other two, then clearly no triangle is possible, and the 
system cannot come to equilibrium. 

Thus in Fig. 44 is shown a drop of oil, placed upon 

the surface of clean water. Then 
at anj^ point upon the horizontal 

^^^^^^^ edge of the drop there are acting 

^^^^^^^^^^^^^p the three tensions, ^.T^, be- 

^^^^=^^^^^^=^^^=3 tween the air and the water, 

Fig. 44. .^To , between the air and oil , 

and oTw> between oil and water, directed in each case 

as indicated by the arrows. But from the table 

aT^ = 81 djmes per cm. width. 
hTo =- 36.9 '' '' '' 




oT^ = 20,6 '' '' '' 



hence 



T > T + T 

This shows that when a drop of oil is placed upon 
clean water, the surface tension between air and water is 
80 great as to overbalance the other two tensions com- 
bined, and the oil is dragged out in all directions, forming 
a film of infinitesimal thickness over the entire surface of 
the water. 

If a liquid meet a solid, in the presence of air, it will 
in general meet it in a definite angle, which is constant 
for the two surfaces. This angle is called the angle of 
contact, and depends upon the nature of the substances in 
question. For pure water on clean glass th(» angle of con- 
tact is approximately zero. For clean nuM-curv against 
clean glass it is about 132°. 



~ 9X - 

79. Behavior of Films. If a film of soap solution be 
made to assume a curved form, th(»ro will always result a 
normal pressure, directed towards the concave side. It 
may be shown mathematically, that for a single cylindrical 
film, of radius R, and surface tension T, the normal pres- 
sure toward the cui'ved side is given by the equation ^ 

R ■ I - 

In words this equation sa}'s, that the normal pressure 
in a curved film is directly proportional to the surface ten- 
sion per centimeter widtli, T, and inversely as the radius 
of the film, R. In general the curvature of any surface at 
any point may be expressed in terms of two radii of curva- 
ture, the planes of curvature being at right angles to each 
other. If Ri and Ra be these radii, then the normal pres- 
sure of any curved film is the sum of that due to each 
curvature separately, or 

P - T( ~ -f 



yRi R2 / 



In a soap bubble the two radii are equal, and there 
are also two films placed back to back, hence the normal 
pressure exerted upon the air enclosed in the bubble^ is 

T 

P -= 4 - 
R 

If the film is free to the air on both sides, and curved, 
the normal presstire must be 7.oro. This is possible only 

if the quantity (- I — ) equals zero. This 

\ Ri R2/ 

means that Ri = - R2, or that the radii are equal and on 

opposite sides of the film, that is the film is saddle shaped. 

Again since this normal pressure is directed tow^ard 



— 99 - 



the concave side and varies inversely as the radius, we are 
able to understand the motion of drops of water and of 
mercury in conical tubes. The water will move toward 
the smaller end of the tube, i. e., in the direction of the 
greater pressure. For the same reason, the mercury 
globule will move toward the larger end of the tube. 

If stout wiVe frames, representing the outlines of 
geometrical figures be dipped into soap solution, a large 
number of curious and beautiful filin figures result. 
Whenever three such film surfaces meet along a line, the 
included angles will all be 120°, since the three surface 
tensions are all equal. ( ^ ^ .^/ '. ^ 

80, Capillary Action liTRelated to jurfacc Tension* Let 

T 5P a tube of radius' r, (Fig. 45), be inserted 

in a liquid of density d. Let the mean 
elevation of the liquid be h, and the angle 
of contact with the tube be «. Then the 
vertical component of the surface tension 
T, must be balanced by the weight of the 
liquid column of hight h. 

The width of the film around the 
tube is 2 - r centimeters, and the total 
surface tension in the direction indicated 
is 2 TT r T ; the vertical component is 2 :r r T cos «. 

The weight of the liquid supported is tt y^ h d g, hence 
for tlie equilibrium we have 






X 



1 



Fig. 45. 



?r r'-^ h d g = 2 - r T cos « 



whence 



2T 
rdg 



cos </ 



'>^ 



For clean water on clean glass, the angle of contact is 
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approximately zero, and 

rdg • 

For mercury, a is about 132° ; li is negative, and the 
surface is depressed. 

When we consider that the surface tension T, decfi^eanefi 
with increase of temperature, it is seen tliat tlie abov(* 
formula accounts for the inverse relation between capilhiry 
action and temperature. 

For the elevation between two parallell plates distant 
u from each other the computation is similar to that above. 
The elevation or depression is 

I S^ I , 2 T cos a 

I 

or one half as great as for a tube of diameter u. 

If two plates be joined at one edge and inserted in the 
water, the liquid rises high along the line 
of contact and falls off as the plates sep- 
arate ; the upper line of the fluid takes the 
form of an hyperbola, as shown in Fig. 46. 

ZU Solution* Closely allied with the 
phenomena of capillarity and surface ten- 
sion are the phenomena of solution. fis. 46. 
Ostwald defines solutions as ** homogeneous mixtures 
which cannot be separated into their constituent parts by 
mechanical means.'' Gases have unlimited power of 
solution. One gas dissolves in another in all proportions 
so long as they do not unite chemically, and the homo- 
geneous mixture manifests the sum of the properties of 
the two constituents. 

Liquids dissolve gases without exception, although 
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the readiness with which such solution occurs, varies 
greatl}^ with the nature and condition of the substances. 
In a true solution of a gas in a liquid, the gas may be 
entirely removed from the liquid by diminishing the pres- 
sure or by raising the temperature, and in such solutions 
the quantity of gas dissolved by a given mass of liquid 
is proportional to the pressure to which the gas is 
subjected. Examples of this sort of solution are found 
in solutions of carbon dioxide, of air, or of ammonia gas 
in water. In other cases as in the solution of hydrochloric 
acid gas in water, the dissolved gas is not entirely removed 
from the liquid, and it is assumed that a chemical change 
has resulted. 

The solution of one liquid in another occurs in many 
cases, but is dependent upon the nature of the substances. 
Here also there are two distinct classes of solution. Thus 
some liquids, as alcohol and water dissolve in all propor- 
tions forming a homogeneous mixture. Ether and water, 
on the other hand, dissolve in each other, hut in Ihaited pro- 
portions. Thus water will dissolve about ten per cent of 
ether, but if more ether be added the excess remains 
undissolved. Ether will dissolve about three per cent of 
water, but beyond this the water remains separate from 
the ether. 

A third division contains those liquids that do not 
dissolve in each other at all. This is a relatively small 
number, since even those liquids that seem insoluble, yet 
leave traces in the solvent. Thus the fact that water when 
shaken with the volatile oils, retains the characteristic 
odor of those oils, seems to show that even here solution 
has occurred in slight degree. 

Again mixtures of insoluble liquids, as water 
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and the fixed oils, may be made by the addition of some 
such substance as gum acacia or gum tragacanth, in which 
tlio oils are broken up into exceedingly small globules that 
float in the water. Such mixtures are called emulsions. 
Milk is a natural emulsion. Some emulsions separate on 
standing or when subjected to mechanical action, as seen 
in the^separation of cream from milk. 

82» Solution of Solids. Many solids when immersed in 
a liquid gradually disappear and form a new homogeneous 
liquid. The solid is said to dissolve in the liquid, and the 
new liquid is called the solution. A liquid that dissolves 
a solid is called the solvent Many salts are soluble in 
w^ater. The quantity of a substance in solution may vary 
from zero up to a certain limit, beyond which the solution 
has no further action upon the substance in question. 
Such a solution is said to be saturated. The amount of a 
solid that may be dissolved in any solvent varies with the 
temperature. If fhe temperature of a saturated solution be 
changed, either some of the dissolved solid separates out 
or more of the undissolved solid goes into solution. Gen- 
erally a solvent will dissolve more of a solid when hot than 
when cold although there are exceptions to the rule. Thus 
the solubility of sodium sulphate increases with the tem- 
perature up to 33°C., but beyond that teinperature its 
solubility decreases. 

If a solution, either by evaporation or reduction of 
temperature, be made to contain more than its normal 
quantity of a solid, it is said to be supersaturated. If a 
particle of the undissolved solid be dropped into the 
supersaturated solution, the excess of solid in the solution 
crystallizes out at once. 

83. Osmose* If two solutions of the same substance, 
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one more concentrated than the other, be brought into 
contact, a condition of equilibrium can not, in general, be 
maintained. A movement of the dissolved substance sets 
in, from the concentrated to the dilute solution, and continues 
until the dissolved substance is uniformly distributed 
throughout the liquid. If this motion be prevented by 
the interposition of a porous septum or partition, which 
allows only the solvent to pass through it, then the resisted 
motion of the molecules of the dissolved substance 
toward the dilute solution produces a pressure against , the 
partition. Thisjin equal diffusion through porous septa 
has received the name osmose, and the difference in 
pressure produced on the two sides of the septum is called 
osmotic pressure. 

The phenomenon may be illustrated by the following 
experiment. A conical vessel attached to a long tube is 
closed at its larger end by a piece of bladder or parchment, 
firmly tied on. When the vessel is filled with alcohol to 
the lower end of the tube, and immersed in a vessel 

containing water as shown in Fig. 47, 
the liquid in the tube rises to a consider- 
able hight above the level of the water 
in the outer vessel. 

Through the experiments of 
Pfeffer it was discovered that the best 
results are to be obtained by attaching 
the tube to a closed clay cell, the pores 
of which are filled with a precipitate 
of copper ferrocyanide. The precipi- 
tate is pervious to water but imper- 
vious to the dissolved substance. With 
such a cell, filled with a 3.3 per cent 




Fis. i7. 



l. 



J 



— 104 ~ 

soluti')!! of potassium nitrato, Pfoffor obtained an 
osm )bic pressure of 43G.8 coutimetors of mercury, or more 
tliaii 0.7 atmospheres. -Oiai* 

Investigation has also shown that livingC cells when 
phiced in concentrated salt solutions, have their liquid 
contents diminished by the removal of w\ater ; if placed in 
a solution whose osmotic pressure is less than that of the 
cell, the cell and its contents are distended by the addition 
^^^ of water. 

Oil globules of extreme smallness, floating in water 
tend more readily to pass bodily through the pores of 
animal membranes, if some alkali be mixed with the 
water, since they have a soapy covering and are thus 
passed through the pores like so much water. (Daniell.) 

Those substances which pass through animal mem- 
branes most readily, such as acid bases and neutral salts 
are generally known in the crystalline form and hence 
have been called crystalloids. Substances like gums, 
tannin, albumen and caramel which do not pass through 
so readily are called colloids, 
. V ^ ^* CDncIusions upon Osmotic Pressure* 
V* \ The following conclusions concerning osmotic pres- 
sure are stated by Ostwald as reasonably well determined 
for dilute solutions : 

(a) The osmotic pressure depends upon the nature 
of the substance. 

(b) The osmotic pressure is proportional to the con- 
centration of the solution , or inversely proportional to the 
volume in w^hich a definite mass of the dissolved substance 
is contained. 

(c) The pressure for a given concentration is pro- 
portional to the absolute temperature. 
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(d) Quantities of dissolved substances which are in 
the ratio of the raolecubir weights of these substances 
exert equal pressures at equal temperatures. 

(e) The pressure is independent of the nature of the 
membrane provided the membrane is impervious to the 
dissolved substance. ^L 

65* Dialysis. The division of substancePinto crystalloids 
and colloids has already been mentioned. A characteris- 
tic property of colloids is, that while they pass through 
porous septa with difficulty themselves^ they offer no marked 
resistance to the diffusion of crystalloids ^ but are more or 
less impervious to other colloids. A result of this property 
is, that if a mixture of crystalloid and colloid substances be 
separated from pure water, by a colloidal membrane of a 
different kind, the crystalloids will soon diffuse into the 
water while the colloids will remain behind. 

This principle has been applied to the separation of 
crystalloidal poisons from a heterogeneous mass of organic 
matter in which their presence is suspected. The appa- 
ratus as employed by Graham, consists of a hoop, over 
one side of which has been stretched a piece of bladder or 
parchment paper, put on wet and held in place by a string. 
This is slipped inside a second hoop thus forming a 
shallow dish with a colloidal bottom. This is now floated 
in a vessel containing distilled water and the substances 
to be examined are placed in a thin layer on the membran- 
ous bottom. If crystalloids be present they will diffuse 
through into the distilled water, while the colloids are left 
behind. The water in the lower vessel may then be 
examined for the suspected poisons by ordinary analysis. 
The floating dish is called a dialyzer, and the process is 
termed dialysis. 
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86* Diffusion Ph2nom2aa. (a) Free diffmion of liquids. 
A result of osmotic pressure when allowed to act freely, is 
to cause the molecules of a dissolved substance to move 
from the place of greater concentration, where they exert 
greater pressure, to points where the concentration and 
consequently the pressure is less, and to continue this 
motion until tli^BBSolved substance is uniformly distrib- 
uted. Thus IdFa solution of copper sulphate be placed in 
the bottom of a tall jar and carefully covered w4th dis- 
tilled water, so that their line of separation is well defined. 
In a few days the blue liquid, although specifically denser 
tlian the water, will have made its w^ay uj)ward and the 
entire nnxvss of liquid will have assumed a uniform color. 

(b) Diffusion of liquids through membranes. This has 
been discussed under the topic dialysis, 

(c) Free diffusion of gases. Let a tall glass jar be 
inverted and filled by upward displacement w^ith illumi- 
nating gas, and placed upon a similar jar filled with air, 
w^th the mouths of the jars together. We shall thus -have 
the two jars filled witli separate gases, the lighter gas 

, being on top, hence no mingling of the gases can be produced 
by the action of gravity. If now the jars be left in 
position for a quarter "of an hour we shall find, on -testing 
the contents w^ith a lighted splinter that there is in each 
jar an explosive mixture of illuminating gas and air. 
Tliis result can be explained only on the hypothesis that 
the molecules of the gases are in motion and that they 
have therefore wandered through the entire space, the 
heavier gas rising into the upper jar and the lighter gas 

descending into the lower jar. 

(d) Diffusion of gases through porous partitions, A tube 

Fig. 48, is partly filled with water, and the right arm 
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clo-sed with ;i porous cup. Over tlio porous eiip is lowered 
an iiivfirtpd b^Jikor fillod with liydrog'ni or illumiiiatiug gas, 
Tlie Wiitfir sinks in the right arm and rises in the left, 
showing ivn increase of pressure, in the cup. 
Instead of tlie beakor iet a large glass cylinder 
op3n at both ends be placed upon a cork on the 
riglit arm and the cylinder filled with carbon 
dioxide whicli will displace the lighter air, and 
surround the clay cell. In this case the water 
rises in the right arm and is depressed in the 
left, indicating a decrease of pressure in the 
porous cup. The explanation of these two 
.experiments is very simple. In the first, the 
lighter illuminating gas dtifuses inward more .j,.;^ ^^ 
rapidly that tlie air diff.1333 O'Mtwi^rd and an increase I 
of pressure in the cup is a result. In tlie second case the ) 
air inside the cup, being lighter than the carbon dioxide, ' 
diffuses otitward more rapidly than the carbon dioxide 1 
diffused inward causing a reduction of pressure in the cup. j 



41. How many ergs of work will be done by a force of 
48 dynes acting through 24 centimeters? 

42. What work will be required to lift 10 kilograms 

of water from a well 12.5 meters deep? g = 980 ■ — -. . 
^ *=• sec" 

43. ■ The lower end of a ladder 16 ni. long stands on 
the ground at a distance of 2.73 m. from a wall against 
which the upper end rests. How much work will be done 
in carrying 30 kilos up the ladder? 
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44. The diameter of the cylinder of a steam engine is 
18 in. and its length is 24 in. What work in foot pounds 
will be done at each stroke of the piston if the average 
pressure of the steam is 110 lb. per sq. in? 

45. If the above engine make 100 strokcvS per 
minute, calculate the horse power it will develop? 

46. A shot of mass 2 kilos moving with a velocity of 
200 meters per second, is just able to pierce a plank 4 
cm. thick. What velocity is required to pierce a plank 12 
cm. thick? 

47. A stone of mass 5 kilos in thrown vertically 
upward with a velocity of 25 meters per second. Find its 
kinetic energy at the end of two seconds. 

48. A bullet of 100 grams mass is discharged from a 
gun of mass 3 kilo?, with a velocity of 400 meters per 
second. Compare the kiiietic energies of bullet and of 
gun. 

49. A ball of 25 kilos mass moves with a velocity 4 
meters per second. Compute its kinetic energ3'. 

50. A man w^hose mass is 160 lbs. carries a hod and 
mortar of mass 75 lbs. from the ground to a scaffold 24 
feet high, every ten minutes. At what rate is he work- 
ing? 

51. A stand-pipe 20 meters high and 4 meters in 
diameter is to be filled with w^ater from a lake 8 meters 
below the base of the stand-pipe. How long will it 
take a 10 H. P. engine to fill it? 

52. A weight of 350 kilos is carried by a bar, AB, 
4.7 meters long, supported at the ends. If the distance 
of the weight from the end A be 2 meters, what is the 
weight borne by each support? 

53. A uniform lever 8.2 feet long weighs 15 pounds. 
If 26 pounds be hung from one end and the bar be 
sustained by a support 2.6 feet from this end, what 
weight must b3 hung from the ofchar end for the system 
to be in equilibrium? 

54. It is found that a lever cut from a uniform bar 
weighing 4.2 pounds to the foot, balances at a distance of 
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2.3 ft. from one end when weighted at this end with 

5.4 pounds. What is the length of the bar? 

55. When a lever, A B, is supported at its center of 
:a^vit3^, it is found that a weight, W, hung at A will 

balanc3 2.5 pounds at B ; but when W is liung at B it 
requires a weight of 19 pounds at A to keep it in 
equilibrium. What is the weight W? 

56. Find the magnitude and point of application of 
the resultant of two parallel forces, in the same direction, 
equal respectively, to 25 and 42, wlien their lines of action 
are 3.4 feet apart, 

57. A meter scale, (of which the mass maj'' be 
neglected) has suspended from the 10 cm. mark and from 
the 90 cm. mark masses of 2 and 9 kilos respectively. 
Where must the scale be supported for equilibrium. 

58. A lever is 20 cm. long and its mass 15 gnis. 
where must the fulcrum be placed in order that a mass of 
10 gms. at one end may just balance a mass of 16 gms. at 
the other end? 

59. A uniform, thin rod one meter long, whose mass 
may be neglected carries four masses of 4, 7, 10 and 22 
grams. The 4 gram mass is at one end and the 22 grams at 
the other, while the 7 and 10 gram masses are 55 and 75 
cms, from the 4 gram mass. Find the center of gravity 
of the system. • ^^, 

60. From a square plate of uniform thickness, one I 
triangle formed by the intersection of the diagonals has ' 
been removed ; find the center of gravity of the remainder. 

*^ 61. Masses of 7, 9 and 11 kilos are placed at tlie 
points A B and C of a right triangle, right angled at C, of 
which the base AC, is 10 cm. and the altitude BC, is 15 
era. and whose mass may be neglected. Find the center 
of gravity of the system. 

62. Find the center of gravity of the complete 
figiH'e formed of a right triangle, and of the three squares 
described upon its sides. 

63. A wheel of mass 100 pounds is attached to a 
straight uniform axle 4 feet long and of mass 50 pounds. 
Find the center of gravity of tlie system. 
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64. Ill a sj^stein of one fixed and one movable pulley, 
(b'ig. 19), wliat- weight can be lifted by a force of 20 pounds 
weight, neglecting friction and mass of pulley? 

65. In a systsm of two fixed and one movable pulley 
(Fig. 19), what mass at end of cord w411 equilibrate 270 
kilos attached to movable pulley, neglecting friction and 
ma^s of pulley as before? 

66. What force acting horizontally can keep a mass 
of 16 kilos at rest on a sraDJth inclined plane, whose 
height is 3 meters and base 4 meters? ^. 

67. Find pressure on the plane mentioned in problems 
66. '. 

68. A body of mass 25 kilos rests upon an inclined 
plane, whicli makes an angle of 30° with the horizon ; 
find the force necessary to produce equilibrium, (a) when 
the force acts parallel to plane, (b) wlien parallel to base, 

69. A boy wiio «an exert a force equal to 50 lbs. 
weight, wishes to roll a baiTcl of mass 200 lbs. into a wan- 
dow^ four feet high. How long a plank is required? 

s ^ 70. If a mass weigh 29.62 gras. in one pan of a 

balance and 28.71 gms. in the otfter, what is its true 
"^r^ • w^eiglit? 

-^ ';'*r^ ^71. A mass of 50 pounds moving with a velocity of 

; -V- J.» ""ICTft. p^r second overtakes a mass of 25 pounds moving 

■*• ; •. '^.'^with a velooitv of 6 ft. per second. If both bodies are 

*/- perfectly elastic, what will be their velocities after impact? 

.. - i — 72. If a. mass of 625 gms. moving with a velocitj^ of 

"^^"^ 786 cm. per sec. meet a mass of 164 gms. moving in th^ 

^Z 2' opposite direction with same speed, what will be their 

" ,. 'i^ velocity after impact, supposing the bodies to be inelastic? 

^ "^ ^^ 73. A grindstone of radius 20 cm. and density 2.. 2^ 

i ^ > gm. per cc, is 10 cm. thick. Calculate its Jam ?iii uji'fl j ^y^^ 
-•> '^ when rotated about an axis through the center. '^'*'^'**^^<j^tiarf* 

74. If tills stone rotate 5 times in 4 minutes, com- 
pute its kinetic energy. 

75. Compare tne moment of inertia of a meter rod of 
mass 150 grams, when rotated about an axis, (a) through 
one end, and (b) through the center, both axes being nor- 
mal to the length of the rod. 
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76. A board 2 cm. thick and 8 cm. long by 5 cm. 
wide, of density 0.75 g. per cc, rotates about an axis, 
through its center of gravity and normal to its plane. 
Compute its moment of inertia. 

'-^ 77. A grindstone of mass 26 kilos and radius 40 cm. 
rolls without sliding down an inclined plane 200 cm. long 
and 50 cm. higli. Compare its kinetic energies of rotation 
and of translation. 

*i^ 78. Find the time of vibration of a simple pendulum 
20 cm lon^y, where g ~ 980 — j 

79. What would be the value of g, if the period of 

a simple pendulum 97.31 cm. in length were 1.975 sec? ^ 

80. A pendulum loses 20 sec. per day, where 
<r = 980.3 — i ; find its length. 

"■^ 81. A compound pendulum is composed of a wire 60 cm. 

long, wliose weight may be neglected, suspen^ied from one . , 

end, and carrying masses of 3, 5, and 7 kilos at distances ^ ia^ 

of 20, 40 and 60 cm. from the point of support. Compute ^^ "^ ■■ 
its length and time of double vibration, j - T "^ ^ "^ *-*--'*^ . 

^ 82. A thin hoop of radius 30 cms. and mass 100 grams, ^ t. - 

hangs over a fine nail and vibi*ajes in its own plane. ^ 
Find its time of vibration. ^ *%^^ ^^^^^'-CM--/' '*^"*^^ 

83. What is the pressure at a depth of 76.3 cm. in a 
pool of mercury? 

^ 84. A bottle 8 cm. in diameter is filled to a depth of 

12 cm. with sulphuric acid, density 1.89 gm. per cc. ; find the 
pressure on the bottom. What is the total pressure on the 
bottle ? 

85. Find the total pressure on the bottom of a tank 
10 feet square and five feet deep, and full of water. Find 
the pressure on one side of the same tank. 

86. A triangular plate is immersed vertically in the 
water, with the vertex in the surface of the water and the 
base horizontal. Tlie hight and base of the triangle are 
each 50 cm. ; find the pressure on the face of the plate. 

•" 87, What is the density of a body whose mass is 678 
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gms., if it weigh 235 gras. when immersed in a fluid whose 
density is 1.94 gms. per cc? 

88. A piece of wood of density 0.6 gm. per cc, floats 
on water. The volume of the wood is 40 cubic centimeters. 
What is the volume of the water displaced? 

89. A body having a density of 2.35 gms. per cc. 
weighs 624 gms. when immersed in a liquid whose density 
is 0.827 gin. per cc. What is the mass of the body? 

"^ 90. If the density of ice be 0.9179 gm. per cc, and of 
sea water be 1.025 gm. per cc, what portion of an iceberg 
is above water. 

91. A piece of silver and a piece of gold ore are sus- 
pended from the ends of a balance beam with equal arms. 
The balance is in equilibrium when the silver is immersed 
in alcohol (sp. gr. 0.85) and the gold in nitric acid 
(sp. gr. 1.5) ; if the specific gravities of the gold and silver 
be 19.3 and 10.5 respectively, find the ratio of their masses. 

— 92. A U-tube is jjartl}- filled with water. How many 
centimeters of oil having a density of 0.79 gm. per cc, 
must be added in order to raise the water in one leg 4.5 
cms. above its first level? 

93. Tsv3nty-four cc. of gas at a pressure of 71 cm. of 
mercury would have what volume under a pressure of 76 
centimeters? 

94. A liter of air under normal conditions of tem- 
perature and pressure weighs 1.293 grams. Find the 
weight of the air in a liter flask when the barometer stands 
at 82 cm., the temperature being 0°C. 

95. To what depth must a diving bell 6 feet high be 
immersed in order that the water may rise 4 feet within it? 

— 96. A glass tube used for sounding is 38.1 cm. long 
and open at the lower end. The inside is covered with a 
soluble pigment, nnd the tube lowered to tlie bottom, in 
sea water, density 1.03 gra. per cc On raising it to the 
surface it is found that the water had entered the tube to a 
depth of 23.6 cm. ; find the depth of the sea water. 

^" — 97. How high will water stand above liydrostatic 
level in a tube 0.057 cm. in diameter, assuming the angle 
of contact to be very small? 
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98. How much will the level of mercury be depressed 
in a glass tube 0.067 cm. in diameter, the surface tension 
being taken as 540 dynes per cm, and the angle of contact 

99. Wliat is the pressure within a soap bubble 12,5 
cm. in diameter if the tension of the liquid be taken as 80 
dyn^s per cm,, and what is the total pressure exerted by 
the film on the gas within. 

100. A vessel filled with water has a circular orifice 
6 cm. in diameter, 298 cm. vertically below tlie surface of 
the liquid. If the water be maintained at its initial deptli, 
by supply from without, calculate the theoretical discharge 
per minute. 



ACOUSTICS- 



Zl. Dcfinhions. Acoustics is that branch of physics 
that is devoted to the study of sound and its properties. 
It differs from other divisions of physics in this respect, 
that the cause of the phenomena is definitely known, while 
in Light, Heat and Elect ricitj'', the cause i« assumed. 

In common language the word sound is used in two 
distinct senses. It may mean the sensations reported to 
the brain by the auditory nerves, or it may refer to the 
external cause of those sensations. The psychologist and 
the physiologist are concerned with the phenomena of 
sense perception. The ph)"sicist i& interested in the 
external disturbance producKying the seiise perception ; the con- 
ditions of its origin, its mede of propogation, and the 
variations in the nature of the disturbance corresponding 
to certain differences in the sensation produced. Accord- 
ingly sound is defined as that form of vibratory motion that 
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may be precelved by tlie aiitltory iier-ves. According to tTiis 
definition sound may exist entirely independent of an ear 
to perceive or a brain to cprapreliend. . 

88* Origin of Sound* Sound originates in a vibrating 
body. **Soiind and movement/' says Blaserna, **are so 
correlated that one is strong when the other is strong, one 
diminishes as the otlier diminishes, and the one stops when 
the otlier stops." A giiitar string plucked aside -and 
released gives a musical note, and at the same time seems 
to spread out into a broad band with a hazy outline, which 
diminishes to the original size of the string as the sound 
dies away. Tlie tremulous motion of a bell, may be per- 
ceived by placing the hand upon it while it is sounding. 
A long glass tube if grasped by the middle and rubbed 
with a moistened cloth, gives forth a soft musical note, 
while the vibratory motion may be plainly felt by the 
hand. The air column in an ordinary tin whistle, is 
tlirown into vibratory motion when the whistle is blown. 
The whistle may even be blown by water and tlie instru- 
ment will give fortli a soft clear note, produced by the 
vibration of the stream of water. 

'-' 89. "Wave Motion. In Article 28, we have seen that 
A simple harmonic motion compounded with a uniform 
motion in a straight line produces a **sine curve." Such 
a curve may be regarded as arising from a series of 
equidistant particles arranged along the axis M^ Ms, each 
executing simple harmonic motion at right angles to this 
axis, but having a common difference of phase, that is each 
particle to the right of M^, crosses the axis going in the 

positive direction, ttt of a period later than its left Jiand neighbor. 
The result of such a system of moving particles ig the 
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sinuous form, known as a sine curve or simple wave. Dur- 
ing tlie time T, required fgr any particle to describe a 
complete vibration, the disturbance will have run to the 
right, the distance from M^ to Ma ; so that when M„ begins 
itiS second vibration^ Ma begins its^rs^. Since M2 marks the 
extr(>me advance of the wave disturbance at this instant, 
it may. be said to lie on the wave front. A wave Jront is 
thecontiiuious locus of all points in the same phase of 
vibration. TJie distance M^ M2 is called a wave length, ^, 
and is related to the velocity of propagation V, and the 
time of vibration of the particle T, by the equation 

n 
Avhere n denotes the number of vibrations, made by a particle 
in one second. 

In the case considered the particles are conceived to 
vibrate in paths at right angles to the line of propagation 
of tlte wave; such a wave is termed a traiisverse wave. 
Examples are seen in the waves produced in a soft rope 
when one end is vibrated quickly and regularly in a 
vertical line. 

If the particles vibrate back, and forth in the line of prop- 
agation of the wave, the wave is called a longitudinal wave. 
Such a wave is produced by suspending a long spiral coil 
of brass wire between two fixed supports aud producing 
a compression in it by forcing the spirals at one point 
closer together. The compression runs the entire length 
of coil. 

90* Characteristics of "Wave Motions. Tlie fundamental 
characteristic in wave motion is the continuous handing 
on from point to point in a medium of a periodic dis- 
turbance maintained at the source. Such a disturbance 
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produsns a series of waves which follow each other at 
d'^finitf* intervals and winch constitute what is known as a 
.wave train. It is to be observed tliat wave motion transfers 
emrgy from one point to another, by means of the motion of 
the part'cles oj the medium. 

The individual particles oscillate about their positions 
of rest, while the tvaveform runs forward. The distinction 
betwecMi the motion of the particle and the motion of the 
wave is of fundamental importance. It maj^ perhaps be 
b33b illustrated by the motion of a wave passing over a 
fi^ld of grain. The wave form runs forward while the 
individual head of grain simply swings back and forth in 
a plan? parallel with the line of propagation. 

Other characteristics of wave motion may be noted as 
.follows : 

/) The disturbance requires time to travel from one 
point to another. 

iSL' A medium is required for transmission of the 'dis- 
turbance. 

; '■'K ) Waves are reflected on meeting an obstacle, the angles 
of incidence and reflection being equal. 
" The direction of the wave is changed, that is, the 
wave is refracted, on entering a medium in which the 
speed of propagation is different. 
A * Two systems of waves maj^ be added together so as to 
reenforce each other, if crest meet crest and trough meet 
trough ; or they may be added so as to annul one another 
aqd produce rest, when the crests of one system meet the 
troughs of the other. This is known as the interference of 
wave systems. 

Two waves may differ from each other in amplitude, in 
^ wave length, or in wave form, 

' - An v'-*." ^-< "• '■ • ^ -.-!•' . • ' . ' / ^ 
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Waves, on meeting small obstacles, bend round 
corners and, uniting with the waves starting from the 
obstacles, form a series of points of maximum and 
minimum disturbance. This phenomenon is known as 
diffrchction. 

91. Charactcfistics of Sound* A sounding body trans- 
mits its vibrations to tlie surrounding medium and a 
system of sound waves is the result. The waves of sound 
are longitudinal in character, the vibrations of the 
particle taking place in the line of propagation, A com- 
parison of the characteristics of wave motion with those 
of sound reveals the following points of similarity, 

Scmnd requires time for its transmission firym point to pointy 

in other words sound travels with a definite velocity, which 
depends upon the nature and condition of the medium. 
Examples of this finite velocity of sound are seen in the 
interval elapsing between the flash of a distant gun and 
the report of the discharge ; or betw^een the appearance of 
the puff of steam and the sound of the whistle of the 
locomotive, or in the case of the distant woodman who has 
his axe raised for a second blow before the sound of the 

former one reaches us. 

Sound requires a continuous, elastic and ponderable medium, 
Sound is not transmitted in a vacuum. An electric bell 
suspended by rubber cords from the. inside of a bell-jar is 
silenced on the exhaustion of the air from the jar, although 
the clapper may still be seen to be moving. On readmit- 
ting the air the sound is heard again. Unless the medium 
be elastic the energy originally imparted to the medium 
by the vibrating body is largely lost, as in the case of 
impact between inelastic solids. The medium must also 
be ponderable, i. e. it must have weight. Sound is a 
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material pheiiamenoii. It is produced by the vibrations 
of material panicles, and requires a material medium for 
its transmission. Liquids transmit sound more perfectly 
than gases, and solids, better than either. 

Sound is reflected. Whispering galleries are simply 
large rooms in which the curved surfaces of the walls or 
roof serve as mirrors for the concentration of the sound 
weaves at particular points. Speaking tubes are devices 
for preventing the dissipation of the sonorous energy, by 
confining it to a cei-tain naiTow" space, within which it 
passes by repeated reflection from the sides of the tube. 
Echoes are examples of the reflection of sound by the walls 
of buildings, by hills or forests. 

Sound may be refracted. A large lens-shaped balloon of 
collodion film, when filled with carbon dioxide acts as a 
condensing lens for sound waves, and brings them to a 
focus by making the convex wave fronts concave. Beyond 
the focus the fronts again become convex outw^ard, and 
the intensity of the sound diminishes. 

Sound ivaves may be made to interfere. An illustration of 
this fact is the peculiar throbbing or beating effect pro- 
duced when tw^o tuning forks of slightly different fre- 
quency, are sounded together. 

92» Fundamental Differences. Two sounds as perceived 
by the ear may differ in three respects. They may differ 
in intensity, n i^i^o^ or in quality. These three fundamental 
differences in sense perception owe their existence to 
fundamental differences in the vibratory movement pro- 
ducing the sensations. 

Loudness, Loudness depends upon the amplitude of 
the vibration. The intensity or kinetic energy of a sound 
is proportional to the square of the amplitude. It has 
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been noted that any wave motion has certain characteristics 
that serve to distinguish it from others of its kind. Two 
Avaves may differ in amplitude, that is, in the excursions of 
the vibrating particles executing the vibratory motion. It 
may be seen from elementary considerations, that if the 
excursions of the particle be, increased the velocity of the 
particle must be proportionally increased, since the vibra- 
tions are performed in the same time, and hence the velocity 
is proportional to the amplitude. But the kinetic energy 
of tli^ particle is proportional to the square of the velocity^ 
hence it is proportional to the square of the amplitude. 

Pitch, By pitch is meant that property of sound that 
enables us to distinguish a high sound from a low one. 
Referring again to our simple wave, it is seen that a second 
characteristic difference between two waves is the toave 
length, that is, the distance a, traveled by the wave during the 
time T, of one vibratwn of the particle; or the waves may differ 
in the number of vibrations, n, executed by the partmle in one 
seconds. This number is termed the frequency. As will be 
shown later the pitch of a sound depends upon the vibration 
frequency, i. e., the number of vibrations per second, 

Quality, Quality of sound denotes the peculiar 
difference that enables us to distinguish between two 
sounds proceeding from different sources, although of the 
same pitch and loudness. Thus it is perfectly easy to dis- 
tinguish between the notes of a flute, and a violin or a 
cornet, even though the instruments be sounded together. 
We are able to recognize the voices of friends or acquaint- 
ances through the quality of the tones of the voice. The 
final difference between waves is the difference in the 
wave form, and, as will appear from subsequent 
topics, we are justified in asserting that the quality 
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of a sound depends upon tlie form of the sound 
wave producing the sensation, or upon the character of the 
Vibratory motion in the original disturbance. 

93. Sound "Waves LongitudinaL If a bell be struck or a 
tuning fork be put in motion, the layers of air surround- 
ing the vibratory system are thrown into vibrations of 
the same period, amplitude and form as the vibrations of 
the sounding body. This means that when the prongs 
of the tuning fork or the sides of the bell swing outward 
the layers of air, are crowded together, producing a 
condensation. Since in a gas, all the particles are free to 
move, this condensation is promptly handed on to the 
next layer of air particles, and by them to the next, and so 
on. Each layer swinging outward in the same manner as 
the sounding body, only a little later in time. On the intvard 
swing of the sounding body the layers of air immediately 
surrounding the body are rarefied by the receding body, 
and the pressure of the air from without promptly fills the 
rarefied space, only to produce a rarefaction whefe the 
adjacent layers had been. In this way the rarefaction is 
handed on from point to point, as the counterpart of the 
condensation that preceded it. On the next outward swing 
of the body a second condensation is produced followed by 
a second rarefaction, and the phenomenon continues while 
the motion lasts. Now since the condensation and rare- 
faction each occupy one half a vibration in their produc- 
tion, it follows that they together constitute the two parts of the 
sound wave, and that the distance from one condensation or 
rarefaction to the next condensation or rarefaction is a 
wave length, >i, of the sound in question. Also in the con- 
densation the motion of the particles is forward, and in the 
rarefaction it is ha^ckward, the wave running its own 
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length during the time of a single vibration of the particles. 
Since these vibrations are in the line of propagation of the 
disturbance it follows that souTid waves are longitudviiaL 



VELOaTY OF SOUND- 

\ 

94. Experimental Determinations. The problem of de- 
termining experimentally the velocity of sound in air 
presents peculiar difficulties. The nature of the problem 
demands that the measurement be made in free, open air, 
where the disturbing effects of winds, which vary both in 
magnitude and direction, and of local differences in 
temperature, are unavoidable and beyond the control of the 
observer. To this are added the errors of observation 
attended attendant upon measurements depending upon 
sense perception. 

If the measurements are made by one observer 
who notes and records the time of seeing a flash, and 
of hearing the report of a distant gun, then each 
observation is affected by the errors due to the reaction 
period of both sight and hearing. By this is meant the 
time required for any observer to see and record the 
flash, and to hear and record the sound. The reaction 
period for sight is different from that for hearing. The 
error for each operator is termed his '^personal equation.'* 
Not only do these errors vary with different operators, 
but they vary with the varying conditions of health of 
the same operator on different days, and with the intensity 
of the sound. No allowance is made for the time occupied 
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in transmitting the flash , since for small distances this 
time is practically zero. 

A study of the various errors just mentioned has 
influenced the selection of methods of obsei-vation. If 
cannon be used as the source of sound, the method of 
^'reciprocal firing/' whereby the sound is transmitted first 
in one direction r^nd then in the other between two sta- 
tions, has been used to eliminate in large measure the 
eiTors due to the wind. This, however, requires two 
observers, and introduces errors arising from differences 
in '^personal equation'' which are difficult to determine 
and cannot in general be w^holly eliminated by exchange 
of observei's. In the experiments of Stone in 1871, two 
operators about three miles apart, recorded the time of 
hearing the report of a cannon placed some 640 feet distant 
from the first operator. On exchanging operators the 
error from '^personal equation'^ was reduced to 0.02 sec. 

The mean of Stone's results, reduced to O'^C. was 

V = 1090.6 ^^' 



sec. 
or 

332.4 — 
sec. 

95# Expcfiments of Rcgnault* Between the years 1862 
and 1866 Regnault carried on an exhaustive series of 
experiments for the determination of the velocity of sound 
both in the open air and in the water and gas pipes of 
Paris. In his researches Regnault made use of automatic 
recording apparatus, by means of which an electric current 
was broken at the instant of firing the gun, and the inter- 
ruption of the current was recorded upon a smoked paper 
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carried upon the drum of a chonograph. At the receiving 
station the sound wave entered a wide cone, at the smaller 
end of which it impinged upon a thin rubber membrane, 
and setting it in motion broke a second electric current, and 
so completed the record upon the cylinder of the chrono- 
graph. By this means it would seem that the difBculties of 
personal equation were entirely obviated, but it was found 
that the membrane • itself required time to receive and 
record the sound wave. The motion of the air particles 
can not be imparted to the membrane instantly, and so a 
delay is caused in making the record, which is not con- 
stant but increases as the sound grows more faint. 
Regnault made experiments to determine the amount of 
this error, and allowed for it in his computations. 

In his experiments upon the velocity of sound in 
tubes, Regnault arrived at the following conclusions : 

(a) In cylindrical pipes the intensity of the sound 
wave decreases with the distance, and more rapidly in 
small tubes than in large ones, 

(b) The velocity of sound diminishes with the 
intensity. Loud sounds travel faster in tubes than faint 
ones. 

(c) The velocity of sound in pipes increases as the 
diameter of the pipe increases, tending toward a limit in * * 
very wide tubes, 

(d) The velocity is independent of the pressure, and 
of the mode of production of the sounds. 

Regnault gave as the result of his investigations, 
after all corrections had been applied, the value for a 
faint sound in a very wide tube, at 0°C. 

V, == 330.6 -5^ 

sec. 
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96^ Theoretical Velocity of Sound* From purely 
theoretical considerations concerning the condition of the 
medium through which the sound wave passes, Newton 
fleveloped a formula for the velocity of sound. 



= ^|1 



where" d is the density of the medium and e its coef- 
ficient of volume elasticity. This formula applies directly 
in the case of liquids and solids, while for gases, it .leads 
to erron ous results unless there be applied certain correc- 
tions, the nature of which will appear later. 

In the application of this formula to gases, it is to be 
be shown that the coefficient of volume elasticity e, is, for 
ordinaiy sounds, equal to the pressure to which the gas is 
subjected. Thus let P, V, and d represent the pressure, 
volume and density, respectively of a given mass of air. 
Let the pressure be increased by a small increment dp, 
and as a result of this increase, let the volume be dimin- 
ished by a small amount dv, the temperature remaining con- 
stant. Then by Boyle's law we have , ^ ^. 

p V - d V ;i' r^ " 



or 



whence 



P + dp V _^ ^ i^^ 

^ *= P + dp 

but the left hand member of this equation is by definnition 
the coefficient of volume elasticity, e, (Article 51), hence 
P + d p =e. 



\. 
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1^0T ordinary sounds the change in pressure d p, pi'O- 
auced iii the condensation or rarefaction, is negligible as 
compared with the atmospheric pressure, and hence may 
be disregarded. Under this assumption our formula 
becomes, 



V =- 



~\ T 



where P is the reigning barometric pressure, and d the 
corresponding density of the air. 

This would indicate that the velocity of sound is inde- 
pendent of the intensity, and this assumption seems to be 
sustained by observation in the case of all sounds where 
the change of pressure dp, produced by the condensation is 
negligible in comparison with the barometric pressure, P» 
In disturbances where dp is not negligible, the velocity is 
represented by the formula ^^» ' *" ' ''^* ^ 

_ i P^ dp ^ >^'^' ^' ' ""^h A" ""''^ ^'^'^ ^* 

and increases as the intensity increases. In loud sounds, 
as those produced by explosions or the discharge of can- 
tion, the change in pressure dp, may even exceed P» Captain 
Parry, who made a series of measurements upon the 
velocity of sound in the arctic regions, relates that the 
report of a cannon was frequently heard by a distant 
observer, before the command to fire» Other observers 
have repeatedly found that very loud sounds travel more 
rapidly than those of ordinary intensity. 

97. Application of Newton's Formula* It has been said 



that Newton's formula V = ^1 — j- does not apply direct- 
ly to the case of gases. If the values of P and d be substi- 
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tuted in this formula we have for standard conditions, 
P -= 1,012,630 dynes per sq. cm., and d = 0.001^293 g. per 
cc. Whence 



y _ I 1,012,630 _ ^7 079 ^m, 
\ 0001293" ^ "^''^'"^ ^^ 



This is only 84 per cent of the velocity of sound as 
determined by experiment. The discrepancy between 
the theoretical and observed value was recognized by New- 
ton, who sought to account for the difference by means of 
a number of ingenious suppositions, none of which, 
however, Avere justified. 

98# LapIace^s Correction* It was not until 1816 that 
the error in Newton's formula was pointed out and cor- 
rected by Laplace. In Article 96, it was noted that for small 
disturbances the coefficient of volume elasticity e, in the 
formula 



^.^^-l 



could be replaced by the pressure P, to which the gas was 
subjected. 

This deduction was made upon the assumption that 
Boyle^s law would hold for the phenomena. This would 
mean that the air in which the condensations and rarefac- 
tions of the sound wave were produced should remain 
throughout at a constcmt temperature; or in other words, that 
the condensations and rarefactions were to occur under 
isothermal conditions, 

Laplace pointed out that in the case of a sound 
wave, where the compressions and rarefactions follow each 
other at the rate of several hundred per second, there 
could be no mention of isothermal conditions, since there 
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could be no time for the air to assume a uniform tempera- m 

ture. The co-efflcient of elasticity of the air, that really 
does enter the equation for the velocity of sound, is there- 
fore to be determined, under the condition that no heat is 
to escape from the gas when it is compressed, and none is to come 
to it when it is rare^d. Such conditions for a gas are called 
ndiabatic conditions, and the coefficient of elasticity of a gas ob- 
tained under such conditions is called the coefficient of adia- 
batic elasticity. 

Now it is well known that if a mass of gas be com- 
pressed suddenly, its temperature is raised, and the elastic 
tension of the gas is greater because of this increase in tem- 
perature. Careful experiment has shown that for air, the 
coefficient of adiabatic elasticity is 1.41 times the coeffi- 
cient of isothermal elastimty. Hence the pressure P must 
be multiplied by 1.41 to represent the facts. The cor- 
rected formula is therefore 



_ I 1.41 



When the correcting factor is introduced into the 
computations in the previous article we have 



V _ 1 1-41 X 1,012.630 _ QQo Q _5^ 
^ ~ \ 0:0^ ^^^-^ sec. 

which agrees admirably with The value found by ex- 
periment. 

99, Coffection for Temperature^ Since the air is free 
to expand, an increase in temperature of the air as a whole, 
will affect the density of the air, but will leave the pressure 
unchanged. If « be the coefficient of expansion for gases, 
then any bulk of air at 0°C, will have a bulk (1 + « t) 
times as large at t°C. Since the densities are inversely as 
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the volumes, then dt, the density of the air at t°C. will be 
given by the equation dt = . . Hence the velocity of 

kound at t°C. will be 



Vt = 



=v^ 



or 



V, = I 1.41 X P (1 + " t) "^ 




d^ "^ 

If Vo, be the velocity of sound at 0°C., then 



Vt = V, v/ 1 + « t 

If we set t = 1°0. and « = 0.003665, then the increase 
in velocity for a rise in temperature of l'*C. is 

Vi - V„ = 332.4 1/ 1 + 0.003565 - 332.4 
= 0.00183 X 332.4 

J^.^i ..^ ^- = 0.608 ^^ or 23.9 -^^ 

sec. sec. 

cm 
Hence the velocity of sound increases about 60.8 — ' 

'^ sec. 

or 23.9 — - for an increase of I'^C. 
sec. 

\(Xk Velocity of Sound in Solids and Liquids* For solids 
and liquids Newton's formula is applicable at ojice. For 
copper the coefficient of elasticity, e, is about 12 X 10^ 
dynes per sq. cm. and d = 8.8 g. per cc, therefore 



-4 



12 X 10^ _ 369300 ^^ = 3693 ^* 



8.8 sec. sec. 

For TV^ater the density is 1 gram per cc. and the 
compression for an increase in pressure of on^ atmosphere 
is 0.0000499 ; hence 
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1,012,630 i^o-AA cm, 



V = ^ . "r^^t"T.^.. = 142500 




\ 1 X 0.0000499 ^^^""" sec 

« 

= 1425 -^ 
sec 

The best experimental determinations of the velocity 

of sound in water mye a mean result of 1435-^ . 

sec. 

^Of»^ Huygen's Principle* Suppose a sound wave orig- 
nate at a, as a center of disturbance. The 
wave will travel outward in space in all direc- 
tions in the form of a spherical shell. Let Fig. 
49, represent the trace on the plane of the paper 
of a section through this wave shell. At the 

end of a certain time, the wave will have reach- 

» 

ed the position men. This surface, marking 
Fig. 49. ^\^Q location of all points in the same phase of 
vibration, is by definition a wave front. At an instant 
later it will have taken the position m' d n , and all points 
in this new wave front will be vibrating with the same 
motion possessed now by the points on the wave front 
men. The disturbance at the center has thus reached any 
point in m c n by the disturbance of all points in the 
medium through which it has passed. Hence the subse- 
quent disturbance at any point outside the wave m c n is 
to be regarded as the resultant effect produced at that 
point, of all the^ wave disturbances originating in the 
individual points of the wave front men as centers. 

According to Huyghens we are to consider every point 
on a wave front as a new center of disturbance^ from which waves ^ 
are propagated outward as from the original eenter, and the < 
effect at any point external to the loave is to be regarded as the ^ 
resultant of the combined action of all these elementary waves. 



VUfl-c)w yH/^UM j^\*xl ^ M'-"" -.--- afo^^^cr. 
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Tf we take all the points on m c n as centers and 
about them describe small circles representing the limits 
reached by the eleraentaiy waves in a vei^y short space of 
time, then it will be seen that these little waves unite to 
form a new wave front, that is a common tangent or 
envelojye to tiiem all. Tliis is to be regarded as the new 
wave front. Professor St/okes has shown that theelemen- 
taiy waves mutually destroy each other except at the 
surface of their common envelope. 

XQfL Reflection of Sound* Sound waves are reflected 

regularly from any smooth surface of different density 

yfWrom that of the medium in which they are traveling, and 

» ^- \^^^ sound seems to come from some point behind the 

' ^^^ u^eflecting surface. By a ''smootliLLaiirface is to be under- 

^iwv K stood a surf ace^ wliose inequalities are ^TTipTl^ in pmrpp^vriaQn 

<l to the wave lengths to. be reflected. Thus a brick wall, a. 

hillside, or even a row of trees may present a surface that 

is relatively smooth to the waves of sound, while for the 

reflection of light waves only the most highly polished 

surfaces are smooth. 

Tyndall showed that sound waves are reflected not 
only from solids and liquids but from layers of gas of 
different density as well. Thus a flame from a fish-tail 
gas burner and the heated air above it reflect sound waves 
to a marked degree. In the same way ascending currents 
of warm air over parts of the earth unequally heated by 
the sun, serve to reflect and scatter sound waves, as do 
also ascending layers of air loaded with water vapor. 

In some cases the nature of the sound is modified by 
the nature of the reflecting surface, as in the case of a 
sharp clear sound reflected by the separate bars of a picket 
fence. Here the separate pickets act as independent 
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sources of sound waves and the short sharp sound comes 
back as a clear musical note of definite pitch. 

Echoes are produced when the reflecting surface is at 
a distance of more than 16,5 meters. The ear can not 
separate syllables occurring more rapidly than about ten 
per second. Hence a sound and its echo will be heard 
separated if the distance to the reflecting surface is 
greater than half the distance sound would travel in 
one-tenth of a second. 

Applications of the principle of reflection of sound are 
seen in the speaking trumpet or megaphone, the ear 
trumpet, the stethoscope, and in the curved surface of the 
external ear which acts as a reflector to concentrate the 
sound waves to the auditory canal. 

J03f Reflection at End of Cylindrical Pipe* A case of 
special interest is found in the reflection of a sound wave 
at the end of a tube or pipe in which it is traveling. If 
the reflections occur in a closed pipe, against the solid end 
of the pipe, the direction of the sound is reversed, but the 
nature of the disturbance is not reversed, a condensation 
is reflected as a condensation and a rarefaction as a rare- 
faction. This is expressed by saying that at the closed end 
of a pipe the sound wave is reflected with change of sign 
in the velocity^ but without change o^ signju the conden- 

At the end of an open pipe, however, the result is 
different. When the disturbance reaches the open end of 
the pipe the last layer of air having no longer an opposing 
resistance in front, as it had within the tube, swings out- 
ward beyond its position of equilibrium, dragging after it 
the adjacent layers one after another. A new disturbance 
thus enters the tube at the open end, in the nature of a 

— — - — ' 1 • ' — -— ' 
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'I ^ ^ rarefaction, and is propagated backward while the original 

"^ t condensation pursues its course in the free air. This is 

"^^ , expressed by saying that reflection occurs at the open end 

i / ' ^ of a pipe, wit hout change of sign in tlie vetocifij/iju't vxith chaiig e 

I . ^ of sign in the condensation. At the open end of a pipe there- 

* --. fore, a condensation is reflected as a rarefaction and 

A vice versa. This principle will be found of great impor- 

f tance in the theory of open and closed organ pipes. 

^:;> I04» Superposition of Sound Waves. If two stones be 

'^ dropped a small distance apart into still water, each is 

I seen to become the center of a system of circular waves, 

Q^ widening in all directions as they run. If the two sets of 
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waves cross each other they are seen to pursue their own 
way in each case as if there were no other wave on the 
surface of the water; In general, when two systems of 
waves traverse a medium simultaneously, w^hile the eleva- 
tion or depression of either alone relative to the disturb- 
ed surface is the same as it would have occasioned if the 
2 * < \ other were not there, yet the total displacement of the 
^ 'N *' i ' sxxi^face relative to the undisturbed level, is at any point 
, , \ vand at any instant the algebraic sum of the disturbances 

(^ ' which each of the systems would produce separately. 

tvfiU" •" ^^ ^^ elevation of the first system be superposed 
i^w ^u^n an equal elevation of the second system, the- total 

height of the water above the original level will be double 
' ' f that of one of the two waves alone. If an elevation of one 

system meet an equal depression of the other system 

the original level is not changed. 

In a similar way, sound waves, when coexistent in 
the same medium, form at every instant composite waves, 
made up of the separate systems. This superposition of 
wave system is termed interference. 

'^- T-^ :xi ^{^^cg-A 
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I05t, Prmdplc of Interference* If we consider two 
identical sources of sound, A and B, such that the vibra- 
tory motions in each are at every instant equal and in the 
same direction, then it is clear that at everj^ point in a 
plane normal to the line A B at its middle point, the 
movements produced by the joint action of the two sets 
of sound waves will agree at every instant. In other 
words in this plane the two wave systems meet everywhere 
in the same phase, Tlie velocity and the dwjilacement will be 
larger than those from either source separately. The 
intensity of the sound will therefore be a maximum in this 
plane. 

In any other plane drawn through AB, the displace- 
menu and consequently the inte^isity will present a series 
of fixed maxima and minima. For our purpose it will be 
sufficient to consider the vibratory motion producing the 
sound to be divided into half vibrations, equal and oppo- 
site ; i. e., each wave to be made up of rarefaction and 
condensation, and the motion of the air .particles in these 
parts to be equal and opposite. If we consider the dis- 
turbance from the point A, along two lines AM and AM' 
very near to each other, so that we may assume that the 
motions have experienced the same conditions in passing 
from A to M and M', then we shall find the particles in M 
and M' to be in the same phase of vibration if the difference 
of the distances AM and. AM' be an even number of half 
wave lengths. They will be in opposite phase if the differ- 
ence of the paths AM and AM' be an odd number of half 
wave lengths. In the first case the case velocity and dis- 
placement of the two particles at M, and M', will be equal 
and in the same direction, in the second, they will be equal 
and opposite in direction. 
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From the foregoing coiisidorations we see that when 
sound waves from two identical sources A and B meet at 
a point Q, the velocities will add or subtract geometrically, 

• ^ 

according as QA - QB is equal to 2 n -^^ or (2 n + 1) -^ • 

Hence for maximum intensity the difference in path is an 
even number of half wave lengths^ for minimum intensity 
the difference in path must equal an odd number of half 
wave lengths. In this way two equal sounds may be 
added together so that at certain points in space they will 
mutually reenforce each otlier, and the sound will he very 
loud ; in other points where the vibrations meet in oppo- 
site phase, one sound added to another will produce 
silence. 

t06. Experiments Ulustrating; Interf^'ence* 

(a) Sources TdentkxiL 

If a tuning fork be sounded and rotated slowly before 
the ea'", an intermittrent or pulsating sound will be heard. 

At four certain positions, it will be found 
that the sound of the fork seems to disap- 
pear almost entirely, only to reappear 
again in force on moving the fork. In 
this case the two identical sources are the 
two prongs of the lork, which are vibrat- 
Pig. 50. ing in opposite phase as indicated in the 

aiTows — (Fig. 50). As the prongs approach, there is a 
rarefaction on tlie outside of each prong at f and g, and a 
double condensation on the inside, starting out toward d 
and e. These two sets of motions differing in phase by half 
a period meet along the dotted lines and produce a 
minimum motion at all points in these lines. Outside 
these lines the sound may be lieard as usual. 
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To show th<at this is a true case of interference the 
fork m<ay be held over a resonator which responds loudly, 
and rotated till the sound falls to a minimum. On slipping 
a small cylinder of paper over one prong of the fork, so as 
to cut off one set of waves, the sound reappears, but disap- 
pears again if the paper be removed. 

If a large fork or organ pipe ' be sounded in a large 
room and an observer walk about the room, certain 
places will be found where the sound is uncomfortably 
loud while at others almost no sound is heard. In this 
case interference occurs between the, direct wave from the 
fork and the system of waves reflected from the sides of 
the room. 

(6) Sources Twt Identical, — Beats, 

If two tuning forks, tuned^ to unison and furnished 
with resonance cases, be sounded together, a full even 
tone is heard. If now the prongs of one fork be weighted 
with Wax, so as to decrease slightly the frequency of that 
fork, we shall find that when sounded together, the forks 
give out a throbbing or beating tone. If the pellets of 
wax be made larger the number of beats per second, in- 
creases, 

In this case the phase difference -^ is not due to the 

difference in path traversed by the waves from the sources, 
as hitherto, but has resulted from a difference in the 
frequencies of the tw^o forks. If the forks make respectively 
100 and 101 vibrations per second, then the second fork 
gains one vibration upon the first every second. Under 
these conditions, if the tw^o forks started together in the 
same phase, they would be in opposite phase at the end of 
half a second, and in coincidence of phase again in another 
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half second. From this it appears that two forks whose 
frequences are m and n vibrations per second will make 
m - n beats per second. 

Two organ pipes of tlie same pitch, when mounted 
upon a wind chest, will give loud beats if while they are 
sounded, a card be slipped slightly over the lip of one of 
the pii>es. A tuning fork mounted upon a resonance case 
and sounded gives distinct beats if earned rapidly toivard 
or aiaaij from n reflecting wall. Tlie experiment m<ay be 
rendered more striking by swinging the fork as a pendu- 
lum, while sounding, at a short distance from the wall. 

tO^ Loudness. The loudness of a given sound depends 
upon three things ; . (a) Upon the amplitude of vibration of the 
sounding body. It has already been pointed out that the 
kinetic energy of the vibrating body varies as the square 
of the amplitude. If we assume that the effect is propor- 
tional to the cause, we are justified in saying that the loud- 
ness of the sound is proportional to the square of the am- 
plitude of the vibrations producing the sound. 

(b) Upon the area of the souiidiiig body. The effect of 
area in modifying the loudness of a sound produced by a 
given body, is essentially a question of transfen'ence of 
* energy. A tuning fork when once set in motion, possesses 
a definite amount of kinetic energy. If the fork be. held 
in the hand, the sound produced is faint, but continues for 
several seconds. If the stem of the fork be placed firmly 
upon the top of a table the note becomes loud and strong 
and soon dies away. In the latter case the top of the 
table is thrown into co-vibration with the fork, and the 
mass of air that is enei'gized b}^ this means is very great. 
The store of energy is spent in the production of sound in 
a much shorter time. In hydrogen the sound of the fork 
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is very weak, but the motion continues much longer. 

(c) Upon the distance from the sounding body , The in* 
tensity of saund varies inversely as the square of the dis- 
tance from the sounding body. This is known as *Hhe 
la,w of inverse squares/' and may be demonstrated as 
follows : Suppose a single sharp sound has been produced 
at a point O, as a center. This represents a definite 
amount of energy. Now at any instant this energy is res- 
ident in a spherical shell of radius r, and of area 4-r2cras. 
If we call the intensity of sound I, the kinetic energy pos- 
sessed by unit area of this sliell, then the total energy is 
47rr*I. An instant later this energy has been transferred 
to a sli^U of radius n, on which the intensity is Ii, hence 
the total energy on the shell is 4-ri'^I . 

Therefore 4-r2I = 4-ri2 h 

whence 

1 ^ El' 

Ii r^ 

or the intensity of sound varies inversely as the square of 
the distance from the sounding body. 

I08t Pitch* The pitch of a sound depends upon 
the vibration frequency of the sounding body. When the 
number of vibrations per second is great the pitch 
of the tone is high or acute^ when small the pitch is 
low or grave. If two sounds are produced by the same 
number of vibrations per second they are said to have 
the same pitch, or if sounded together, they are said 
to be in unison. Musical sounds are those which pro- 
duce a pleasing effect upon the ear and have a definite pitch. 
A noise is a confused mass of sonorous vibration, in 
which the ear is unable to detect any definite pitch. In a 
musical sense, the pitch of a sound may also refer to the 
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relative position of the sound upon some arbitrary scale 
of reference adopted by musicians. 

The pitch of a sound may 1^ determined by means of 
an instrument called the siren (Fig. 51). 
The sii'en consists of a pasteboard or 
metal disk, bearing on its circumference 
a series of concentric circular rows of 
equidistant holes about 3 mm. in diame- 
ter, and mounted on an axis which can be 
rapidly revolved in front of a noz^e fi^. si. 

delivering air from a blower. When an opening comes in 
front of the nozzle the air rushes through, forming a con- 
densation, followed by a rarefaction during the interval in 
which the air is cut off. In this way is formed a stF^ries of 
regular puffs, which gradually blend into a low musical 
tone, whose pitch rises as tile speed of rotation 
of the disk increases. The siren tone may be tuned to 
that of the given note, and its frequency determined from 
the angular velocity of the disk and the number of holes 
passing the nozzle in one revolution. 

t09* Musical Intervals. When two tones are sounded 
together the e^ar recognizes a certain relationship, or want 
of relationship between them, dependent upon their rela- 
tive pitch, but entirely aside from their absolute vibration 
I frequencies. Tliis relationslnp is termed a musical interv al, 

and is expressed as oi simple ratio between the vibratian 
\_ frequencies of the two tones in question. 
^ A number of these ratios have specefic names in musi- 

cal nomenclature, arising for the most part from the num- 
ber of the note in the series. The interval between two notes 

whose vibration frequencies are in the ratio -^ ,is called 
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2 3 4 

ttnison; ^, siU octave; -rp, sl twelfth; — j the cZoi^&Ze ociave; 

3 4 5 6 

3, fifth; -^, Q, fourth; -p, a major third; -— , a minor third; 



5 8 

^^-, a major sixth; -— a minor sixth. 

This completes the list of so-called consonant intervals, 
although the list may be and probably will be extended in 
the course of time. It is interesting to note that the 
third, both major and minor, were originally classed 
among the dissonant intervals, and the minor third was 
not regularly used until the middle of the eighteenth 
century. 

no* The Diatonic Scale* The rule for consonant in- 
tervals extends to combinations of several sounds. In 
order that three or more tones when sounded together may 
be concordant, it is necessary that their respective inter- 
vals not. only with the fundamental, but also with each 
other, should be expressed by simple ratios. Thus when 
we sound together three notes whose frequencies are as 
4:5:6, there is produced a pleasing effect. This combina- 
tion of three tones is called a major triad. The diatonic 
scale is built upon three sets of such triads. 

The notes of the scale are indcated by the letters C , 
D, E, F, G, A, B, c. These letters may represent the fre- 
quencies of the various notes as well. 

In the key of C, the major triads are 

C : E : G ) 

G : B : d [4:5:6. 

P : A : c ) 

The vibration ratios in terms of C, the fundamental, 
are obtained as follows : 



t) 


t 


$ 


Jh 


A ft- 


7 


A" 


V 


% 


5 /? •»• 


f 

r 


f 


3 


X 


2 T 






9 2 ? 





N 




r 


'4^ 


<: 


^o 







— 140 — 



it C 0^ ' 



E 5 t:, 5 „ 

C =1 orE=-C. 

G 6 ^ 3 ^ 
-^- = ^ or G - -2 C. 

In this way the frequencies of the entire seven notes 
may be expressed in terms of the fundamental C, the 
octave c, being set equal to 2 C, and we have the following 
relations between the various notes of the scale. 

Frequency 64 72 80 85* 96 106|- 120 128 

Name CDEFGA Be 

Syllable Do Re Mi Fa Sol La Si Do 

19 5 4 3 5 15 ^ 



Ratio 



Intervals 



8 4 3 2 3 8 

9^ 10 16 ^ 10 ^ 16 

8 9 15 8 9 8 15 



The fractions termed intervals are obtained by 

dividing each ratio by that of the note immediately below it. 

From this it appears that in the perfect diatonic scale 

there are three different intervals, -^ , -pr > t^ • The first 

8 9 15 

two are termed whole tones, and the last a halftone, 

i^ The minor triad is composed of three notes whose 

^. frequencies are as 10 : 12 : 15 and the minor scale is built 

^ upon three of such triads. The vibration ratios for the 

N-j various notes in terms of the fundamental may be obtained 

: - in the same way. It will be found that three additional 

notes will be needed, viz. three notes below E, B and A, 

in order to produce the minor scale. 

tJJ* Transpositioiu In order to accommodate different 
voices or instruments, it is frequently desirable to change 
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Ihe key-note of the scale from C to some other note in the 
scale. The vibration ratios would tlien have to be applied 
to t\ie new key Twte as a fundamental, and the correspond- 
ing frequencies for the several notes computed. If it 
were desired to begin the scale with D,'then on computing 
the frequencies for the scale it would be found that, be- 
sides the key-note D, and its octave d, ihe G and B were 
right and that the A and E differed but sliglitly from the 
required frequency, but the notes F and c would be found 
to be too low in each case. This must be remedied by the 
introduction of two new notes F sharp and c sharp in 
order to sing or play in the key of D. These two sharps 
are introduced at the beginning of the staff and form tlie 
signature of the the key. 

'^^ JJ2* The Tempered Scale* Since each change of key 
entails the introduction of new notes, both for major and 
minor scales, it is apparent that the number of notes de- 
manded for each octave, in order to render a piiece of music 
in any key, w^ould be very greatly increased, so much so 
indeed, that in the case of an instrument of fixed tone, as 
the piano or organ, it becomes practicall}'^ impossible to 
manipulate so many keys. On this account a compromise 
system known as the system of eqmil temjjerament, has 
been adopted. In this system the whole tones are made 
all alike, and the half tones are half the whole tones. In 

vother words there is an equal interval betiveen each jjair of con^ 
secutive notes, Tliere are thus added five new tones to the 
octave, making thirteen tones in all. The common ratio 
between tlie frequencies of any tone and the tone next 
above it is the tivelfth root of 2, or 1.059. In any instru- 
ment tuned to this system the only accurate intervals are 
the octaves, all the others being slightly false. The fifths 
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are slightly flat sad tlie tliirds are too shai-p. Music ren- 
dered ill tliis system is far inferior to that played in just 
intonation. Ti-ained singers and fierforniers upon instru- 
ments like tlie violin or siido ti-orabone are free froTU the 
limitations of the system of equal temi>ei-ainent, uml in 
many cioes approximate closely the intoimtion of the dia- 
tonic scale. 

(13. Composition of Vibrations at Right Angles. In the 
study of vibratoi-y motion, some curious and iH'autiful re- 
sults are obtained from combining two simple harmonic 
motions at right angles to ejtch other. Owing to the rapid 
motion of sounding bodies the eye is unable to follow 
them and some special device is necessary. In Fig. 52 ai-e 
shown two tuning forks 
L and M, each furnished 
with plane mirrore and 
one set to vibrat« verti- 
cally, the otlier horizon- 
tally. If now a beam of 
light from R be allowed 
to fall upon the mirrors 
Muccessively and be re- 
*''«-^- fleeted to the screen S, 

when the fork L is set vibrating the spot is seen drawn 
out into a vertical baud. Similarly if the fork M be set in 
motion and L kept ai rest, the spot is drawn out into a 
horizontal band. If the two forks are vibrated at the same 
time, the spot is made to follow the motion of the two 
vibrating systems and traces the characteristic curves 
shown in Fig. 53. 

If the frequencies of the two forks be in the ratio of 
1:1, tlien the characteristic figure will be an ellipse, 



— 143 — 


















having for its special forms the two straight lines. If the 
tuning of the forks be 
exact, the figure is 
motionless upon the 
screen Jind gradually 
decreases in size as 
the amplitude of the 
vibration of the fork? 
sinks to zero. In most 
cases, however, the 
tuning is only approx- 
imate, and the figure Fig. 53. 
takes the successive forms indicated passing from left to 
riglit and back again. When tlie figure has run through 
the complete cycle we know that one of the forks hag 
gained or lost one complete vibration as compared with the 
other. We have thus a method of observing beats opti- 
cally, and determining the relative frequencies of vibrating 
bodies with great precision. 

In the figure are shown the curves for the intervals 
2 : 1 and 3 : 2, The characteristic forms for zero difference 
of phase are given in the first vertical column, those for a 
phase difference of i period in the next column and so on. 
After the figui'es have reached a phase difference of half a 
period, the forms recur in the reverse order. 

This experiment was first described by the French 
physicist Lissajous, in 1857, and the curves are know as 
Lissajous' curves. The method is applicable to the study 
of any vibrating system upon which a bright point as a 
minute globule of mercury can be fixed, while the fork 
with which the system is to be compared, is armed with a 
lens of low power through which the mercury globule may 
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be viewed by a microscope. 

The same figures may be obtained by nicnns of the 
Blackburn's pendulum, hIiowii in 
Fig. 54. In this apparatus a 
heavy lead disk cai-ries a funnel 
filled with sand, ink, or other ma- 
terial for leaving a trace of the 
motion upon a prepared paper be- 
neath it. The disk is hung from 
two cords about one meter in 
length, and over the two cords 
is slipped a small ring r, by means 
of which the system is divided in- 
to two pendulums of different 
n^. 5*. period, hung from the same sup- 

port. On setting the disk vibrating it traces the figures 
characteristic of the ratios represented by the square roots 
of the lengths of the entire pendulum and the part below 
t'le ring. 

f 14^' Graphical Method fot Lissajous' Figures. Draw two 
concentric ci-ck's (Fig. 5o), with radii proportional to the 
amplitudes, a and b, of the two harmonic motions, and 
through their common ce,nter O draw the rectangular 
diameters AB, CD. 

Divide each quadrant of both circle.s into the same 
number of equal parts ; some multiple of four is usually 
most convenient. Tlirough the points of division of the circle 
AB draw lines parallel to CD, and through the divisions of 
CD di'aw lines parallel to AB. The resulting rectangle of 
sides 2a and 2b will contain all the figures arising from 
any possible combination of two simple harmonic motions 
of commensurable periods ; andthe curves will, in general. 
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be tangent to the sides of the rectangle. The center of 

the circles corresponds 
to a phase difference of 
zero between the two 
components, that is, to 
d = ; and it is taken 
as the starting point for 
tracing all curves of 
phase difference zero or -. 
If. as in Fig. 55, 
the circles have been di- 
vided into sixteen equal 
parts ; then each point 
of intersection on the 

diameter AB corresponds to a phase difference of ^^ or-j- , 

that is, to one-sixteenth of a period. Hence if we start to 
trace a curve from a in the figure instead of 'from O, we 
shall produce the curve corresponding to a phase difference 

This means that at the instant when the v com- 




Flg. 55. 



of 



8 



ponent passes through AB in the positive direction, and the 
y displacement is therefore zero, the x component has 
already reached a in the positive direction, or is in advance 

of the y component by Oa or ^ . In like manner b cor- 

responds to a phase difference of -^,cto -t^, and A to -^ . 
Returning toward 0, it will be seen that c also corr(?sponds 

5r 3;r 7r 

to a difference of phase of -f , b to -j^ , a to -^ , and O, to 

O 4 o 

JT, with larger values for points to the left of 0. 

Suppose now that we wish to trjice the curve cor- 
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rospoudino; to tin* vihration-frccjiHMicios oiio to two, two for 
the horizontal and ono for the vortical coinpoiiont, and 
with no dilfVrence of phase. Starting from O we count 
two points horizontally to the right and one up and reach 
I ; again two to th(^ right and one up for point II, and so 
continue, nunibcM'ing tlie i)oinls in order until we pass 
tlirough th(^ starting point in the same dinn-tion as at first, 
btnng careful always to com])l(^te the motion in one direc- 
tion hofore l)(^<>-innini>" th<» nMroo-rade motion. An excellent 
cIh^cIv upon, the accuracy of the location of the points is 
found in tln^ fact that points (Mjuidistant from the axis of 
symmetry AB diiiVr in numlxM- by (M<i:ht in every case, 
that is, by half a vil)rati()n. 

If now a smooth curvc^ b(» ti-acc^l through the points in 
order we see that, in accordance with Art. 11, the moving 
l)oint, Ixung subject to both motions, d(^scribes two spaces 
horizontally and one vertically in the same interval of 

ft. ft 

time, and constnpiently pass(^s through tlie corners of rec- 
tangles two spaces long and one spac(» high in every case. 
The spaces thems(4v(^s increase or decrease according to 
the simple harmonic law. Great diversity of figun^ may 
thus be obtained with successive diffcu'ences of phase be- 
tween the two component motions. 

To combine two motions of freijuencies two to three, 
we should simply count threc^ si)aces in one direction and 
two in the other and procei^d in otluu- rc^spcn^ts as already 
described. 

yy Stationary Vibfations* Supi)ose one end of a long 
flexible cord be fixed and the other end be moved quickly 
up and down b}^ the hand in a vertical plane. For each 
up and down motion of the hand a single pulse will run 
the length of the cord, be reflected at the fixed end and re- 
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trac(^ tlie length of the cord, to be reflected again at the 
hand. In each case the reflection, of the ionise in the cord 
will involve a change of sign both in the motion and in the 
nature of the disturbance itself, since a depression in tlie 
cord is returned as an elevation, and an elevation as a de- 
pression. After two I'eflections therefore, the disturbance 
will have traversed the length of thg cord twice and will 
be identical both in direction and Ic.ind with the original 
disturbance, and may be regarded as stai'ting out anew. 

If now the hand be maintained in simple harmonic 
motion, a series of harmonic waves will run along the 
cord and be reflected at the fixed end as before. Each 
wave aftei* two reflections will coincide both in direction 
and kind with the new outgoing wave, if the time required 
to travel twice the length of the cord be some ivhole niim- 
her, k, times the pei'iod of the motion maintained by the 
hand. In other words if . 

where 1 is the length of the cord, V the velocity of the 
pulse along the the cord, T the period of the motion, and 
k is any interger as 1, 2, 3, 4, etc. 

Under the above condition it is ch^ar that anj^ disturb- 
ance however small will soon be increased sufficiently to 
set the cord into vibrations of wide amplitude at all points 
where the direct and reflected waves coincide in phase. Such 
points are called antinodes^ or ventral segments. At certain 
other points, however, the incoming and outgoing waves 
meet in opposite phase and produce points of minlmuni motion; 
such jDoints are called nodes. As a result of the superposi- 
tion of the direct and reflected waves the cord is broken 
up into a series of vibrating segments, V, Fig. 56, 



separated by points of minimum motion N. 

Such a vibratory motion is called a statwiiary vibrati&fi 

or a stationary loave. The dis- 
tance from one node to the 
next, or from one antinode to 
*"*»• ^- the next is one half ivave-length 

of the pulse in the cord. Stationary vibrations may thus be 
set up in any medium capable of transmitting wave motion, 
and the phenomena of nodes and antinodes developed 
according to the principles just laid down. In all cases, 
the distance from node to node, or from antinode to aiitinode 

is — , for the medium in question. From tiode to antinode is -.- • 

In all cases of sustained tones, as those from organ 
pipes, tuning forks, piano, violin, or guitar strings, the 
vibrating medium, whether air column, bar, or string, is 
executing stationary vibrations, and consequently presents 
the characteristic features of stationary waves, i. e., nodes 
and antinodes, 

ii6* Laws of Transverse Vibrations of Strings. A string 
C^ ^ fastened at the ends and vibrated transversely, executes 
\ « "Stationary vibrations as described in the previous article. 
{ .->.' The vibration of the string gives rise to a note of definite 
^1^ pitch, dependent upon the physical constants of the string 
"\v- and upon its mode of vibration. The condition for sta- 
tionary vibration is 



Cy 
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where n is the frequency of the note produced by the 
string. Of the various modes of vibration dependent upon 
the value of k, the simplest is that in which the string vi- 
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brates as a whole, with a node at each end. In this case 
k = 1, and 

V ■, . ^ . 
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This vibration is called the fundamental vibration, and 
the tone the fundamental or lowest tone given by the 
string. 

It may be shown mathematically that the velocity of 
a transverse tvave in a thin, flexible string, of density d and 
radius r, when stretched by a tension of T dynes, is given 
by the expression ,pU„t<f^A^ . 

If we substitute this value for the velocity in the 
equation for the frequency, w^e have . 

^^ 21 \ TrrM 
Hence the frequency of the fundamental tune emitted 
by a string vibrating transversely, varies 

(a) Inversely as the length of the string. 

(b) Inversely as the radius of the string.- '^^^^^ ^ 

(c) Inversely as the square root of the density of the 
string. 

(d) Directly as the square root of the tension. 

These laws are deduced theoretically from the case of 
a long, thin and perfectly flexible string, and are very 
nearly realized in the case of silk or gut strings. If me- 
tallic strings are used, the rigidity of the string acts as an 
added tension, thus making the frequency higher than the 
formula would indicate. 

n7» Melde^s Experiment* If a thin, flexible cord some "^^^Tc^f 

^ four naeters long b^ attached to some convenient source of 
f-oV^^— — — - — ?i C^,y vj^^h-^^jcyi ic^ct/f<( la*-^^^ 
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simple harmonic motion , and the tension be properly adjust- 
ed, the laws of vibrating strings may be verified by exper- 
iment. 

In Melde's experiment one end of the cord is at- 
tached to one prong of a vertical tuning fork, and the 
other end carrying a pan is passed over a light pulley. If 
the prongs of the fork and the cord, lie in the same 
plane, then the end of the cord will be displaced lon- 
gitudinally at each vibration of the fork. At the forward 
swing the cord relaxes and drops down, stretches tight 
and rises on the backward swing of the fork, passes the 
position of rest and rises above on the next forward swing, 
falls to the middle on the backward swing and to its 
lowest position again on the forward swing. The fork has 
thus made two complete vibrations, for a single vibration of 
the Gord^ or the cord in this position vibrates an octave 
lower than the fork. 

If the tension be properly adjusted by weights placed 
in the pan, the cord opens out into a wide spindle 
which remains fixed while the vibration continues. If 
the tension be reduced to one-fourth its value, the veloc- 
ity of the pulse will be one-half its previous value, and the 
cord will now present two spindles with a node in* the cen- 
ter. One-ninth the original tension will give three spin- 
dles and two nodes. This verifies the law of tensions. 

If the fork be rotated about a vertical axis so that its 
vibrations are normal to the length of the cord, the cord 
will vibrate in unison with the fork, and for the original 
tension, it will divide into two spindles, where it previously 
vibrated in one. Since eacli half now vibrates in unison 
with the fork, while before the whole cord vibrated an 
octave below the fork, the law of lengths is demonstrated- 
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n& Segmental Vibration* It has been shown that a 
string may execute stationary vibrations under the condi- 
tion that 

V n 

Tliis means that the frequency of the tone emitted by 
a string may depend upon it^^ mode of vibration^ as well as • 
upon its teimon, length, diameter or density. In the case 
of a string sounding its fundamental, k is unity and the 
string vibrates as a whole, with nodes at the two ends. This 
is the simplest mode of vibration. The next simplest is 
when the string is divided into two segments with a node 
in the middle. In this case k = 2, and the frequency is 
double that of the fundamental. This tone may be drawn 
from a string by holding it at its middle point with a thin 
shaving of cork and bowing it lightly at about one- 
ninth its length from one end. Here the string may be 
considered as made up of two strings of equal length vi- 
brating in unison, and producing a tone an octave above 
the fundamental. In a similar way the string may be 
broken up into three, four, five, six, or any number of 
equal segments, corresponding to the integral values of k. 
The frequency of the tones in each case is inversely as the 
length of the segments, and consequently if the string vi- 
brate in three segments, the frequency is three times that 
oi the fundamental '/\i \t \\hv^ie in fourths, the frequency 
is /ot^»' ^^''i^'^ the fundamental ; if in fifths, five times, etc. 
The experimental demonstration of segmental vibra- 
tion is most readily accomplished by means of a piece of 
piano wire about four meters long, tightly stretched be- 
tween two bridges clamped to the top of a long table. One 
and should be attached to a key or screw in order to vary 
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the tension at will . A series of «tiff paper markers should 
indicate the aliquot parts of the string, as the thirds, 
fourths, sixths, etc. A thin shaving of cork should be 
slit and fixed upon the wire so as to slide freely upon it. 
Little riders of white and colored paper, may be distributed 
along the wire, with the white ones at the aliquot parts. 

If the cork be held at one-eighth the length of the 
wire and the bow be applied, gently at first, then more 
vigorously, the riders at the eighths will remain seated 
while all the others will be thrown off. The frequency of 
the tone emitted by tlie string will be eight times that of 
the fundamental. In a similar way the string may be 
paade to vibrate in sixths, fifths, fourths, thirds and halves, 
the position of the cork marking a node in each case. If 
the cork be not upon some aliquot point, no satisfactor}^ 
vibration and no note of definite pitch can .be produced, 
hence we conclude that a uniform string rnqy vibrate as a whole, 
or in any number of equal parts, and the frequency of the note 
emitted will be projjortional to the number of jMrts, 

M9* Overtones* If the piano wire of the preceding 
experiment b^ vigorously bowed and then damped at one 
fourth its length, the note will be observed to change its 
character. The fundamental will disappear and the second 
octave, a note whose frequency is four times that of the 
fundamental, will be heard instead. This shows that 
while the string was vibrating as a ivhole, it was also vibrat- 
ing in fourths, and further, that the note emitted was made 
up of the fundamental tone, and the second octave. By succes- 
sively bowing the string, and damping it at the middle, 
and at one-third its length, the first octave and the twelfth 
are found to to be present when the string vibrates freely. 

It thus appears that a string may at the same time 
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vibrate as a whole and divide into several sets of equal J lq\ 
segments, thus giving rise to the fundamental and - /y^ 
also to tones whose frequencies are much higher 
than that of the fundamental. The higher tones thus 
obtained are termed overtones^ or upper partials. In case 
their frequencies are exact multiples of that of the 
fundamental the entire series are called harmonies, in which 
the fundamental is properly termed the Jirst, the first 
octave the second, the twelfth the third harmonic, and so on, 
since these tones represent a series in w^hich the frequen- 
cies are as 1:2:3:4:5 etc. 

If we consider the key of C, the first ten harmonics, 
counting the fundamental as the first, are G (1), c (2), 
g (3), ci (4), ei (5), gi (6), C2 (8), da (9), e2 (10) ; where the 
seventh harmonic lies between ai and bi and may be repre- 
sented by bi flat. 

Of these tones it will be observed that the first six har- 
monics are consonant tones, and if sounded together, 
would produce the effect of a perfect major chord. In a 
string of uniform dimensions and homogeneous structure, 
the frequencies of the upper partials approach very nearly 
the the exact relation demanded for harmonics. It is for 
this reason that the music from stringed instruments is so 
rich and pleasing. 

Again, it is clear that if the string be bowed or struck 
at its middle point, that point can not by any possibility be 
a node. Hence all partial tones w^hich require the pres- 
ence of a node at the middle of the string must of necessity 
be absent. The discordant effect of the seventh and 
ninth harmonics of a string are avoided in the case of a 
piano by having the hammer strike the wire at a distance 
of a little less than one-seventh the length of the string 
from one end. 
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(20. Vibration of Air Columns. In many musical in- 
struments tlie vibrating body is a column of air in a pipe. 
Although the shape of the column and the mode of excita- 
tion may vary, yet the general principles of vibrating bodies 
will apply with but slight modification. When a series of 
similar pipes of the same diameter but of different lengths, 
are sounded by blowing in turn across the ends of each, it 
will be found that the frequencies of the sounds produced 
are practically inversely as the length ; that is, a slender 
pipe 10 cm. long will give a note approximately one octave 
higlier than a simimar pipe 20 cm. long, and two octaves 
higher than one 40 cms. long. 

If a tuning fork be held over a vertical pipe, the 
lower end of which is connected with a water supply for 
varying the length of the enclosed air column, it will be 
found that for a certain level of the water the air column 
in the pipe responds loudly to the vibrations of the fork. 
If pipes of different diameters are used it w411 be found 
that under similar conditions, the length of pipe respond- 
ing to a given fork is nearly constant, diminishing slightly 
as the diameter increases. Agjiin if a closed pipe 20 cm. 
long respond to a given fork it will be found that an open 
pipe of the same diameter and same length will respond to 
a fork an octave higher than the first fork. This shows that 
tJte pitch of an open pipe is an octave higher than that of a closed 
pipe of the sarne length, 

J2L^ Length of Organ Pipe and Wave Length of Funda- 
mental Tone* Suppose an open pipe, Fig. 57, have placed 

^,^^_. before one end, a tuning fork or 

f \ 1_ other suitable vibrator, which 

Fig. 57. sends a series of condensations 

and rarefactions iuto the pipe. Then for the pipe atid the 

A. ' ^ 

I 
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tuning fork to vibrate in uniHon, it is necessary for the re- 
flected wave to return to the end B, in the proper phase to 
unite with the outgoing wave. This means, that when 
the fork starts to swing from a" to a' a condensation is sent 
into the pipe and runs the length BA while the prong 
moves the distance a" a'. At the open end A, the conden- 
sation is reflected as a rarefaction, (Article 102h, which 
starts into the tube at A at the same instant that a rare- 
faction enters at B, due to the backward motion of the 
prong from a. These two rarefactions meet at the center of 
the tube, producing a double rarefaction for an instant, and 
pass on to the open ends to be reflected as condensations, 
at the instant the fork begins a second swing from left to 
right. The condensation at B unites with a new conden- 
sation from the fork, and the combined condensations run 
in at B while the reflected condensation enters at A. The 
two condensations meet at the middle forming a double con- 
densation at that point, just half a period later than the 
double rarefaction* 

The disturbance is thus seen to travel the length of 
the pipe twice during one complete vibration of the fork, 
or, for the fundamental tone of the open pipe 

Y^ =- T whence 21 = v T = X 

This shows that for an open organ pipe the wavelength of 
the fundamental is twice the length of the pipe, 

(b) Closed jylpe. In the closed pipe the fork on its 
swing from left to right sends in a condensation which 
runs to the closed end and being reflected as a condensa- 
tion runs back to the open end where it emerges and com- 
bines with the out-going condensation caused by the fork 
on its swing from right to left. At the same time the 
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emerging condensation is reflected iido the pipe at the 
oi)en end as a rarefaction wliicli combines witli the rarefac- 
tion left in tlie rear of the fork on its passage from right 
left to left. Tlie condensation or the rarefaction have 
each thus run the length of the pipe tioice during half a 
vibration of the fork, or for unison with the fundamental, 

11 
V 

That is, tlie wave length of the fundamental of a closed 
organ pipe is four times the length of the pipe. If we compare 
this result with that obtained for the open pipe, we see- 
that tlie wave length of the closed pipe is double that of 
an open J)ipe of the same length, or the fundamental of a 
closed pipe is an octave lower than tliat of an open pipe of 
the same length. 

122s. Nodes in Open and Qosed Organ Pipes. In the 
open pipe it was shown that a node existed in the middle, 
at which point there existed alternately double rarefactions 
and double condensations at intervals of half a period. A 
node therefore in a vibrating air column is to be considered 
asa place of maximum cliange of density, hut of minimum motion. 
In an open pipe there is alvmys an antinode at each eiid, since 
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at the open end the mo- 
tion is unrestricted. For 
the fundamental in an 
open pipe therefore, 
there is a node in the 
middle and an antinode 
at each end, or the pipe 
contains mte-half wave 
length. (Fig. 58-A). 



If the pipe he blown more strongly it gives its first 
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octave, the air column breaks up into segments, with a 
node at one quarter the length of the pipe from each end, and 
an antinode at the middle and at each end. In this case the 
pipe contains two half wave lengths, and the corresponding 
note is an octave above the fundamental. (Fig. 58-B). 

The second overtone is given by the air column form- 
ing three nodes, one at one-sixth the length of the pipe from 
each end and at the middle, with antinodes between. In 
this case the pipe contains tJiree Jialf wave le7igtJis, and the 
frequency of the tone is three times that of the fundamen- 
tal, (Fig, 58-C), and so on for higher tones. 

Hence in an ojjen pipe all the overtones are present 

In a closed pipe, there is ahvays a node at the closed end^ 
since the air is at rest there, and as usual there is an anti- 
node at the open end. For the fundamental the pipe con- 
tains one-fourth wave le7igth, (Fig. 58-D). 

The first overtone in the closed pipe is given by the 
air column forming a new node, at one third the distance 
from the open end. The pipe thus contains three fourth 
wave lengths, and the tone has three times the frequency of 
the fundamental (Fig. 58-E). The second overtone pro- 
duces anode at one-Jifth and three-fifths the length of the pipe 
from the open end. The pipe contains five fourth wave lengths, 
and the frequency of the tone is Jive times that of the funda- 
mental. (Fig. 58— F). Hence in closed ^npes only those over- 
tones whose vibration frequetides correspond to the odd multiples 
of the fundamental, are present jvh s^^j^^j^^j^^iCulAr 

J23^ Free and Forced Vibfations* If a system when 
displaced from its position of equilibrium is urged to 
return to that position by forces, either internal or exter- 
nal, which vary directly as the displacement, it will, when 
freed from the disturbing force, vibrate simple harmoni- 



- 158 — 



S 




cally about its position of equilibrium as a center. The 
penod of such a vibration depends upon the nature of the 
sijstem, and is independent of the amplitude of vibration, 
or of the forces tending to oppose the vibration, provided 
each be small, Such a vibration is called a free vibration. 

In the ideal case of of no friction, a body once started 
would continue to vibrate forever since there would be 
nothing to stop it. In nature, however all vibrations are 
checked with more or less promptness by means of oppos- 
ing forces which may be designated under the general 
name of friction. In such cases the amplitude gradually 
decreases to zero, while the period remains constant, and 
independent of the friction, provided it be small. Such a 
vibration is termed a danipecl vibration. Examples of free 
vibration are seen in the motion of a simple pendulum, of 
a guitar string or of a tuning fork when bowed and allowed 
to swing freely. 

^Hien ^o^jij ^stem that i s fre e to vibrat e, is su bjected to 



the action of a periodic force that varies as a hari 




fiinctiQiL„Qf the time, we have the conditions nec essary fo r 
?i forc^ vihrqtiQn, The ensuing motion is theTesponse of 
the system to the impressed, external force, and continues 
so long as the force continues. Examples of /orced vibra- 
tion are seen in the motion of the pendulum of a clock or 
the balance wheel of a watch, in the vibration of a tuning 
fork driven by an electric current, or of the sounding 
board of a piano or body of a violin. Since any free vibra- 
tion is always more or less damped, and therefore soon sinks 
to zero, it follows that any maintained vibration is ?i forced 
vibration ; the motion of the vibrating system being main- 
tained by an external force impressed w^hich varies with 
the time. The period of the vibration is the period of the 
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force, and the amplitude is proportional to the force. 

The characteristics oi free and forced vibrations may 
be contrasted as follows : A free vibration gradually dies 
away on account of frictional forces. K forced vibration is 
maintained so long as the impressed force continues, and 
when it ceases the free vibration ensues and gradually 
sinks to zero. The period of a forced vibration is the period of 
the impressed force, while the period of a free vibration 
depends upon the constitution of the system, and is entirely 
independent of the forces causing it, so long as the ampli- 
tude is small. 

i24:j^ Resonance* A special case of forced vibration is 
that in which the period of the impressed force coincides 
with the free period of the system. In such a case the 
system rapidly absorbs energy from the individual, peri- 
odic pulses, and soon vibrates with large amplitude. 
Theoretically it is due to the friction alone that the am- 
plitude does not become infinite. It thm apjmirs that a sysy ,,^J^ 
tern free to execute vibrations of a definite period w cxrpable of se- ^ 
lecting and absorbing from the surrounding 7nedium, energy in the 
form of vibrations of the same period as those tvhich it can execute. 

This is known as the principle of resonance, which 
finds its applications in every department of physics. 
Resonance depends upon the cumulative effect of small 
impulses applied to a system at exactly the proper time to 
produce the maximum effect. 

J25^ Illustrations of Resonance* Two strings stretched 
upon a sonometer if tuned to unison, will mutually trans- 
mit vibratory motion, by means of synchronous impulses 
sent through the air and through their common support. 
If either string be set in vibration the other begins to vi- 
brate. 
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Let two heavy pendulums of the sjime period be 
mounted upon a wooden frame whicli yields sliglitly to 
their motion, and let one be set vibrating while the other 
remains at rest. In a few minutes it will be seen that the 
second pendulum is acquiring vibratory motion through 
the support. Its motion gradually increases until the two 
are swinging with equal amplitude, but with a phase differ- 
ence of Imlf a 'period. The second pendulum continues to 
lag behind the first, gradually absorbing its energy until, 
the first is brought to rest, after which the phenomenon is 
repeated in the reverse order. 

If a tuning fork be held over the mouth of a tall jar 
partly filled with water, it will be found on 
pouring in more water, that for a certain 
length of air column the sound of the fork is 
powerfully reenforced. If the fork be re- 
moved and a blast of air from a flat tube be 
blown across the top of the jar, the sound pro- 
duced will be in unison with that emitted by 
the fork. The cylinder thus behaves as a 
stopped organ pipe and the air column is very 
nearly equal to one-fourth the wave length of the sound 
produced by the fork. The hollow wooden cases used to 
support tuning forks, are in reality closed or open pipes 
tuned to reinforce the tone of the fork. 

Let two tuning forks mounted upon suitable resonance 
cases and accurately tuned to the same pitch, be placed at 
opposite ends of a room. If one be bowed and then 
quieted, it will be found that the other is sounding audi- 
bly. Accurate tuning is necessary for success in this 
experiment. If a number of forks of different pitch be sound- 
ed together, the second fork responds to none but the one of 
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its own frequency. Obviously the fork can absorb from 
the air only those wave lengths of sound which it itself can 
emit. 

A heavy bridge is often set to vibrating vigorously by 
the foot-falls of a small dog trotting across it. Soldiers 
when crossing a bridge are commanded to break step to 
avoid the possibility of synchronous vibration of the 

bridge. 

The resonators of von Helmholz, (Fig. 60), consist of 

hollow spheres of brass, furnished with a tubular opening 
for the reception of the sound wave, and opposite it a 

small conical tube to be inserted into the 

ear. The free period of the enclosed mass 

of air determines the pitch of the tone to 

which the resonator will respond. To all 

other tones it remains practically silent. 

Fig. 60, gy means of a series of such resonators 

von Helmholz was enabled to pick out the various 

overtones in the note of a piano string, and thereby 

analyze Q, sound into its constituent tones. v - 

126^ Quality of Sound* By means of his analysis of mus- 
ical sound von Helmholz decided that the qv^lity of a, sound 
depends upon the number of overtones associated with the 
fundamental and upon their relative intensities, and is in- 
dependent of their differences in phase. Quality of 
sound depends upon the form of the sound wave. In the 
ear the various constituents of a complex wave are sep- 
arated and noted, and the effects of the various combina- 
tions distinguished. Von Helmholz showed not only by 
direct analysis, but also by synthesis that the sounds of 
X, jc^rtain musical instruments consist of definite overtones 
x- ^combined with the fundamental. By means of a series of ^ 
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tuning forks each of which gave a simple tone, he was 
able successfully to reproduce the notes of various musical 
instruments, and even to imitate most of the vowel sounds 
of the human voice. 

An admirable instrument for the analysis of sound is 
found in the manometric capsule devised by Koenig. A 
cylindrical box, (Fig. 61), 
is divided into two sepa- 
rate, air-tight compart- 
ments b}" a flexible dia- 
phragm D, of thin rubber, 
or gold beater's skin. Into 
one of the compartments A, are introduced the sound 
waves by means of the funnel M. The compartment B, 
contains illuminating gas, which enters through the tube 
C, and is ignited at the tip E. If a condensation impinge 
upon the diaphragm, the gas in B, is compressed and the 
fiame leaps up ; if a rarefaction enter A, the pressure in B 
is less and the flame is drawn down. If a musical note be 
sung into the funnel, the flame vibrates in unison with the 

air particles in A, and if it be viewed 
in a rotating mirror, the eye can de- 
termine at once the nature and con* 
stitution of the sound. In Fig. 62 
the upper picture represents the ap- 
pearance n the mirror when a sim- 
ple tone is sounded in the funnel. 
The middle line represents the ap- 
pearance of the flame when the 
octave of the first note is sounded, 
and the third shows the effect of combining the two. The 
manometric capsule may be attached to each of a series of 
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resonators and the combination affords a means of instant- 
ly determining the composition of any note sounded in its 
vicinity. 

I27j Ktindt's Experiment* The principle of resonance y 
has been ingeniously applied by Kundt to the measure- 
ment of the velocity of sound in solids or in gases. A long 
glass tube 
(Fig. 63), some n 

6 cm. indiame- ^ 
ter is furnished ^ 
at one end with a loosely fitting piston, and has the other 
end closed by a sheet of thin rubber. A rod of brass or 
other metal is held by its middle point in a vise and one . 
end is furnished with a disk of stiff pa'per which rests 
against the rubber membrane of the glass tube. The inside 
of the tube is dusted with fine cork filings or amorphous 
silica. 

When the rod is stroked with a piece of chamois skin 
covered with a little rosin, it gives a loud clear note 
vibrating longitudinally, with a node in the center, after 
the manner of the air in an open organ pipe. The paper 
disk communicates the vibrations of the rod to the air in 
the tube, and when the length of the enclosed air column 
has been properly adjusted by means of the piston, the 
cork dust is tossed about into little heaps owing to the 
resonance of the air with the note emitted by the rod. 

As we have already seen, the conditions of resonance 
demand that the path run over by the disturbance from the 
end of the rod, to the end of the air column and back 
again, must be some even number of wave lengths, since 
the tube is closed at each end, and the motion is twice re- 
flected with change of sign in direction, but without change 
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of sign in condensation. When resonance has been estab- 
lished the powder in the tube assumes the appearance 
shown in Fig. 63. The nodes being points of minimum 
motion, are marked by small circles of the cork filings, 
while the antinodes are shown by transverse heaps of 
dust, where it has fallen at the cessation of the sound. 

In Article 115, it was shown that the distance from 
node to node is a half wave length of the disturbance in the 
medium. The nodal lengths in the air may be readily 
measured from the circles of powder, and the half wave 
length of the sound in air computed. Since the rod 
behaves as an open organ pipe sounding its fundamental, 
it follows that the length of the rod is one half wave length 
of the sound in brass. If Va and Vb , >^a and ^ly represent 
the velocities and wave lengths of sound in air and brass 
respectively, then, since the period is the same in each 
case, we have 

^ a, 2^ 

2 
or 

Vk = V ~ 

For gases, an additional tube with powder is fitted up 
and placed in contact with the other end of the rod. 
From the measured lengths of the nodal distances in the 
gas and air the computation is made as given above. 

I2§^ Mouth Pieces* The various forms of wind instru- 
ments differ chiefly in the mode of excitation of vibration 
of the enclosed column of air. That part of the instru- 
ment in which such vibration is excited is called the 
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mouth piece. Mouth pieces may be divided into three 

classes. 

(a) Those in which the air is blown -across a sharp 

edge or across an opening, as in the common tin whistle, 
the organ pipe, or the flute, 

(b) Those in which the air is forced through an open- . 
ing, either partially closed by an elastic tongue or reedvV^ /• 
which swings through, as in the, common cabinet organ, o 
harmonica, accordion, etc., or closed by a reed whicli 

shuts down upon the opening, as in the clarionet, oboe and 
bassoon, 

(c) Those in which the air is forced through a slit 
formed of two elastic membranes. This form of mouth 
piece is made by cutting off the ends of a wooden tube 
obliquely on opposite sides and tieing two strip's of thin 
rubber over the faces so formed, so as to leave a narrow 
slit along their line of junction. If air be blown through 
the slit a note will be produced, whose pitch will be modi- 
fied by the body of air in the tube. 

J29* Vocal Organs* Of all musical instruments the 
larynx, the organ of human speech and song, is the most 
wonderful, both on account of its symplicity as well as for 
its extreme delicacy and range. 

The larynx may be briefly described as box formed of 
♦ihree plates of articulated cartilage which are moved by 
muscles, placed at the upper end of the trachea or wind- 
pipe. 

The base of the larynx is formed of a large ring of 
cartilage called the cricoid (ring shaped^ cartilage. At- 
tached to this is the thyroid or shield-shaped cartilage, 
which is bent in the shape of a V, and fastened to the 
edges of the cricoid ring by its sides, the point of the V 
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being turned to the front, forming the projection on the 
front of the throat known as ** Adams apple." At the 
back of the cricoid are fastened two small pointed cartilages, 
the arytenoid (funnel shaped) cartilages. Stretching be- 
tween the arytenoid cartilages to the inner sides of the 
V shaped thyroid are two elastic membranes, one fastened 

to each leg of the V. These 
are the vocal chords, oc, Fig. 64, 
Just above these are two 
folds of mucous membrane, 
known as the false vocal chords ^ 

When the peak of the thyroid is not drawn down, the 
vocal chords are lax and the breath passes freely between 
them as in ordinary breathing. But when the peak of the 
thyroid is pulled down by the muscles attached to it, the 
vocal chords are stretched, the arytenoid cartilages move 
nearer to each other, and the thin, sharp edges of the 
vocal cliords form a narrow slit across the wind pipe, 
through which the air is forced causing them to vibrate as 
the rubber membranes in the third form of mouth piece 
described in Art. 128. 

The pitch of the tone produced by the vocal chords, 
depends upon their size, length and tension. The tension 
is controlled by the attached muscles, so that the singer 
can vary at will the pitch of the tone produced. 

The quality of the sound produced, is modified by the 
resonant qualities of the cavities of the mouth, throat, and 
nasal passages. 

I3CL The Ean The human ear consists of three well 
marked divisions, termed the external, middle and internal 
ear. The external part includes the familiar appendage 
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at the side of the head, and the auditory canal, or meatus^ 
M, (Fig. 65), in which is shown a section through the 
right ear. 

The meatus is closed by the tympanum, or eardrum, 
m t. This sep- 
arates the ex- 
ternal from the 
middle ear, 
and acts as a 
receiving 
membrane 
against which 
the sound 
wares im- 
pinge. 

In the mid- 
dle ear is found 
J, gj a chain of three 

small bones — the hammer, (malleus), m; the anvil, (incus), 
i; and the stirrup, (utapes) s. 

The handle of the hammer is attached to the tympa- 
num and the base of the stirrup rests against the mem- 
brane of the oval wiiulow, a small oval opening into the 
inner ear. The middle ear communicates with the exter- 
nal air by means of the Eustachian tube E, which leads to 
the upper part of the throat. 

The internal ear or labyrinth , is seated deep in the skull , 
and communicates with the middle ear by two openings 
in its bony,case, the oval window, and the round window, Jr. 
It consists of three parts : the vestibule, V ; the semim-cular 
eanals, h, vp, va ; and the cochlea, or snail-shell, c, all 
of which are filled with a watery fluid. 

The cochlea is a tapering tube, coiled up like a snail- 
shell, and divided longitudinally, into two compartments. 



— 168 — 

These are formed by a bony partition, extending out from 
the axis of the spiral, and two membranes joined to its 
edge and attached to the walls of the tube. In the fluid of 
the cochlea between the two membranes, are found about 
3000 rods of different length, known as the rods of Corti. 
These rods are fastened to the lower membrane, standing 
in two parallel rows, which extend its whole length. The 
rows lean toward each other, each rod being joined to its 
opposite neighbor. A nerve filament from the brain is 
connected to each pair of rods. A large number of stiff, 
elastic hairs are also found floating in the fluid of the vesti- 
bule and attached to the membrane on its sides. 

The process of hearing begins in the transmission of 
the sound waves to the drum of the ear through the air. 
From the ear-drum the vibratory motion is transferred by 
the small bones, to the yielding membrane of the oval 
window, and transmitted to the enclosed liquid of the 
vestibule and the cochlea, by which it is transmitted to the 
nerve filaments attached to the rods of Corti. It is thought 
that the function of these rods is to resolve sounds into their 
components and to report the individual components to the 
brain. It is assumed that such resolution is effected 
through resonance ; each pair of rods responding to 
some specific tone. The hair like extensions of nerve fila- 
ments in the vestibule are thought. to aid in the perception 
of sounds that are lacking in tonal or musical quality. 

The semicircular canals h, va, and vp, (Fig. 65), are 
so placed that one lies in a horizontal plane, the second in 
a vertical plane from front to back, and the third in a ver- 
tical plane from right to left. These canals seem to have 
no connection with the sense of sound, but one regarded as 
the organ of the sense of equilibrium Animals from which 
one or more of these tubes have been destroyed seem to ex- 
perience great difficulty in maintaining their equilibrium. 
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OPTICS^ 

PRELIMINARY. 

131. Definitions. Optics is that branch of physics which 
has for its object the study of the nature of light and the circum- 
stances of its propagation. In Geometrical Optics, the circum- 
stances of the transmission of light are deduced from certain 
laws established by experiment. In Physical Optics these laws 
are explained, in accordance with certain assumptions regarding 
the constitution of matter and the nature of the space which it 
occupies. Geometrical optics makes no assumptions regarding 
the nature of light, but through the application of certain geo- 
metrical laws which are true whatever the nature of light may be, 
it deduces important formulae and explains many optical phenom- 
ena . Physical optics , on the other hand , explains many phenomena 
that cannot be accounted for upon geometrical principles, and 
anticipates in many cases the results of experiment. 

A body which emits light of itself as the sun, the fixed stars, 
lamps, etc., is said to be self luminous. Bodies which emit no 
light of themselves, but which shine by reflected light are called 
non luminous bodies. 

If a body transmit light freely, it is said to be tra7isparent. 
If it transmit light but poorly, so that the outlines of a body can 
not be seen through it, it is called translucent. An opaque body 
is one that transmits no light. As usual in physical properties 
these distinctions are not absolute. No substance is perfectly 
transparent, and none entirely opaque. 

A ray of light denotes nothing more than the straight line 
along which light is propagated. A symmetrical collection of 
rays about some axis is called a pencil. If the rays meet at a 
point, such a point is called \h^ focus of the pencil. 

Any space or substance in which light can be propagated, is 
called a medium. Only istropic media are considered in g^met- 
rical optics. In the study of the transmission of light in different 
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media, the plane in which the ray is assumed to lie, is the plane 
containing the normal to the surface of the medium. The angle 
of incidence, of reflection or of refraction is the angle included 
between the normal and the incident, reflected or refracted ray. 
In isotropic media, these angles all lie in the same plane. 

132* Nature of Ligfht« The most casual observation shows 
that when light is transmitted from one body to another, energy 
is transmitted at the same time. Living plants and animals are 
stimulated and influenced by the action of light. Certain chem- 
ical reactions are induced by light; a mixture of hydrogen and 
chlorine in equal volumes explodes on exposure to the sunlight. 

Again, light is developed only at the expense of energy in 
some other system, as in the falling stars and meteors, in the fila- 
ment of an incandescent lamp, in the flame of a candle or in the 
faint glow of the fire-fly. The source of all energy is the sun. 
The energy of the sun requires a little over eight minutes to 
traverse the gulf of intervening space between the sun and the 
earth. The question arises, where was the energy during that 
interval of eight minutes? Now since the only way in which 
energy can be transferred from one body to another remote from 
it, is either by the bodily transference of matter, as in the case of 
a projectile, or by disturbing the medium surrounding the second 
body, the answer to the foregoing question necessitates a choice 
between two assumptions. Either we are to assume that light is 
transmitted across space in the form of small particles which carry 
the energy with them, or we must assume the existence of a con- 
tinuous medium in space through which light is transmitted in 
some form of wave motion. No third mode of transferring energy 
is conceivable. 

The first of these assumptions lay at the bottom of the cor- 
puscular or emission theory as elaborated by Newtgn. The 
assmnption of an hypothetical medium underlies the undulatory 
theory as founded by Huyghens and developed by Young and 
Fresnel. This hypothetical medium is called the ether. It is 
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assumed to fill all space and permeate all bodies, to be incompressi- 
ble, of infinite elasticity, to offer no resistance to the passage of 
bodies through it, yet to be capable of resisting a shearing stress. 
Such a medium is at present absolutely necessary for the expla- 
nation of the phejiom^apf light, heat, and electricity. 

The unduTatory^theory of the propagation of Ught, is univer- 
sally accepted today, and although in the articles under Geomet- 
rical Optics no theory of propagation is mentioned, since none is 
needed, it is to be understood as being tacitly assumed. While 
there is nothing in the geometrical treatment inconsistent with 
the theory, yet regard for simplicity has suggested that its formal 
statement be deferred until a later chapter. 

J 33* Rectilinear Propagfation* One of the earliest facts of 
observation upon optics is that light in a homogeneous medium, 
appears to travel in straight lines. Opaque bodies are illumin- 
ated only on the side turned toward the source of light. It is 
impossible to see through a tube bent so that no straight line can 
be passed through it. The mechanic, the surveyor and the 
astronomer alike recognize and use this fundamental fact. 

A closer examination of the phenomena will show, however, 
that rectilinear propagation of light is not only confined to homo- 
geneous media, but is only approximately true even there. It 
will be shown later that owing to its fundamental nature, light 
does bend round corners, and the edges of shadows of small 
objects are not of the size and sharpness demanded by rectilinear 
transmission. 

In accordance with the principle of Huyghens, the transmis- 
sion of light in straight lines is a direct consequence of the 
interference of the subsidiary waves, which start out from every 
point upon the wave front. So long as the physical properties of 
the medium are the same in all directions, the wave fronts are 
spherical in form and transmission of the luminous disturbance 
takes place in right lines normal to the wave front. In media of 
vaxying density, or of unequal elasticity, the wave form is no longer 
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spherical, and the velocity of the disturbance is different in different 
directions. In media of gradually varying density from point to 
point, the transmission of light may even take place along curved 
lines. This is exemplified in the distortion of images of objects 
seen through air rising from heated siu-faces, in the effects of 
mirage, and in the twinkling of stars. " 

GEOMETRICAL OPTICS, 

I34« Shadows* A result of the rectilinear propagation of 
light is the formation of dark spaces in the rear of opaque objects 
of any size when exposed to a source of light. The dark out- 
Unes of an opaque body projected upon a screen by a luminous 
point is called its shadow. Such an outline may be found by 
drawing straight lines from the luminous point to the screen past 
every point of the exposed surface of the body. The figure 
obtained is termed the geometrical shadow. If the source of light 
be very nearly a point, then all the light is cut off from the screen, 
over a certain space, which is called the umbra. If the luminous 
body have any dimensions there will always be a ring of partial 
shadow surrounding the umbra. This is called \h^ penumbra. 

If the luminous body be larger than the opaque body the 
umbra has a definite length. In the case of spheres the umbra 
becomes a cone of shade extending out into space, surrotmded by 
a region of penumbra which increases with the distance from the 
opaque body. In eclipses of the moon, the moon passes through 
the cone of earth shadow, entering the penumbra first and leav- 
ing it last. In solar eclipses the tip of the cone of shadow from 
the moon may or may not extend to the earth, according to the 
position of the moon in its orbit, since the mean length of the 
lunar shadow is less than the mean distance from the moon to the 
earth. If the shadow cone reach the earth, the solar eclipse is 
total for all points touched by the umbra; for points touched by the 
penumbra only, the eclipse is partial. If the tip of the cone fall 
short of the earth, the eclipse is annular for the successive points 
touched by the prolongation of the axis of the cone of shadow. 
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Fig. 66, 



J35* Imagfes Thfougfh Small Apertures* An image may be 
defined as the picture of an object, formed by the crossing, either 
real or apparent, of a series of rays from the various points of an 
object. If the rays actually pass through the image it is a reed 
image, and may be caught upon the hand or projected upon a 
screen. If the rays seem to come through the image but do not, 
the image is virtual. If a luminous body CD, (Fig. 66), be 
placed in front of a small aperture in an opaque screen A, there 

will be depicted upon a second screen 
B, an inverted image of the body. 
This arises from the rectilinear prop- 
agation of light. Each point on the 
luminous body acts as an independ- 
ent source of light, from which a 
cone of rays pass out toward the screen. 

Since the only rays from the extremities of the object that 
can reach the screen B, are CH and DH, it follows that all the 
light from the point C, will be collected at F on the image, and 
similarly for the point D and its image at E. The position of the 
image is consequently inverted, since all the rays forming the 
image cross at the aperture. The image, if \dewed from the side 
toward the aperture is also perverted, i. e., the parts of the image 
relative to the object are symmetrically displaced with regard to 
a vertical plane through its center and normal to B. A glove for 
the right hand is the perverted image of that for the left hand. 
No amount of rotation can make them agree. An image seen in 
a plane mirror is perverted. 

The distinctness of the image has reference to the sharpness 
of its outline. If the aperture H, be made smaller, fewer rays 
from the point C, would reach F, but these would all be from C, 
hence there would be no overlapping of images. The distinctness, 
therefore, varies inversely as the size of the aperture. 

The brightness of the image refers to the amount- of light per 
unit area, that reaches the screen B. Manifestly the brightness 
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will be greater the larger the aperture, or the brightness varies 
directly as the size of the aperture. 

The size of the image may be determined from geometrical 
considerations. The two triangles CHD, and KHF are similar, 
and we see at once that the size of the image is to the size of the 
object, directly as their distances from the aperture. 

It remains to be noted that the conditions for brightness and 
distinctness are mutually opposed, and that with a simple aperture 
one must be sacrificed to obtain the other. A converging lens 
placed in the aperture will secure both brightness and distinctness 
at the same time. 

(36. Reflection of Light. When light, travelling in one 
homogeneous medium, meets the boundary of another homo- 
geneous medium of different optical density, it is in general 
divided into several parts which follow different paths. A part 
is receded, or turned back into the first medium along definite 
lines. A part is scattered, or reflected in all directions, a part 
is transmitted along one or two new paths, and a part is ab^zbed. 
Scattering of light is produced by rei^ection at irregular or 
rough surfaces. All non-luminous bodies are rendered visible 
by scattered or diffused light. Even the most highly polished 
mirrors scatter some light. In general the quantity of light 
reflected from a surface increases as the angle of incidence 
increases. In one case to be discussed later, the reflection is 
total. 

When a beam of light is allowed to strike the surface of a 
piece of highly polished glass or metal, the light leaves the sur- 
face along definite lines and is said 
to be reflected, as in Fig. 67, which 
shows the reflection of light by a plane 
mirror. The angle IBP is the angle of 
incidence, and the angle P B R is the 
angle of reflection. The law of reflec- 
Fig. 67. tion of light states that the angle ofinci- 
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dence is equal to the angle of reflection, and the two angles lie in the 
same plane. 

The experimental proof of this law lies in the fact that 
with the best mirrors and circles that men have been able to 
make, no one has ever found the slightest deviation from its 
truth. 

I37» Imagfes in a Plane Mfrror. When an illuminated object 
is placed before a plane mirror, rays of light pass off from it to 
the mirror and are reflected to the eye. An image of the object 
is seen reflected in the mirror, in the direction from which the 
light entered the eye. 

In accordance with the law of reflection, any two rays, AB 
and AC, (Fig. 68), will, if produced backward after reflection, 
seem to meet along the lines DB and EC, as if they originally 
came from A', and an eye so placed as to receive these two rays 
would seem to see the point A, at A'. 

The position of A' is readily found. From A drop a normal 

to the mirror cutting it in K, and extend it 

to meet BD produced backward. Then the 

angles 

ABM = DBN = KBA', 

and the angles at K are right angles, hence 

the triangles AKB and A'KB having the 

side KB common and the three angles equal 

each to each, are similar and equal. There- Fig. 68. 

fore AK = KA', or the image seen in a plane mirror lies as far 

behind the mirror as the object lies in front of it, \' ^'•Sa^ jCt\i i'^f ^l 

Again it may be shown that the triangles AKC and A'KC 
are equal, whence the triangles ABC and A'BC are equal in all 
their parts, or the angles BAC and BA'C are equal. This shows 
that the divergence of the rays before and after reflection is equal 
and hence the image is not distorted. 

J38« Path of Rays« The image of an object seen in a plane 
mirror may be constructed, and the paths of the individual rays 
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Fig. 69. 



determined graphically, in accordance with the foregoing princi- 
ples. Let AB (Fig. 69), represent an object 
in front of the plane mirror MN. If the 
positions of the images of A and B can 
be determined, the complete image may be 
obtained by joining these two points. From 
A and B drop perpendiculars upon the mirror 
and produce them as far behind the mirror as 
the' points A and B lie in front of it. The 
positions of the points A' and B' are thus 
determined. To an eye situated at E or E' rays seeming to 
come from A', really touch the mirror at the points where a 
straight line from E or E' to A' intersects the mirror, and since 
the rays originally came from A, these points are to be joined 
to A. The paths of the rays from B are found in the same way. 
I39« Deviation Produced by Rotation of Plane Mtrror« 
If a ray of light fall upon a plane mirror, and the mirror be 

turned through any angle less than 90*^, the reflected 

ray will be turned through twice that angle. For 
jiif 

let AM, (Fig. 70), be a ray of light incident nor- 
mally upon the mirror M. The ray after reflection 
retraces its path, since the angles of incidence and 
reflection are both zero. When the mirror is turned through an 
angle ^, the normal to the mirror is rotated through the same 
angle. The angles of incidence and reflection are now each equal 
to ^, while the total deviation of the ray is 2 ^. 

This principle finds wide application in physical apparatus 
where it is desired to detect small angular movements or measure 
the same with great accuracy. Examples of such applications are 
seen in the rotating mirror as applied to the examination of mano- 
metric flames, and to the mesfeurement of the velocity of light; 
in the reflecting galvanometer, where a small mirror attached to 
the moving system indicates very slight angular displacements, 
and in the optical lever, where it is applied to the measurement 
of small lengths. 
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140. Successive Reflection from two Mirrors. Let AO and 

BO (Fig. 71), represent two plane mirrors inclined to each other 
at an angle ^, and let PQRST ... be a ray of light which is 
reflected in turn at Q, R, S, T . . . Let ^„ ^2, ^3 ... • be the 
acute angles included between the ray and the mirror surfaces at 




Fig. 71. 

the successive reflections. Then from the triangle QOR, we 

have 

e^ = e, + , and from RSO we get 



^3 = ^2 + ^ and so on. 



These equations may be written 






6,-6, = 



whence by addition ^q + 1 — ^1 = n ^ . 



t^l 






When n is even^ the angles ^n -{- 1 and ^, are measured from 
the same mirror and the differeaice is the angle between the initial 
and final directions of the ray. Hence in this case the total devi- 
ation is equal to n times the angle included between the two murors. 

Again, the deviation is the same whatever be the angle of 
incidence, so that the divergence of any two rays is not changed by 
successive reflections. 




. — 178 — 

When the ray is twice reflected, once at each mirror, the 
total deviation is twice the angle between the two mirrors. This 
principle is applied in the Sextant, an instrument invented by 
Newton and constructed by Hadley for measuring the angular dis- 
tance between two remote objects. By means of 'the Sextant the 
mariner is able to determine his latitude and longitude at any time 
when the sun is visible. 

141. Concave Spherical Miffors. A concave spherical mirror 

(Fig. 72), is a part Of^ o^Tif^rinoWTiifjI^w^tVi jfg inn^r ci^^jo^^ 

highly polished. The center of curvature O, of the mirror is the 
center of the spherical shell of which the mirror is a part. The 
vertex A, of the mirror is the center of figure of the mirror. A 
right line AU, joining the center of curvature and the vertex is 

called the principal axis of the mirror. 
From geometry it is evident that any 
line from O will cut the mirror nor- 
^^^' ^^' mally, or a ray of light passing through 

the center of curvature will strike the mirror at zero incidence 
and be returned along the same path, and any ray striking the 
mirror at any point will form equal angles of incidence and reflec- 
tion with the radius at that point. 

lyCt a luminous point be placed at U, (Fig. 72), upon the 
principal axis UA. Consider two rays UA and UP. Let the first 
pass through the center of curvature O. After reflection it will 
return upon its path. I^et the second be reflected at any point P, 
making equal angles with the normal OP, and crossing the first 
ray at V. This is then the image of the point U, since UP is any 
ray from U meeting the mirror. All rays, therefore, from U, will 
meet after reflection at V, and conversely, all rays from V, will 
meet after reflection at U. Two points so related are called con- 
jugate points or conjugate foci. The point V is a reed focus since 
the rays actually pass through it after reflection. 

It is required to express the relation between the conjugate 
focal distances AU and AV, and the radius of the mirror. L^t 
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the acute angles at U, O and V, be denoted by J, S and fp, 
respectively, and let i denote the angle of incidence and the angle 
of reflection at P. 

Then from the triangles OPU, and VPO we have 

e = ^ + i 

^ = <^ + i 
whence 

ip — e = e — A 

or 

J 4- ^ = 2 ^ 

lio Let UA = p, VA = p', and OA = r. If P be taken near 

the point A, so that the angles <p, ^ and J are very small, and 
hence may be set equal to their tangents, we have 

AP , AP 2AP 

— =. —r — 

p p r 

or 

- + - = - 

p p' r 

a fundamental formula. 

In the convex mirror the image is virtual and appears to be 
behind the mirror. By considering the quantity p negative the 

«,-,above formula may be shown to hold for the convjex mirror as 

^*^^ 11 
I, <• /iwell. 

^3%^^ J42. Discttssion of Fofmala* The formula - -\- k = ^ is 

\ . based upon tne assumption that the angular opening of the lum- 

\ ^ inous pencils shall be small, that is, that the point P shall lie 
S near the principal axis of the mirror. Within these limits it is 

^ true for any value of p and hence for p equal to infinity. In 

this case 

This means that for an infinitely distant source of light, /. e,, 
for parallel rays, \h^ focus lies halfway between the center of curva- 
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/«r^ a«flf M^ mirror. This focus for rays parallel to the principal 
axis is called the principal focus , 

Again, since the sum of the reciprocals of p and p' is a 
constant, we see that as p increases, p' decreases, and vice versa. 
This means that image and object move in opposite directions at all 
times. Suppose p to decrease from plus infinity to r, that is, 
suppose the object to move up from infinity to the point O, 
where p = r. We find from the formula that p' is also equal 
to r. Or image and object m.eet at the center of curvature. As p 
continues to decrease, the image moves away toward infinity, or 

p' becomes infinite for p = - 

^ 2* 

For p < -, - is greater than - , or p' is negative. 

J" 
This means that for values of p less than - ' the image is virtual 

and lies behind the mirror. In other words, as the object passes 
the principal focus -moving toward the mirror, the image shifts 
from plus infinity to minus infinity and moves up toward the 
mirror from behind, and object and image meet again at the 
mirror. 

143* Construction of Imagfes in GMicave Mirron Having 
given a concave mirror MN, (Fig 73), with center of curvature 

at C, and principal focus at F, it 
is required to construct the image 
of an object AB, placed beyond 
the center of curvature. Since 
Fig. 73. the intersection of two lines is 

sufficient to locate a point, it will suffice to trace the path of two 
rays from any point on the object in order to locate the corres- 
ponding point on the image. Obviously any two rays may be 
chosen for the purpose, since the angles of incidence and reflec- 
tion may be made equal by construction. It is convenient, how- 
ever, so to choose the rays from each point that one ray shall lie 
parallel to the principal axis, and the other shall pass through 
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the center of curvature, since in these two cases the direction of 
the rays after reflection is perfectly determined, as the first ray 
will pass through the principal focus and the second will retrace 
its path. 

Constructing two rays in this manner from the point A, it is 
found that they croiss after reHedion at the point a, which is, therefore, 
the real image of A. In the same way the im^ge of B is found 
to lie at b, and the image of the object may be sketched in between 
these two points. 

The image seen in a concave mirror, of an object placed 
beyond the center of curvature^ is found to be real, inverted, smaller 
than the object, and located between the center of curvature and the 
principal focus . Also, since rays from a and b would, after reflec- 
tion, meet at A and B respectively, it is clear that a b may be 
considered as an object and AB the corresponding image. 

In case the object lie between the mirror (Fig. 74), and 
the principal focus, the reflected rays 
are divergent, and will not meet in front 
of the mirror. If, however, the re- 
flected rays be produced backward, they 
seem to meet in the virtual points a 
and b, and the image may be sketched in 
as shown in the figure. In this case it is 
seen that the image of an object placed between the principal 
focus and the mirror is virtual, erect, larger than the object, and 
situated behind the mirror. 

In the case of convex mirrors (Fig. 
75), the center of curvature and the prin- 
cipal focus are both behind the mirror. 
Otherwise the construction is the same as 
in the concave mirror. 

Again, if we denote by S and s the 
points of intersection of the principal axis 
Fig. 75. with the object A B, and the image a b 




Fig. 74. 
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in Figures 72, 73 and 74, we have a pair of similar triangles, 
ACB and aCb, in each figure from which we may write down at 

once the proportion 

ab __ Cs 

AB - CS 

which shows that in all cases ike size of the image is to the size of 
the object directly as their distances fro^n the center of curvature. 

J44» Refraction* When a ray of light passes obliquely 
from one medium into another of different optical density, it 
undergoes a change in direction at the surface of separation of 
the two media. The portion entering the second medium is said 
to be refracted. 

If MN (Figure 76), represent the surface of separation, 
between the two media, where the lower 
medium is the one of greater optical den- 
sity, then BA is the incident and CA the 
refracted rQ.y . The plane BAD contain- 
ing the incident ray and the normal AD, 
at the point of incidence is the plane of 
incidence. The plane CAE is the plane 
of refraction. The angle DAB is the 
angle of incidence^ CAE the angle of re- 
fraction^ and HAC the angle of deviation. 

The law of refraction, first discovered bySnellin 1621, states 
that the incident and refracted rays lie in the same pla7ie, and that 
the ratio between the sine of the angle of incidence and the sine of the 
angle of refraction is a constant, depending only upon the nature of 
the two media. 

Mathematically the law may be stated , . , ' i ; 




Fig. 76. 
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sm 1 
sin r 



= fjL = a constant. 
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The quantity At is termed the index of refraction for the two 
media in question. In case the light passes from vacuum the ratio 
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is called the absolute index of refraction. When it passes from 

one medium to another it is termed the relative index. Again, if 

the ray BA, (Fig 76), be conceived as passing from air to water 

then 

sin DAB _ 

sin CAE ^*''- 

If, however, the ray be reversed it will retrace its path from 

C to B and we have ^ 

sin CAE _ _ _i_ 
sin DAB ~ ^^^ "" /i^w 

or the relative index from water to air, is the reciprocal of the iyidex 

from air to water. The value of A^aw is -» while A^wa is ~. Usually ^ " ' '' . 

the index is given for the light passing from the rarer to the ^ *%^ 
denser medium. ' '*'^ 

145* Constrtjctfon for Refracted Ray. Given two media as 
air and water and a ray of light BA, incident upon their surface 
of separation at an angle BAF, (Fig. 77), in the rarer medium, 
it is required to construct the refracted ray. About the point of 
incidence A draw two concefitric circles, 

with radii AD and AF whose ratio is -» 

3 

" the index of refraction for the two media 
involved. Continue the line BA until it 
cuts the inner circle in E. Draw EC 
parallel to the normal DA and drop the 
perpendiculars BF, EH, and CG upon Fig. 77- 

DA. Finally, draw AC which is the path of the refracted ray. 
The angle of incidence BAF = EAH and we have 

sini _ AE _ AB _ 
sin CAG "" -e^~" AE "" ^ 

AB 

Since EH = CG. Therefore CAG is the angle of refraction. 
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146* Refraction at a Plane Surface* Consider a luminous 
M ,f^ point O, (Fig. 78), in the denser medium. A ray 
emerging along the line OB, will be refracted on 
A/tntering the rarer medium as shown in the figure. 
Draw MO normal to the surface. Then the angle 
BOA equals i, and BIA equals r, in the rarer medium, 
consequently 

'sin_BOA _ I 
sin BIA " fJL 

since the refraction is from dense to rare. Substituting from the 
right triangles BAI and BAO,the values of the sines we have 




Fig. 78. 



whence 



or 



AB 



BO 
AB 


_ I 
/J- 


BI 




I __ 


BI 


p- 


BO 



/l = 



BO 
BI 



If the point B approach very near to A, we may let BO = AO, 
and BI = AI, whence 

AO 



/^ = 



AI 



If the media be air and water, then a point situated at O 
would appear to be at I, to an observer directly over it. But /i 

A 1 

from air to water is - hence AI is - AO, or the object 

■J 
appears to be but - its real distance below the surface. Con- 
versely, to an eye under water, the point A would appear to be 

- its real distance away. 
3 
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J47» Critical Angle. When light passes from a denser to 

a rarer medium as from water to air, it is 
refracted away from the normal, the angle of 
refraction being greater than the angle of inci- 
dence. As the angle of incidence increases, 
the angle of refraction increases more rapidly, 
until for a certain limiting angle of incidence 
in the denser medium, the angle of refraction 
becomes 90^, or the refracted ray grazes the surface of separation 
between the two media. Thus in Fig. 79, the ray RO, is refracted 
along the line OS, while for the ray LO the refracted ray becomes 
OB. Obviously light incident at any angle greater than LON' 
can not emerge from the water, but will be reflected back again. 
Thus a ray meeting the surface along the line lO will be reflected 
to I', and since no light can emerge from the water at this inci- 
dence, it suffers total internal reflection. 

The angle LON' is called the critical angle, since for this 
angle of incidence refraction ceases. The critical angle may. he 
defined as th at angle of hicidence in the denser medium, which 
corresponds^to cm angle of refraction of ^o ^. If a be the critical 
angle, and m the index of refraction for the two media then, 



sm « 
sin 90* 



I 



or 



'.^ r 



sin a = - 



Thatis, the sine of the critical angle is the reciprocal of the 
iyidex of refraction. 

The critical angle for water is sin"' i - j = 48° 27' 40". 

This means that a diver on the bottom of the ocean can see out 
through a cone whose base rests in the surface of the water and 
whose semi-aperture is 48° 27' 40". If he look toward the sur- 
face at an angle greater than this, he can see only the reflection 
of objects upon the bottom. Not only thi^, but since all light 
that could reach him must come in through this same cone, he 
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Fig. 80. 



would see all the stars in the heavens crowded into a circle whose 
center is the zenith, and whose angular radius is 48° 27' 40". 

Familiar examples of total reflection are seen in the case of a 
tumbler of water held above the head; the under side of the upper 
surface of the water gives a clear, mirror-like image of the objects 
below it; — in a bubble of air in water, or a test tube containing 
air immersed in water, which when viewed at a certain angle will 
seem to be filled with quicksilver. 

A beautiful illustration of total reflection is furnished by a 
stream of water flowing from a tank, (Fig. 80), having a lens in 

the side opposite the orifice, by means of which a 
strong beam of light may be concentrated within 
the jet. The light strikes the surface of the jet 
at an angle greater than the critical angle and 
is held prisoner within the stream, until, after 
repeated reflection it strikes the bottom of the receptacle where 
it shows a bright spot. A goblet held in the stream is filled with 
light. The electrical illumination of fountains depends upon 
this principle. 

Prisms and IvEnses. 

J 48* Refraction ThfOttgfh a Prism* A prism is a trans- 
parent substance bounded by two plane surfaces meeting at an 
angle. Light on entering the prism at I, (Fig. 81), is refracted 
toward the normal, along the line IE. 
On emerging at E the ray is refracted 
from the normal, along EO. The ray is 
thus bent toward the base of the prism in 
each-case. Let i and r denote the angles 
of incidence and refraction at the first 
face of the prism, and r' and i' the angles 
of incidence and emergence at the second face. Then, since the 
angle between the faces of the prism is the same as that between 
the normals MP anc^NP, it follows that 

r + r' = A ■ ' 




Fig. 81 
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Also the deviation at the first face is i — r, and at the second 
face i' — r', or the total deviation D, is 

D. = i — r + i' — r' = i + i' — A 

It may be shown both from theory and experiment that for 

jgyery pris m there is a minimum value of the deviation, below 

which it cannot fall, and that this deviation is a minimum when 

the path of the ray through the prism is symmetrical, or wh^n 

i = i' and r = r'. •-• <(^ ^ t 



Upon this condition we have 

2 r = A 



7 VVVUVA.>V^A^^^ 



u 



tA^:<:i^v 



or 

and 

or 

Substituting, 



r = 



A 

2 



. ) - 



I 



2 i = A + D 

i = (A + D) 



sin i sin J^ (A + D) 
IX = — 






Sin r 



sm 



This formula is used in determining the indices of refraction 
of transparent solids in the form of prisms, and of liquids en- 
closed in a hollow prism with glass sides. The angle D denotes 
the angle of minimum deviation for the color under investigation. 

149* Pfisms of Lar sfe and Small Angflc^ In prisms of very 
small angle, we may substitute in the foregoing formula instead 
of the sines of the angles, the angles themselves, 
and the approximate formula becomes 

A Tf D 



'•X 



fj. = 



and 



—WB 



D = A(m— i). ^ 

If a perpendicular be dropped from A 
(Fig. 8i), upon IE, when r = r', then each 
half of the angle A is equal to the angle of refraction r. Now, 
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since r must in all cases be less than the critical angle for the 
substance of the prism, it is clear that the angle A, cannot exceed 
twice the critical angle if the light is to emerge from the prism. 
In the case of crown glass the critical angle is about 41° 16'. 
If a prism of crown glass be cut in the form shown in Fig. 82^ 
the refracting angle A, will exceed the critical angle, and a 
ray DE, incident normally upon the face AB will be totally 
reflected at E, and emerge normally from the face AC. Such 
prisms are frequently employed in optical apparatus. 

150^ The Abbe-Littfow Principle^ If the prism ABC 
(Fig. 81), were split along the perpendicular from A upon IE, and 
the new surface were polished and silvered,it is easily seen (Fig. 83), 

that the refracted ray would strike the sil- 
verea surface normally, retrace its path, and 
return along its original direction. The ray 
would have traversed the half prism twice 
and hence would have undergone the same 
changes as though it had emerged from the 
opposite side. 

•pa 

In the Abb<^ Spectroscope, light from a 
slit in the focal plane of a telescope emerg- 
ing from the objective as parallel rays, is 
allowed to f&ll upon such a half prism and the return rays are 
received again into the telescope, where the refracted image of the 
slit is made to coincide with the slit itself. By this ingenious 
device the instrument is much simplified and the labor of making 
measurements is greatly reduced, since when the refracted image 
of the slit coincides with the slit the position of minimum deviatioyt 
is attained. 




Fig. 83. 



In this case we have 



li. = 



sin fi 
sin <p 



1 5 J. Refraction through a Thin Lens« A lens is a portion of 
a refracting medium bounded by two surfaces of revolution which 
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have a common axis called the axis of the lens. By a thin lens is 
meant one whose thickness is small in comparison to its radii of 
curvature. 

In Fig. 84, let O be the center of curvature of the spheri- 
cal surface AB, forming the front surface of a thin lens. Let U 
be a point source of monochromatic light, of index //. Let)'^n^ 
ray meet the lens at A 
and a second ray at P. 
After refraction the 
ray UP will, if pro- 
duced backward, meet ^ 1^ 
the first ray in V. Fiff- 84. ^^'• • T . ^ ^. ' 
The points U and V are then conjugate foci for the first surface. 
PVom P draw the radius through O and produce it to meet perpen- 
diculars let fall from V and U. Then i = UPO, and r = VPO, 
and by the law of refraction we have 




IX = 



sinj_ ^ sin UPO ^ UU'^ VV 
sin r sin VPO PU 

UU' PV 



PV 



or 



fX :rz 



:r • 



But from similar triangles 
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whence 



OU PV OU AV 

/x = — 



ov PU ov AU' 
if P be taken, very near to the point A. 

If now AU = p, AV = p', and AO — ri we have , t 
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If for fx we substitute — i , this formula reduces to that for 
the concave spherical mirror, since for reflection m must be unity 
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and the negative sign indicates a reversal of the direction of 
the ray. 

If now the refracted ray meet the second surface of the lens, 
whose radius is rj, and whose center of curvature lies on OA, it 
will be refracted a second time, passing from a denser to a rarer 

medium. The new index of refraction will therefore be i. The 

point image V, now becomes the object, and p'^the object distance. 
Let q be the distance of the final image from the second surface 
and neglect the thickness of the lens. 
Then 



or 



I I 

A* I _» M 




q p' r, 
q p' r. 





(b) 



Adding (a) and (b) we have 

l_±=(,_x)(L_2). (c) 

q p V ri ra y 

This formula is to be understood as an approximation, 
giving accurate values only in the case of pencils of small angu- 
lar opening. 

I52» Discussion of Formula* If the source be at an infinite 
distance, formula (c) of the last article becomes ; '. ,, ,^-^1^^ ' 

q Vri r,y 

If we set this value of q equal to f, we may write 

"^H= <■•-.) G.-i) 

where f is called the focal length of the lens, i. e., the distance 
from the rear surface of the lens to the focus of rays parallel to 
the principal axis. Such a focus is called the principal focus, its 
conjugate point lies at infinity. , v 
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153. The Sisfnpf the Quantity L It is proposed to deter- 
mine when the focal length of a lens is to be considered positive 

and when negative. Consider the men- 
iscus-shaped lens BA, (Fig. 85). I^et 
dc = r, the thickness of the lens, meas- 
ui-ed parallel to the axis at a distance 
en = y, from the axis. I^et t = BA, 
the thickness of the lens at the axis; 
i. <?., the value of T for y = o. 
Fjg. 85. Let rj and r^ be the radii of the first 

and second surfaces respectively. 

Then, 




fn^^ o.eJ^ciin^^^ ^f-^ 
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neglecting An^, 



and 



Also 



or 



whence 
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r^m^ 



2r, 



Bm + 7" = An + 
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= An-Bm = ^ri-i) 

2 V r, r^y 
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Hence, since fi is greater than unity, the sign of f is positive 
or negative according as 7" is > or < t; that is, according as the 
lens is thicker at the edges than at the center or vice versa, 

A lens whose focal length is positive, that is, a lens thicker 
at the edges than at the 
center, and whose principal 
focus lies on the same side "" 
of the lens as the source of 
light, is called a concave or Fig. 86. 

diverging lens. A lens thicker at the center than at the edges, 
has its focal length negative, and is called a convex or converging 
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lens. Examples of the various forms of convex and concave 
lenses are shown in Fig. 86. 

In case the two radii rj and rj are equal, the expression 



f 
reduces to 



' = (" - ■) (^. - h) 



f = (.--1)7 



for a double convex lens. From this it is evident that r, is neg- 
ative, as it should be, since the centre of the first surface lies on the 
opposite side of the lens from the source of light. 

In the case of a double concave lens we haye 

f = (/^ — O 7^ 

or r is positive in this case, and the center of the first surfcue lies on 
the same side as the source. 

J 54. Discussion of Lens Formula. Since in the expression 



-; = ('--)U-i) 



the right hand member contains only constant quantities for any- 
given lens, it follows that the focal length of a lens is a con- 
stant, and depends simply upon the material of the lens and 
upon the curvature of its surfaces. Again, since 

(/i — i) I I is equal to both t and to » 

"^ ^ Vr, ra^ ^ f . q P 

we may write 

I j[ __ I 

q p ■" f * 

It has already been shown that ior a concave lens f is 
always positive. Now since p, the object distance, is essentially 
positive, it follows that q must be positive and less than p. This 
means that that image lies on the same side of the lens as the 
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object, that it is virtual and nearer the lens than the object. 
This is shown in Fig. 87*, where 
tlie concave lens MN, produces a 
virtual, diminished, erect image 
ab, of the object AB, and the dis- 
tances KO, kO and FO, represent 
the quantities p, q, and f . 

In convex lenses it has been shown that f is negative and 
the formula becomes 

I 

q " 




Fig. 87. 



I 
P 



I 
f 



Three cases require consideration: 




Fig. 88. 



(a) Wheti p < fy or - > >' q must be positive and greater 

than p, and image and object lie on the same side of the lens. 

The image is then virtual, erect, and 
magnified as shown in Fig. 88. In 
this case if we call the intersec- 
tions of image and object with the 
axis of the lens, k and K, we have 
KO = p, kO = q, and FO = f . An 

example of this case is seen in a single lens used as a simple 

magnifier. 

(b) Whenp > /, or — < f» q must be negative, 

since — — — is equal to a negative quantity. This means 

that the image lies on the opposite side of the lens from the 
object, that it is real, inverted, and smaller or larger than the 
object according as p 
is greater or less than 
q. This case is illus- 
trated in Fig. 89. 

Ffg. 89. 
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Since, for a real image in the case of a convex lens, q is neg- 
ative, we may rewrite the formula after changing signs. 



I I 



q p f 



(c) IVAen p = g^ we have 

2__ I 



J 



or p = 2f . 



This means that the image is at the same distance behind the 

lens as the object is in front of it, that it is inverted, real and the 

same size as the object. This case is applied in a method for 

measuring the focal length of a convex lens. The lens, an object, 

and a screen are mounted upon an optical bench and the screen 

^ moved until the image is the same size as the object. The dis- 

7^ trmce from object to screen is then four times the focal length 

i of the lens. 

\ It remains to be noted that in all cases of images formed by 

^ lenses, i/ie size of the image is to the size of the object^ directly as their 

^ distances from the center of tfie lens, 

i 

^ \ 55« Image and Object at a Fixed Distance* It appeared 

in the previous article that the real image formed by a convex 
lens may be larger or smaller than the object. If a convex lens, 

T an object and a screen be mounted upon an optical bench and the 

distance between object and screen be made more than four times 
the focal length of the lens, the two images may be thrown upon 
the screen in succession by simply moving the lens. In the first 
case the lens is nearer the object and the image is correspondingly 
magnified. In the second case the two distances p andfq are inter- 
changed and the lens is nearer the image. If we call the distance 
from object to screen 1, and the difference in the two settings of 
the lens a , then I 
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q = — ■ — and p = — 



a 






-^ 

^ 



substituting in 



Tve have 



q p 



I 

r 



or 



I 
T 



f = 



-h 



1 +a 

2 

4l 



1 —a 



This is a more accurate method of measuring f than that 
given in the previous article, since it is difficult to focus accu- 
rately in the case where the two images coincide, i. e., where 
1 = 4f. 

156. Constants of Thick Lenses* In the case of lenses 
whose thickness cannot be neglected, recourse is had to the method 

of Gauss, who first demonstrated that the formula — — — = -^- 

q V ^ 

may be applied to thick lenses through the introduction of cer- 
tain cardinal points to be determined for each lens. The constants 
of a thick lens are defined as follows:* 

Conjugate planes are planes normal to the axis of a system, 
so related to each other that to every point in the plane in object 
space there corresponds a point in the plane in image space. 




Figr. 90. 



Magnification, If y and y' be the respective distances of a 

*For a detailed discussion of this subject the student is referred to Mul- 
ler-Pouillet's Lehrbuch der Physik, 9th ed. vol. 2, part I, pp. 85-180, or 
Drude's Theory of Optics, pp. 17-30. 
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point object and its point image from the axis of the system, then 

v' 
the ratio -^ is called the magnification ^ m. 

The principal planes ^Hy e' H'(Fig. 90), are the two conjugate 
planes in every system, in which object and image are of tYi^same 
size and stand in the same position. Since in the principal planes 
the magnification 

m = ^ = + I, 

y 

the principal planes are sometimes called unit planes or planes of 
unit magnification. The points of intersection H and H' of the 
principal planes with the axis of the system are called the/n'«- 
cipal points, or unit points. 

The focal points F, and F' are the points on the axis in which 
all rays parallel to the axis in image and object space respec- 
tively, meet after passing through the system. 

The focal planes are the two planes normal to the axis at the 
focal points and having their conjugates at infinity. 

The focal lengths f and f, of a system for object and image 
space respectively, may be defined as the distances from the focal 
points F and F', to the principal points H and H'. 

If in Fig. 90 we set BH = p, B'H' = q, H'F' = f , then our 

III ♦ . 

previous formula — — — = 7 for convex lenses still holds. 

This means that the distances from object to lens and image to 
lens are now to be measured to the principal points instead of to 
the surface of the lens as heretofore. 

In the case of crown glass lenses of equal curvature the 
principal points are located within the lens, at one-third the 
thickness of the lens from the curved surfaces. In the case of 
plano-concave or plano-convex lenses of crown glass, one of the 
principal points lies on the curved surface and the other at one- 
third the thickness of the lens from the curved surface. In thin ' 
lenses the two principal points coincide at the center of the lens. 
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In lenses of the meniscus form both principal points/Jie^utside 
the lens. 

O^"^^^^^^ J 57. Geometrical Sisfniftcance of Focal Lengfths. In any 

lens system (Fig. 91), let F and F', H and H', represent the focal 
points and principal points, in object space and image space 
respectively. Let PA, a* ray through F, the focal point in object 
space, make an angle u with the axis, and let A'P' be the corre- 
sponding or conjugate ray in image space. In general, parallel 
rays in object space must intersect in some point in the focal 




Fig. 91. 

plane through F' in image space. Let this point be distant y' 
from the axis. The value of y' evidently depends upon the angle 
of inclination u, which the incident ray makes with the axis. 
If u = o, then y' '= o, that is, rays parallel to the axis intersect 
in F'. 

Bnt in the case of ray PFA which passes through F, the focal 
point in object space, and cuts the principal plane H in A, u 
is not zero. Its conjugate ray A'P', must evidently be parallel 
to the axis, and, from the definition of principal planes, A and 
A' are equidistant from the axis. 

Hence y', the distance from the axis to the image formed by 

a parallel beam incident at an angle u, is shown from the figure 

to be 

y' = f tan u, 

and by symmetry we may write 

y = f tan u'. 
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where u' is the angle under which a ray parallel to the axis in 
object space, cuts the axis in image space. 

I58. Gatsss^ Definition of Focal Lengths. Let P (Fig. 92), 

represent the position of an infinitely distant object, e.g,, the 

sun, from the system S. The rays proceeding from all points 

of the sun may be regarded as 

parallel. The system S receives 

therefore, simply cylinders of 

rays which are focused in the 
* 

Fig. 92. corresponding points of the rear 

focal plane through F'. This produces in F' a small image of 
the sun. Let h' represent its diameter, and let u be the angle 
which the extreme rays from the sun form with the axis. Then 
tho: front focal length, 

f = -^ 

tan u' 

is equal to the diameter of the sun's image divided by the tan- 
gent of the angle subtended by the sun's disk. This latter angle 
is termed the visual angle or the apparent magnitude. 

The focal length may therefore be defined as follows: . 

The focal length of object space is the quotient obtained by divid- 
ing the linear magnitude of the image of an infinitely distant object 
by the tangent of the angle subtended by that object, or 

^ tan u 
For the rear focal length we may write 

f = r-^- or 

tan u 

the focal length of image space is equal to the distance between the axis 
and any ray parallel to it in object space, divided by the tangent of 
the inclination of its conjugate ray, 
,NA>^ I59» Determination of Focal Lengfths« Let LL' and QQ' 
(Fig. 93), be two pairs of conjugate planes with reference to a 
system whose focal points are F and F'. 
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Let the two rays I and II intersect at P and their conjugates 
I' and II' at P'. Ray I is parallel to the axis in object space and 
passes through F' at an angle u': Ray II passes through F at 
an angle u, and is parallel to the axis in image space. The 




Fig. 93. • 

planes L and U may be considered as the first pair and Q and Q' 
as the second pair of conjugates, to which the subscripts of x 
and y correspond. 

Through a special choice of rays we have for ray I in object 
space, iL = zQ = PN, or y^ = yj = y, and consequently the mag- 
nification may be expressed by — = m,, and ?!J = mg. 

y y 

In a similar manner we have for ray II in image space 
gV = w'Q' = P'N,' or y', = y'^ = y', and 



yi 



72 



m/ y' 



4 



I 

Wi2 



ow 



- y2 — yi 



From the triangle wgo, we have — = tan u 

og a 

multiplying both numerator and denominator by y', we have 



but, since 



y^ = _L , and Zl^ 
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therefore 

or 

a 




tau u =- ^ 
a ^ 

- y = f 

tan u 
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(a) 



In a similar manner from triangle z i' o', 



tau u' 



7 2 — y'l 



a 
or 

tan 



a V V y a 



whence 



J 



a _ y _r/_x2 — X 



= f ' = -±? ±1 . (b) 



ma — mi tan u' mg — m 



In practice a lens system' is set up and the image of an object 
of known dimensions, is measured for two positions of the object 
L and Q, whose distance apart, a = Xg — x,, can be accurately 
determined. From these data the values' of m, and ma can be 
computed and inserted in formula (a). 

In the case of a microscope objective, the magnification of a 
' known object is determined, first with the draw tube of the micro- 
scope pushed in, and next with it drawn out through a known 
distance a', the positions of the images corresponding to \J and 
Q' (Fig. 93). The resulting values of m, and ma are then sub- 
stituted in formula (b). This principle finds application in the 
Abb(3 Focometer and in related methods of determining the focal 
lengths of lens systems. 
d I60» Spherical Aberration* It is to be noted that the for- 

/ ' y/ 'f^ mula for spherical mirrors as well as that for refraction through 
a thin lens is accurate only for pencils of small angular aperture. 
In cases where the opening of the mirror or lens is no longer 
small, the focus for parallel rays is no longer a point. Rays from 
points at a distance from the axis of the reflecting or refracting 
surface, are brought to a focus sooner than those rays lying nearer 
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the axis. This results in confusion and distortion of the im^ge, 
which is called spherical aberration. 

In the case of astronomical specula where a large reflecting 
surface is essential for light gathering purposes, the spherical 
form can not be used. The surface of the mirror must be of par- 
abolic section, since in the case of the parabola any ray parallel 
to thel. axis passes after reflection exactly through the focus. In 
compound lenses the defect of spherical aberration is avoided by 
combining two or more spherical surfaces so that their respective 
aberrations may mutually annul each other. In a simple lens 
the defect is partially removed by the use of a diaphragm which 
stops off the rays from the edges of the lens, thus leaving only 
the central part of the lens effective. 

Since the image of a star is always a point on the axis of 
the lens, the axial aberration is of chief importance in astronom- 
ical work. In photographic lenses, however, it is necessary to 
recognize and correct for Jive different kinds of spherical aberra- 
tion^ and the manufacture of high grade photographic lenses 
becomes correspondingly complicated. The discussion of the 
formulae by means of which these corrections are effected is too 
difficult for an elementary text. 

Dispersion. 

161* Dispersion and Recomposition of Dg:ht* When a 
ray of stmlight is admitted through a narrow vertical slit into a 
darkened room and passed through a long focus lens, a sharply 
defined, white image of the slit is projected up a screen placed 
near and parallel to the opposite wall of the room. If now a 
glass prism with its refracting edge parallel to the slit be placed 
just inside the focus of the lens, the light is refracted from 
its original direction, toward the base of the prism and spread 
out into a wedge-shaped beam with its apex at the prism and its 
base upon the screen, which should now be moved so as to stand 
normally to the refracted light. The original white image of the 
sUt has now been replaced by a series of overlapping, colored 
images, forming a continuous band of brilliant color, in which 
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the tints vary insensibly from red nearest the first position of the 
slit image, through all shades of orange, yellow, green, blue and 
indigo, to violet at the end of the band nearest to the prism. 

Such a band of color is called a spectrum. If sun light be used 
it is called a solar spectrum. The separation of white light into 
its colors is called dispersion. 

The dispersion of light was first explained by Newton in 
1666, who announced as the result of his experiments, that ''rays 
of differently colored Ught have different degrees of refrangibil- 
ity/' He therefore concluded that white light is to be regarded 
as a mixture of an endless series of tints, among which the 
so-called '* colors of the rainbow,'' violet, indigo, blue, green, 
yellow, orange and red were selected by him as distinctive. He 
also proved that after Ught has been dispersed by passing it 
through a prism, it suffers no further change on passing through 
a second prism. 

Newton further showed that if the various colors of the 
spectrum be recombined by any means, as by reflecting them 
from a series of mirrors, or by receiving them upon a concave 
mirror and focussing them upon a single point, the result was 
white light as in the original source. 

This experiment may be readily performed by allowing the 
light from the first prism to traverse a second, similar prism 
(Fig. 94), with its refracting edge turned in the opposite direc- 
tion. If the prisms be exactly similar 
and the adjustment be correct, the image 
of the sUt falls in its original position 
Fig. 94- and is perfectly white. The effect of 

the combined prisms is thus seen to be equivalent to that of a 
plate with parallel sides. 

In accordance with the physical explanation of refraction to be 
given later, it may be shown that the varying refrangibility of the 
different colors is due to the different retardations experienced 
by these colors in traversing the denser medium. It has been 
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conclusively proven that in a denser medium the speed of violet 
light is less than that of red light. In its passage through the 
prism therefore, the violet light is most retarded and is conse- 
quently most refracted, while the red light is least deviated from 
its original direction. For any two media the index of refraction 
is, therefore, not a constant but increases from the red to the 
violet end of the spectrum. 

162. The Fraunhofcf Lines. If the slit in the foregoing 
experiment be made narrower the overlapping of the spectral 
images is diminished, since the narrower the slit the smaller is 
the requited difference in refrangibihty between two adjacent 
colors in order to separate their corresponding images in the 
spectrtmi. Wollaston in 1802, was the first to use a narrow slit 
as a source of light and to secure a truly pure spectrum, that 
is, a spectrum in whi^h the various colors are almost completely 
separated from each other. He used a slit about one-twentieth 
of an inch wide, which he viewed at a distance of 10 or 12 feet, 
through a prism held near the eye. By thus receiving the spec- 
trum directly into the eye he was able to detect certain dark lines 
crossing the solar spectrum, which he believed to mark the limits 
of the spectral colors. r 

In 1 8 14,, Faunhofer, working independently of Wollaston, 
rediscovered these dark lines, made a map showing their relative 
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positions, and designated the more prominent lines by the letters 
of the alphabet. Thus, (Fig. 95), the A line (not shown in figure), 
lies in the extreme red, the B and C lines in the medium and 
lighter red, the D line in the yellow, the E in the green, F in the 
greenish-blue, G in the deep-blue, while the two H lines marie 
the limit of the violet end of the spectrum for the eyes of most 
observers. 
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Fraunhofer also used a single prism at a distance from a 
narrow slit, but he received the spectrum into a telescope, which 
was first sharply focussed upon the slit before the prism was 
put in place. By this means he was enabled to observe with 
such accuracy that he counted 754 lines between B and H, and 
located with certainty the positions of 350 of th^m upon his map. 

The Fraunhofer lines in the solar spectrum are of extreme 
importance in the study of optics, both from a practical and a the- 
oretical point of view. They afford a ready and accurate means 
of designating lights of definite colors, and are constantly used 
as reference lines in the determination of refractive indices. Qn 
the other hand they indicate the partial absence of certain colors 
in the light of the sun, and thus not only offer a starting point 
for the study of the nature of light, but lead to important conclu- 
sions concerning the constitution and condition of the sun itself. 

I63« Totalt Mean^ Partial and Relatiire Dispersion* If 

sunlight be passed through three prisms having the same refract- 
ing angle, one of flint glass, one of crown glass, and one a hollow 
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Fig. 96 



prism with plane glass sides and filled with water, the resulting 
spectra will be found to differ greatly in length. Thus (Fig. 96), 
the spectrum from the flint glass prism is about twice as long as 
that from the one of crown glass, and three times as long as 
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that from the water prism. It is dear that the various colors 
undergo widely different deviations by prisms of the same angle 
but of different substance. A careful study of the dispersion of 
various refracting media is therefore a prerequisite for the scien- 
tific construction of optical instruments. 

If /*B, A*c» • • • • f^Wf represent the refractive indices of a given 
prism for the corresponding Fraunhofer lines, then /zh — /*b> 
represents the total dispersion for that prism in the spectral 
region from B to H. lyikwise the differences fic, — f^B f^D> — /*c» 
/*y — fij), etc., are termed the partial dispersions for the corres- 
ponding regions. Since the middle region C — F, includes 
the brightest part of the spectrum, the difference Atp — At^, is 
termed the mean dispersion. Also, since the D Une Hes near 
the brightest part of the spectrum, its index aid, is called the 
mean index for a given substance. The ratio of the mean dis- 
persion to the quantity ai© — i> is termed the relative dispersion 

ox dispersive power ^ ( ^^ f*c \ ^j^^j jg yx^tA. to characterize dif- 

ferent grades of optical glass with reference to the possibility of 

selecting achromatic combinations. 

From Article 149 we have seen that for prisms of small 

refracting angle A, the deviation D, for any color is defined by 

the equation 

D = A (a* — i). 

Obviously the angular dispersipn ^, for any two lines as B and H, 
is given by the difference between their respective deviations, or. 

It remains to be noted that since different glasses differ so 
widely in relative dispersion^ it is within the power of the optician 
to produce at will, prism combinations that will give either devia- 
tion without dispersion or dispersion without deviation^ according as 
the need for each may arise. The discussion of these combina- 
tions will follow later. 
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164. Irrationality of Dispersiom If, through variation of the 
refracting angles, the spectra from the flint glass, crown glass 
and water prisms should be made of exactly the same length, it 
would bejfound that the colors are not equally dispersed by the 
three substances. If the three spectra be arranged one above 
the other, and so adjusted that the B and H lines coincide, it will 
be evident (Fig. 97), that the spectra are quite diflierent. 

Thus in the water spectrum, the interval from B to F is 
equal to that from F to H. In the crown glass spectrum the 
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interval from B to F is smaller than that from F to H, and in 
the flint glass spectrum it is smaller still. It thus appears that 
in flint glass the dispersion is relatively greater in the blue end of 
the spectrum, while for water the dispersion is relatively greater 
in the red end. 

If prisms of other substances should be examined still other 
variations in the dispersion of the various colors would be found; 
in short there is no relation between the change in the refractive 
index with the wave-length in different substances. This pecu- 
liarity is termed the irrationality of dispersion. It is due to this 
fact that the spectra produced by different prisms cannot readily 



— 207 — 

be compared with each other. Herein lies a fundamental differ- 
ence between prismatic spectra and spectra produced by gratings. 
In grating spectra, as we shall see later, the deviation for every 
color and for every grating is directly proportional to the wave- 
length. Hence any grating spectrum may at once be compared 
with any other. On this account the spectra from gratings are 
termed normal spectra, 

I65« Anomalous Dispersion* A more surprising peculiarity 
of dispersion was discovered by Christiansen in 1870, who found 
for a hollow prism filled with an 18.8 per cent solution of fuch- 
sine, or analine red, an entirely new succession of colors in the 
spectrum. In this case the violet light was refracted the least, 
then came the red and then the yellow; the green and bluish 
green were wholly absorbed. Such a spectrum is termed abnor- 
mal^ and the substance is said to exhibit anomalous dispersion. 

Through the investigations of Kundt, it has been demon- 
strated that anomalous dispersion is characteristic of all substances 
possessing '' surface color,'* i, e,, substances which exhibit a dif- 
ferent color by reflected light from that shown in transmitted 
light. Thus fuchsine is reddish violet by transmitted light but 
an intense green by reflected light. All bodies of this class 
exhibit total reflection for certain colors of the spectrum at all 
incidences, and their solutions even when very dilute, show marked 
absorption bands in the same colors. 

Kundt observed anomalous dispersion in the solutions of a 
large number of substances among which were the red, blue, green, 
and violet anilines, carmine, indigo, orsellin, litmus, hematine, 
chlorophyll, jodine in carbon disulphide, and the extracts of red 
wood and sandal wood. Among the solids cobalt blue glass shows 
anomalous dispersion very well. 

It was theoretically proven by Helmholtz, and subsequently 
confirmed by the experimental work of Pfliiger, Wood, and Mag- 
nusson, that in all cases where a substance presents one or more 
absorption bands in its spectrum, the refractive index of the sub- 
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stance for colors immediately below the absorption band is increased 
enormously, while the index for colors just above the band is 
correspondingly depressed. The index for the color that is wholly 
absorbed becomes infinite. From this point of view the apparent 
** anomaly** in the dispersion of strongly absorbing substances 
disappears. Fuchsine absorbs the green, hence the refractive 
indices of the red and yellow are increased and that of the violet 
diminished; the violet is therefore least refracted and the yellow 
the most. It is now well established that anomalous dispersion 
is exhibited by all gases and vapors showing absorption bands in 
the spectrum. ^^ . . ; ' 'V 

166 Chromatic Aberraiiofi* Since it has been shown that 
the refractive index of a substance differs for different colors, 
being greatest for violet and least for red, it is dear from the for- 
mula 

-r = <«->(i-0 

that the focal length of a lens is shortest for the violet and long- 
est for the red light. In other words if a simple lens (Fig. 98) , 
be presented to a parallel beam of white light, the violet rays will 

come to a focus first at v, and the red 
last at r, the foci for the remaining colors 
jjj^ — being distributed along the axis between 
these points. In consequence of its dis- 
persion therefore, a single lens instead of 
producing for each point object a single 
point image, in reality produces a series of colored images. Hence 
the image of any object formed by a single lens in white light is 
surrounded by fringes of color and is generally blurred and indis- 
tinct. This defect of lenses is called chromatic aberration. An 
image in which all the colors are focused at the same point is 
colorless or achromatic. 

About 1670 Newton concluded from his experiments upon 
the refractive indices of glass and water, that the relative disper- 
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sion of all substances was a constant, and he consequently 
despaired of being able to make a lens that would give a colorless 
image. It was not until 1758 that the London optician, John 
DoUond, succeeded in making such a lens. 

We have seen that Hght which had been dispersed by one 
prism could be reunited into an achromatic image by a second, 
similar prism with its refracting edge turned in the opposite 
direction. In this case the second prism corrected both the dem- 
ation and the dispersion. If now, the second prism be made from 
a glass having a high relative dispersion , as flint glass, then the 
dispersion of the crown glass prism may be corrected by a prism 
of much smaller angle, and an outstanding deviation will thus be 
left. The condition for achromatism in the two prisms is obtained 
by equating their angular dispersions, or 

A(Mh — A*b) = A'(Ai'H — /*'b) 
whence 

A' "" A*H — /*B ' 
or, for achromatism the angles of the two prisms must be inversely 
proportional to the dispersions of the two prismas in the region to be 
achrom^atized. 

In an exactly similar way it is possible so to combine a con- 
vex lens of crown glass and a concave lens of flint glass that their 
resulting dispersion shall be zero and the system shall still have 
any desired focal length. In lenses the curvatures of the four 
surfaces are varied, as the angles have been in the case of the 
two prisms y but since there are ^ar radii to be chosen, two may 
be adjusted for achromatism and the remaining two so selected as 
to reduce spherical aberration to a minimum. 

Such a combination (Fig. 99), is called an 
achromatic lens, and is said to be corrected for some 
two colors. If the lens is to be used for visual 
work it is usually corrected for the region C to F. Fiir-99. 

If the combination is to be applied to photography the achroma- 
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tization is computed for the region G to H, since in this region 
the chemical action of light is most pronounced. 

Owing to the irrationality of dispersion it is obviously im- 
possible to achromatize any region perfectly unless the ** course" 
of the dispersion of the two glasses is the same over that region. 
The slight residual color defects in an achromatic pair are termed 
"secondary spectra**, and may be reduced still further by the 
addition to the combination of a third lens of the proper curva- 
ture and dispersion. By the use of the new optical glasses intro- 
duced by Abbe and Schott of Jena, it is now possible to 
achromatize more perfectly with two lenses than it had formerly 
been possible to do with three. 

167. Direct Vision Spectroscope* If two prisms, one of 
flint and the other of crown glass, have their angles so chosen 
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that their deviations for some one color shall be equal, that is, 
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so that 

A(/z — I) = A'(/.' — I), 

there will remain an outstanding dispersion due to the flint prism. 
This fact has been utilized in the construction of the direct vision 
spectroscope. Usually the instrument contains two, ninety degree, 
flint glass prisms combined with three prisms of crown glass. 

Fig. ICO shows a combination of one dense flint prism P, 
and two crown glass prisms; By means of the achromatic lens 
O, the slit S, is sharply focussed for sodium light. On turning 
the instrument toward some source of white light the image of 
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the slit is spread out into a spectrum. The width of the slit S, 
is adjustable, and by making it narrow the Fraunhofer lines are 
readily seen in ordinary daylight. Light from the source under 
examination is admitted directly into the instrument by the slit, 
(ray 2), while by means of the comparison prism V, and the 
mirror D, Ught from a second soin-ce (ray i), may be introduced, 
and the spectra of the two sources observed side by side. The 
deviation of the prism train is usually adjusted to zero for the 
D Kne. 

Opticai. Instruments. 

i6&* Projection Apparatus* The projection lantern consists 
essentially of two optical systems, one for condensing light upon 
the object, and the other for forming the image upon the screen. 
The source of light is usually either the lime light or the arc 
lamp. This source is placed just outside the focus of the 
'* condenser'', which generally consists of two plano-convex 
lenses of short focus with their convex surfaces turned toward 
each other. The cone of light emerging from the condenser falls 
upon the object, a transparent drawing or lantern slide, and then 
passes through the projecting lens or objective. This is usually 
an achromatic lens of about one foot focal length. Since the 
object is just outside the focus of the objective, the image pro- 
jected upon the screen is real, inverted, and highly magnified. 

1 69. The Camera Obscura* In the camera obscura we have 
the projection apparatus reversed. It consists, as its name indi- 
cates, of a darkened chamber having an opening on one side, in 
front of which is placed a projecting lens. Upon the wall of the 
chamber opposite the lens is a white screen for receiving the 
image of illuminated objects which chance to be in front of the 
lens. The image is real, inverted and smaller than the object. 
This instrument was formerly used as an aid in sketching build- 
ings or the prominent features of a landscape. Since the dis- 
covery of the various methods of fixing an image upon a photo- 
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graphic plate by the chemical effects of light, it has developed 
into the photographer's camera. 

The simple lens has been replaced .by a more or less elaborate 
optical system carefully corrected for spherical and chromatic 
aberrations. The sides of the chamber have been made flexible 
to admit of focussing the image accurately, and the size of the 
aperture is carefully adjusted to the existing degree of illumin- 
ation by a series of graded diaphragms. In its present form, the 
photographer's camera is one of the most delicate, accurate and 
important of optical instruments, revealing -many things that 
escape the eye, since it secures the cumulative effect of faint 
luminous impressions. 

(70. The Eye Frorn an optical point of view, the eye is 
a photographic camera with an automatic adjustment for focus, 
. and a sensitive plate 
that reports the images 
directly to the brain. 
Fig. loi, represents a 
sectional view of the 
humaneye. T'hGcomea 

a, and the sderotk coat 

b, form the outer coat- 
ing of the darkened 
chamber, a nearly 
spherical cavity about 
one inch in diameter. 
The sclerotic -coat is 

Fig. 101. tough and strong, hold- 

ing the ball of the eye in shape, and forms the " white of the 
eye." The cornea is a transparent, hom-like membrane, which 
serves to admit light into the eye and to retain the aqueous kumar 
m, in a lenticular fonn. 

The second coat is the choroid d, a black, opaque membrane 
which serves to darken the interior of the eye. In front, the 
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choroid coat gives place to the iris gg^ an opaque, colored dia- 
phragm, which regulates ,the amount of light entering the eye 
through the circular opening in its center, called the pupil of 
the eye. Just back of the iris lies the crystalline lens o, a 
double convex lens of unequal curvatures, composed of a trans- 
parent, jelly-Uke substance built up in concentric layers. The 
optical density of these layers increases as we go toward the 
center. The interior cavity r, is filled with a viscous mass of 
fluid of the highest transparency, called the vitreous humor. 

The third coat is the retina 1, a delicate membrane formed 
by the expansion of the optic nerve, which serves as the sensi- 
tive screen for the reception of the images formed by the optical 
system of the eye. The posterior surface of the retina is char- 
acterized by a mosaic-like structure of nerve endings, termed 
'*rods and cones.'' These microscopic little bodies stand per- 
pendicular to the retinal surface, are closely crowded together, 
and each one is furnished with a separate nerve fiber. These 
are believed to form the real light sensitive layer of the retina. 

The retina possesses two spots of peculiar interest. The 
''yellow spot y'' situated in the optical axis of the eye, marks a 
small area where the retinal layer is slightly thickened. In its 
center is located iht fovea centralis k, where the sensitive layer is 
reduced to an exceeding thinness, only the most minute nerve 
filaments extending into it. This is the spot of finest space dis- 
crimination. It is upon this spot that the image of anything is 
brought which we wish to examine attentively. The point i, at 
which the optic nerve enters the eye is entirely insensible to 
light, and is called the '' blind spot,'' 

The adjustment of the crystalline lens for focussing objects 
at varying distances is accomplished by changing the thickness 
of the lens itself, through the action of the ciliary muscle e. This 
power of adaptation or * ' accommodation '' as it is called, is most 
marked in young children, and gradually diminishes through 
life. * At about the fortieth year the eye has lost so much of its 
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power of accommodation as to require the aid of glasses to focus 
small objects near at hand. 

A normal eye can accommodate for distinct vision for objects 
at all distances from 6 inches from the eye (near point), up to 
infinity (far point). Within this range of accommodation, how- 
ever, there is a point whose distance from the eye is termed the 
** distance of distinct vision." It is defined as the distance at 
which a normal eye can most readily read ordinary print, and is 
assumed to be 2^ centimeters or 10 inches. 

Since the formation of images by the eye, is identical with 
that of the photographic camera, it follows that the images per- 
ceived by the retina are inverted. The ability of the feye and 
brain to interpret inverted images as belonging to erect objects 
is probably gained by experience, through combination with other 
sense perceptions, especially with that of touch. 

171 • Defects of Vision* Through structural defects the eye 
may be unable to accommodate for distant objects. The lens in 
this case is too powerful and the focus falls in front of the retina 

instead of upon it. Such an 
^ eye is called ''short-sighted^^ 

'^^^^^^^^ZZHH. ^^ i^yopic. The myopic eye re- 
rocus V / quires a concave lens to coun- 

Figr. 102. teract the excessive refraction 

of the eye and bring the focus upon the retina, as shown in 
Fig. 102. 

Again, the power of the lens may be below the normal, in 
which case the focus for parallel 
rays lies behind the retina instead 
of upon it. Such an eye is 
termed hypermetropic or ''far- 
sighted,^' For such an eye a '^"* 
convex lens is needed to enable ^*8^- ^*^3- 

the eye to bring the focus of parallel rays upon the retina, as 
shown in Fig. 103. 
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The eye gradually loses its power of accommodation during 
life and at about the fortieth year it becomes unable to accommo- 
date for objects near at hand, although the vision for distant 
objects is as good as ever. Such an eye is said to be presbyopic. 
For such eyes convex glasses are to be used for reading and for 
examining objects close at hand. 

It frequently happens that the eye has different power in 
different planes. A bright point is seen not as point but as a 
line. Horizontal, vertical or diagonal Hues, Hke the spokes of a 
wheel or the letters on a clock dial, may be seen with unequal 
distinctness. Such a defect is called asHgmaHsm. For such eyes 
glasses having cylindrical surfaces are used. 

1 72. Apparent Size and Masfntfkation* The angle sub- 
tended by an object at the optical center of the eye is called the 
visual angle. The apparent size of a linear object is measured 
by the visual angle which it subtends. Thus if d is the distance 
of an object from the eye, b the distance of the retinal image 
from the optical center of the crystalline lens, ^ and /? the lengths 
of object and image respectively, then V the visual angle or the 
apparent size of the object is 

V = i = ^ 
^ d b- 

Hence the apparent size of a linear object is inversely proportional to 
its distance from the eye. Also the size of the retinal image of 
an object is inversely proportional to the distance of the object 
from the eye, and directly proportional to the size of the object. 
The clearness with which the minute details of an object can 
be distinguished increases with the size of the retinal image. 
Hence to see a thing clearly we bring the object up to the near 
point of the eye and thus secure the maximum efficiency of the 
unaided eye. The effect of any optical instrument which may be 
used to assist the eye, consists simply in increasing the apparent 
magnitude of the object. Hence the magnifying power of any 
instrument may be defined as the ratio of the apparent magnitude 



S.. r 

V V 



» > 



s 



t X 



/ ■ 




— 216 — 

through the instrument, to the apparent magnitude without the 
instrument, or 

Apparent magnitude through instrument _ ^ fi f 
Apparent magnitude without instrument "" ^^^ ^ ^^' 

ilZ. The Simple Microscope* The simple microscope is a 
converging lens of short focus. When an object is placed 
slightly nearer to the lens than its focal distance, an eye brought 
close up to the lens perceives a virtual, erect and magnified image 
A' B', as shown in Fig. 104. If we conceive the eye to be 
accommodated for infinite distance, then the object is moved up 
to the focus F, and the image moves 
off to infinity. The object is now 

seen clearly by the eye although 1 ^ C^^C^^^^ ' ^ 

much nearer to the eye than would 

have been possible for distinct vision 

except for the lens. The microscope ^^^' ^^• 

thus enables the eye to see an object clearly at a much shorter 

distance, and hence acts as an aid to the accommodation for 

this distance. 

The visual angle under which the object appears through the 

lens, is —z- , where AB is the length of the object and f is the 

focal length of the lens. The visual angle subtended by the 

AB 

object without the lens, is ; hence the magnification m, 

produced by the lens for an eye adjusted for infinity is 

AB . AB 25 cm. 

f 25 cm. f 

or the magnification due to a simple lens is obtained by dividing the 
distance of distinct vision by the foccU length of the lens. 

To a certain degree the effect of magnification may be 
obtained without the use of a lens, by looking at a brilliantly 
illuminated object through a very small hole, as through a pin- 
hole in a card. The hole acts as a diaphragm or second pupil to 
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the eye, and thus, by stopping off the rays from the edges of the 
pupil, permits of the formation of an image at a distance much 
less than the normal 25 cm. Such magnification is obtained 
however, at the cost of illumination, while the lens accomplishes 
the same result without reducing the illumination. 

f74* The Astfonomical Telescope. In the astronomical 
telescope (Fig. 105), the objective I/, is a converging lens of long 
focal length F, which forms a real inverted image A,Bi of a very 
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distant object. This image subtends the same angle at C, the cen- 

A B 

ter of the objective, as the object itself. Hence —^ represents 

the apparent magnitude of the object. 

The real image formed by the objective is viewed through 
the eye-piece V, used as a simple magnifier. The eye-piece 
forms a virtual, magnified image A'B', of the image AjB,. The 
apparent magnitude of the object as seen through the telescope is 



therefore, the visual angle B'C'A', or. 



f 



, where f is the focal 



length of eye-piece. The magnification m, of the telescope is 
therefore given by the equation 



A|B, 

m = — —^ 

f 



A,Bi ^ F 
F f ' 



or the magnification of the telescope is obtained by dividing the focal 
length of the objective by the focal length of the eye-piece. 
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f75« The Compoiitid Microscope. The compound micro- 
scope in its simplest form may be regarded as a telescope used for 
examining objects near at hand. The object glass O, (Fig. io6), 
is a converging lens of very short focus placed near the object 
AB, but still outside its principal focus. The real, inverted 
image A'B' is much magnified. This image is viewed by the eye- 
piece E, also a converg- 
ing lens, used as a simple 
magnifier, which forms 
the virtual, highly en- 
larged image a b. 

The approximate 
magnification may be 
written down at once. 
Letting o represent the 
center of the objective, 
we have for the magnifi- 
cation of the object glass, 




A'B' 



B'o 



F 



AB Bo 

where 1/ is the length of the microscope tube and F the focal 
length of the objective. Also, since the magnification by the eye- 
piece is ?i£5^ , the total magnification is ^ X ^^ = ^WT 

The practical advantage of the compound microscope con- 
sists in the possibility of using higher powers. With the simple 
magnifier the working distance soon becomes too small to enable 
one to observe with comfort or accuracy. Thus with a magnifi- 
cation of loo, the lens must be brought within — of an inch of 

the object and the eye must approach the lens very closely indeed 
if none of the rays are to fall outside the pupil. At the same 
time the dimensions of the lens become too minute for accuracy in 
grinding. 

f 76. Spectroscope and Spectrometer. It has been noted that 
the conditions for obtaining a pure spectrum were approximated 



by Fraunhofer in his arrangement for observing the dark lines in 
the solar spectrum. The one disadvantage consisted in the loss 
of light due to the distance between the slit and the prism. In 
the modern spectroscope (Fig. 107), this loss isjwi^ided by the 
n,jjij(//^evice of the cd- 
limaior. The col- 
limator is simply 
a telescope in 
which the e y e - 
piece is replaced 
by an .adjustable 
slit. When in 
adjustment , the 
slit is brought into 
the focal plane of 
the achromatic 
objective, so that 

Fig. lor, ' 

all light entering 
the slit leaves the objective as parallel rays. In this way the full 
intensity of the light from the slit is preserved and the additional 
advantage of parallelism of the rays is secured. 

The remaining parts of the spectroscope are a suitable table 
for mounting the prism and an observing telescope with achro- 
matic objective, for receiving the spectrum. The telescope 
moves about an axis concentric with the prism table. When the 
instrument is furnished with a graduated circle for determining 
accurately the positions of telescope and prism, it becomes a spec- 
trometer, and may be applied to a variety of optical measure- 
ments. 

In the Abb^ spectrometer (Fig. 108), the functions of the 
collimator and the observing telescope are combined. A small, 
totally reflecting prism furnished with an adjustable slit is inserted 
in the focal plane of the observing telescope at one side of the 
field of view. Light admitted through a small window in the 



side of the telescope tube, is reflected by the prism through the 
slit, directly into the optical axis of the telescope and leaves the 
objective as parallel rays. By the use of the Abb4 prism described 
in Article 1 50, the dispersed light is returned upon its path and 
the spectrum is viewed by the telescope in the unobstructed part 



of the field. For the position of mimimum deviation the refracted 
image of the slit is made to coincide with the slit itself and the 
settings can be made with great exactness. By means of the 
micrometer screw M, the dispersion of any substance in the various 
spectral regions is measured independently of the graduated cir- 
cle, thus greatly reducing the labor of making the measurements 
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and at the same time securing a marked increase in the accuracy 
of the results. An auxiliary telescope permits of the use of the 
instrument in the ordinary form. 

PHYSICAL OPTICS* 

177* Velocity of Light— Rocmcr's Method. The first def- 
inite proof of the finite velocity of light was given by Roemer, a 
Danish astronomer in 1676, from a study of the eclipses of the 
satellites of the planet Jupiter. This planet has several satel- 
lites which revolve about it as our moon does about the earth. 
The inner one of these satellites has a mean period of 42 h. 
28 m. 36 sec. As it passes behind the planet it disappears from 
view quite suddenly, and the interval between two eclipses can 
be determined with considerable accuracy. Roemer noticed that 
this interval was not constant throughout the year; that it was 
less than the period of revolution of the satellite when the earth 
was approaching Jupiter, and greater than this period when the 
earth was receding from Jupiter. 

Thus (Fig. 109), the period of the satellite coincided with 
the eclipse interval when the earth and Jupiter occupied the posi- 
tion E', J' or E J, but as the earth 
passed from E' to E, the eclipses oc- 
curred systematically ahead oi the com- 
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V / ; puted time by differences^ whose sum 

X — ^ ' ^525^^ at E amounted to 1000 seconds. From 

E to E' they fell behind by the same 
Fig. 109. amount. Roemer concluded that this 

difference in time must be required by the light to traverse the 
difference in path, E E' between these two positions. Assuming 
the diameter of the earth's orbit to be 186,000,000 miles, the 
velocity of light was computed to be 186,000 miles per second. 
Roemer* s wonderful discovery was received with little favor 
by the scientific world and was practically disregarded for nearly 
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50 years, until Bradley's discovery of the aberration of light, in 
1728, gave an additional method for measuring this important 
physical constant. 

178. Velocity of Ligfht— Foucault's Method. In 1850, Fou- 
cault, a French physicist, described a method for the direct 
determination of the velocity of light, which, in its improved 
form, has given the most accurate values yet attained. Fou- 
cault's original arrangement consisted of an illuminated slit, 
from which light passed through a long focus lens to a rotat- 
ing mirror, by which it was reflected to a concave mirror, strik- 
ing the latter normally. The concave mirror and the slit lay in 
the conjugate foci of the lens. The light was returned from 
the concave mirror, upon its path and after a second reflection at 
the rotating mirror, fell again upon the slit. By interposing 
near the sUt a piece of plane glass inclined at an angle of 45^ 
to the path of the light, a displaced image of the slit was 
produced for the purpose of observation. When the rotating 
mirror was put in motion, a flash of light fell upon the concave 
mirror at each revolution and for rotations of more than 30 per 
second these flashes blended into a steady image of the slit. 

Now, if in the time t, needed for the light to travel the 
distance 2D, from the rotating mirror to the concave mirror and 
back again, the rotating mirror should have turned through a 
small angle, then the reflected image of the slit would have 
been displaced through twice that angle. If, therefore, we call 
the distance from the rotating mirror to the slit r, and the displace- 
ment of the slit s, then from a knowledge of the quantities D, 
s, r, and n, the number of rotations of the mirror per second, 
the velocity of light V, can be calculated. Thus, 

Also, if the mirror turn through a small angle ^ in time t, then 

^ = tt;t = 2:rnt, or t — — . (.2; 
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Now the light is turned through an angle 29 

displacement of the slit image is small, and 

s 



^ , where the 

r 



9 = 



2r 



(3) 



From (2) and (3) we have 



t = 



47rnr 

and combining (i) and (4) we get 

s 2D 



(4) 



4^rnr 



or finally, 



V = 



87rnrD 



In Foucault^s experiment D was 20.24 meters, r was 1.0257 
meters, the speed of the mirror was 400 revolutions per second 
and the measured displacement s, of the slit image was 0.7mm. 
From these values he computed the velocity of light to be 

km. 



V = 298,000 



sec. 



In Foucault's experiment the displacement, 0.7 mm, was 
a quantity too small to be measured with accuracy, while the 
speed of rotation of the mirror was enormous. In 1878, Michel- 
son so modified the 
method of Foucault as 
to render it capable of 
far greater ~ accuracy . 
The lens L, (Fig. no). 




was so. placed that the 



Fig. no. 



lay at its principal focus. All rays from the 
slit s, therefore, left the lens as parallel rays. For the concave 
mirror, a plane mirror m', was substituted and the distance D 
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was increased to 600 meters, instead of 20 meters as in Foucattlt's 
experiment. In this way Michelson succeeded in securing a dis- 
placement of the slit of 13 cm. without using a speed of rotation 
for the mirror of more than 200 per second. The mean of Mich- 
elson* s measurements gave for the velocity of light. 

in cm. 
V = 2.999 X io*° 



Newcon^b also using the method of the rotating mirror 
obtained a value in close agreement with this. 

The experiment of Foucault was originally designed for the 
purpose of actually measuring the velocity of light in media of 
different density in order to decide experimentally between the 
corpuscular and the undulatory theories of light. According to 
the corpuscular theory, light should travel faster in a dense 
medium than in a rare one ; from the principles of the undulatory 
theory exactly the opposite conclusion was reached. Experiment 
alone could decide. Foucault in 1850 measured the velocity of 
light in air and in water and found the velocity in water to be 
less than in air. Since that time the emission theory of light has 
been definitely abandoned and the undulatory theory is now 
generally accepted in some form or other among scientific men. 
A statement of the theory forms the topic of the next article. 

J79. The Undtilatory Theory of Light* According to the 
undulatory theory light consists in an extremely rapid vibratory 
motion which is transmitted from point to point in the form of 
transverse waves. Since experience shows that light traverses a 
space the more readily the less ponderable matter the space con- 
tains, it is concluded that light may be propagated even in space 
containing no ponderable matter, t, <?., in a vacuum. It is 
assumed that the universal medium for the transmission of 
luminous disturbances is the ether, which consequently can not 
be ponderable matter, although it must possess many properties 
in common with it. 
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In order to establish the undulatory theory it is only neces- 
sary to assume that the ether fills all space, that it has different 
density in different media, and that the laws of elasticity are 
absolutely the same in it as in ponderable matter. Moreover, 
as the ether interpenetrates the molecules of ponderable matter, 
its molecules receive and transmit vibrations in the same way and 
according to the same laws as do the molecules of ponderable 
matter itself. In following out the consequences of these assump- 
tions it is necessary to bear in mind certain results previously 
estabUshed for wave motions in general. 

(a.) When in an elastic medium of density d and coefficient 
of elasticity e, a molecule is displaced by any force, the general 
equilibrium of the mediimi is destroyed; all the neighboring 
molecules experience a movement which is propaeated from point 
to point in all directions with a velocity kv^ \ *^'^''. 1 i^ ^ ,J, v^<J\^'^^ 



^ . 



= Va 



^ = -'d 



This same law is held to apply to the ether where V is the velocity 
of light. 

(b.) The intensity of any vibratory disturbance proceed- 
ing from a point source is directly proportional to the square of 
the amplitude^ and inversely proportional to the square of the distance 
from the source, (Compare Article 107.) 

tSO* Equations of Wave Motion. If, in place of an 
infinitely small and instantaneous movement, a molecule of ether 
execute regular vibrations its oscillations, if simple harmonic, 
may be expreissed by the equation 

y = A sin ^ (I) 

in which y is the displacement of the ether molecule at any time 
t, A is the amplitude and T the period. 

, If light be transmitted with a velocity V, from an ether 
molecule P, to a second molecule Pa distant x from P,, 
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the time required for transit is x/ V. Now if equation ( i) repre- 
sent the condition at P, then the condition at P, is repre- 
sented by 



/ t-x/V V 



y' = A'sm|2» = — I, (2) 



Since Pq is always in a given condition of vibration, x/V seconds 
after P, has been in the same condition. The diflPerence in the 
two vibrations is, as may be readily seen, a difiFerence in ampli- 
tude and a difference in phase. If the wave be generated at a 
point source in a homogeneous and isotropic medium then the 
disturbance travels outward in all directions with the same 
velocity. Hence all points on the surface of a sphere with 
center at P, and radius x, must be in the same phase. Surfaces 
containing only points in the same phase of vibration are called 
wave surfaces. The distance from one wave surface to the ilext 
is called a wave-length A, and is defined in terms of velocity and 
period of vibration by 

X = VT. 

If we introduce X into equation (2) we have for the condition 
atPa, 

y' = A'sin.,(^-5) 

(8t. Superpositions of Small Vibrations. Whenever an 
ether molecule is actuated at the same time by impulses due to 
two sets of vibrations, the resultant motion is that due to the 
superposition of the two vibraticns. Since in all cases the ampli- 
tudes of vibrations are assumed to be small the treatment of the 
problem is termed the superposition of small vibrations. If we rep- 
resent the two impulses actuating the ether particle by the two 
equations 



(I) 



(3) 
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A 2 W t 

y, = A, sin -=- 

-• = *--('-^-^) J 

and for convenience set ?-^ = a , and ^-^ = jS , then the 

resultant motion of the ether molecule may be represented by 

Y = y, + ya = A, sin a + Aa sin (a — fi), (2) 
Expanding the right hand member and adding we have 

Y = (Ai + Aa cos y5) sin a — Aa sin 13 cos a; 
or putting 

A, + Aa cos fi = A cos ^ 
and 

Aa sin /5 = A sin ^ 

we get Y = A sin ( a — ^) (4) 

This shows that the resultant motion of the ether molecule is 
still a simple harmonic motion, with an amplitude A. The 
resultant amplitude may be found at once from equations (3) by 
squaring and adding, whence 

A' = A,2 + A\ + 2A,A2 cos i? 

or, replacing fi by its value — - — , we have 

A' = A,» + A,' + 2 A, A, cos ?4^ .... (5) 

This equation shows that the square of the resultant ampli- 
tude, and hence the resultant intensity, due to the superposition of 
two vibrations, dependis upon the quantity x, that is, upon the 
difference in path traversed by the two component vibrations. If 
X = o, or an even multiple of ^, then the resultant amplitude is 

the sum of the amplitudes; ifx= -, 3-1 5-> etc., then the 
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resultant amplitude is the difference of the component amplitudes. 

These results are applied in the theory of interference. 



/rYi^^ -/>^ t^? V 







"'A' 
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182* Law of Reflection of Ligiht Deduced from Huys^hen^s 
Principle* — Let AB (Fig. ii i), be a plane wave front meeting the 
reflecting surface CD, 
in the direction indi- 
cated. In accordance 
with Huyghen's prin- 
ciple, all points on the 
reflecting surface be- 
come new centers of 
disturbance,as the suc- 
cessive points in the 
wave front reach them 
Consequently the 
point A, being the first 
disturbed, acts as a ^^^' '"* 

center from which the disturbance spreads backward into the 
original medium with the original velocity, and in the time t 
needed for the disturbance at B to reach B' it has spread through 
a hemisphere with radius A A' equal to B B'. of which the full 
line above CD is a trace on the plane of the paper. 

In the same time the disturbance at b on the incident wave 
front has reached E, from which point the new wave spreads back 
in the hemisphere whose radius is E b'. In a similar way every 
point on the reflecting surface has generated new waves. The 
radius for the wave from B' is of course zero at the end of the 
time t. Now a tangent from B' upon the circle A" A' will touch 
all the other subsidiary circles; consequently the reflecting surface 
C D has given rise to the new wave front B' A", which now moves 
off parallel to itself in the original medium. 

By the undulatory theory the angle of ^incidence is the angle 
included between the incident wave front and the surface ^ i, e, , the 
angle BAB'; similarly the angle of reflection is the angle AB' A" 
included between the reflected wave front and the reflecting surface. 
The equality of these angles can be shown at once from the 
equality of the triangles ABB', AB'A', and AB'A". 
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(83* Law of Refraction of Light Deduced from Htiy- 
(rhen^s Principle* In the case of refraction of light it must be 

remembered that the ether imbed- 
ded between the material particles 
of the different media will seem to 
have different densities and hence 
will transmit the luminous disturb- 
ance with different velocities. Thus 
suppose the plane wave front AB 
(Fig. 112), in medium I, to meet 
Fiff- "2. the plane surface AC of medium 

II, in the direction BC. Now if the second medium should 
transmit the luminous impulses with the same velocity V, as the 
first, then CD' would be the refracted wave front, that is there 
would be no refraction at the surface of separation. 

But if the second medium transmit light more slowly than 
the first, say with a velocity V, then in time t while the light 
in the first medium is passing from B to C, the light in the second 
medium will have spread out into a hemisphere about A as a 
center, and having a radius AD, such that 



AD 
AD' 



V V 

^, orAD = ^ 



AD' 



The circular arc through D about A as center, represents the 
trace of this hemisphere upon the plane of the paper. In the 
same way from the point Q, there spreads out a hemispherical 
disturbance which at the end of the time t, has reached a radius 

A tangent from C upon the wave front about A as center, is 
also tangent to the entire system of subsidiary waves, and DC is 
therefore the refracted wave front, which now moves on in the 
new medium parallel to itself. By a previous definition the angle 
of incidence is the angle BAC or its equal ACD'. Similarly the 
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angle of refraction is the angle included between the refracted 
wave front and the refracting surface^ or ACD. 
Applying the law of refraction 

ad; 

sin i _ sin ACD^ AC APy V 

sin r "" sin ACD " AD "~ AD - V' "" ^ ' 

AC 

It thus appears that when light parses from a medium A to a 
medium. B the relative index of refraction is equal to the ratio of t?i€ 
velocities of light in A and B. 

Intkrfbrbnck of Light. 

J84. General Statement. Thomas Young showed that 
under certain circumstances two nearly parallel beams of light do 
not, when superposed, produce increased illumination, but that 
they may even so disturb each other's effects as mutually to 
extingtiish each other and produce darkness. In such cases the 
light waves are said to interfere and the resulting phenomena are 
classed imder the head of interference phenomena. 

Interference phenomena are of two general kinds : first those 
in which the two interfering pencils have undergone only reflec- 
tions and refractions, and have had certain phase differences 
produced thereby; the second in which interference takes place 
between subsidiary waves starting from different parts of the same 
wave front. The latter phenomena are usually classed as dijfrac- 
Oon phenomena. 

It was shown in the study of sound that two sets of sound 
waves might be made to interfere and produce either a sound of 
increased intensity or total silence, according as the two vibratory 
motions were in the same or opposite phase. Similar phenomena 
may be produced in the case of two trains of light waves pro- 
vided the two sets of waves proceed originally from the same source. 
If the two pencils proceed from two different sources, as from 
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two flames or from different parts of one and the same flame, they 
are incapable of producing interference. Such sources are termed 
incoherent. Two pencils proceeding from the same point source 
are termed coherent pencils. ^ 

If two sources are to produce interference their phases must 
always be either exactly the same, or they must have a fixed 
difference. In the case of incoherent pencils, the sources may 
change their difference in phase many thousands or even millions 
of times in a second, and yet each interval include millions of 
vibrations. Such changes prevent the appearance of interference. 

It should be carefully noted, however, that in light as in 
sound, the system of interference bands denotes only a redistribu- 
tion of the vibratory energy, and while it may be reduced to 
zero at some points and heaped up at others, yet the amount of 
eilergy is the same. 

185. Interference from Two Small Apertures. Suppose a 
beam of monochromatic light from a narrow sht to'fall upon the 
two small apertures A and B, (Fig. 1 13), so that the two pencils 
from these points are coherent and in the same phase. Draw 
OM normal to AB, and at M erect 
a perpendicular PM. Now, since 
M is equidistant from the two 
apertures, it is evident that the 
paths traversed by the two pencils, 
are identical and the two wave 
trains will reach the point M in 
the same phase, and the illumina- ^'*- "' 

tion will be a maximum. If we assume the amplitudes to be 
equal then the resultant amplitude of vibration wiU be the sum 
of the two equal amplitudes and will therefore be doubled, while 
the intensity of illumination will be four times as great as from 
either source singly. 

■Next suppose a point M,, be chosen such that the difference in 

path of the two pencils is - for light of the particular color used. 
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Then AMi — BM, = - , and the pencil from A will reach Mi 

just one-half period behind the pencil from B, the vibrations 
will be in opposite phase and will destroy each other, and there will 
be darkness at this point. If at Mj the difference in path amount 

to 2- , or a whole wave length, then the vibrations from A reach 

Ma one whole period behind those from B, and hence coincide in 
phase, and the two sets of vibrations reenforce each other, pro- 
ducing maximum illumination. 

In general, if P be any point, above or below M, such that 

AP — BP = ± n- , then P will be a bright or dark point 

mi 

according as 'n is even or odd. If, therefore, the slits be 
illimiinated by sodium light there will appear upon the screen 
normal to the plane of the paper, a series of alternately bright 
and dark fringes starting with M, and extending both above and 
below this point. If either aperture be closed the fringe system 
vanishes. / 

The distance of any band from the central band, may be 
calculated as follows. Call the distance MP, x; let MO equal 
a and denote the distance AB between the two sources by c. 
Draw the lines OP, BP and AP, and about P as a center, with a 

a radius BP describe the short arc BC, which will, therefore, 

represent the difference in path, n~ . The two angles ABC and 

POM are equal since their sides are mutually perpendicular, and 
4he two triangles ABC and OMP are similar. Also, since the 
angles ABC and POM are very small their sines and tangents 
may be equated and we have 



whence 



PM AC X nj4 
= - — or — = - 

OM AB a 



a X 
= -. n-. 
c 2 



This formula shows that the distance of any fringe from the 
central fringe M, varies directly as the wave length of the light 
employed. If, therefore, white light be used, the central fringe 
at M, being the position of zero difference in phase, will be white. 
The other parts of the system instead of being marked by bright 
and dark bands, will now show a set of rainbow colored fringes, 
and there will be no dark bands at all. This is because the dif- 
ferent colors correspond to different wave lengths. Moreover, 
since the fringes are violet on the inner edges nearest M, and red 
on the outer edges, we see that violet light has the shortest and 
red the longest wave length of the spectral colors. If with mon- 
ochromatic light, the quantities a, c, n and x be carefully deter- 
mined, the wave length I for the corresponding color can be 
computed. 

156. F«snel'a Mhrors. In order to demonstrate the phe- 
nomenon of interference of light as clearly as possible Fresnel 
devised the following experiment. Two plane mirrors OM and 
ON (Fig. 114), of polished metal or black glass are so placed 



Fie. 114. 
that their two planes are vertical, and meet in a vertical line, 
forming an angle which differs but little from 180°. Monochro- 
matic light from a vertical slit S, falls upon the two mirrors and is 
reflected in the general direction OC, as if proceeding from the two 



—234 — 

virtual images A and B. In the region upon the screen about C 
illuminated by the two coherent pencils^ we may expect a series 
of interference fringes, normal to the plane of the paper. To 
show that the phenomenon is really due to interference, it is 
only necessary, to cover the face of one mirror with any opaque 
substance when the whole sj^tem of fringes vanishes. 

Fig. 114 represents a horizontal section through the mirrors 
and the vertical slit S is supposed to lie in the plane of the paper. 
Upon Sn and Sm, the directions of the planes of the two mirrors, 
drop the perpendiculars Sn and Sm, and produce these two per- 
pendiculars as far behind the planes of the mirrors as S lies in 
front of them. Then B and A represent the virtual images of 
S, seen in ON and OM respectively. From the construction it 
is evident that B, A, and ^, lie upon the circumference of a circle 
having O as its center, through O draw CD normal to AB, 
and complete the figure. 

The angles nOm and ASB are equal, since their sides are 
mutually perpendicular. If nOm = <«, then AOB is 2^. Let 
DO = a and OC = b, then AB = 2 a sin a*, and the formula 
of the preceding article for the distance to the nth fringe , 



becomes 



CD A 

AB 2 



a+b A a+b ^ 

X = \ . n - = ■ . n- 

2a sm to 2 ' 2aw 2 



since w is a very small angle. 

The distances a and b may be read off from the positions of 
the supports upon an optical bench, the distance x may be meas; 
ured by a micrometer screw and n can be counted. In this way 
the wave length of any colored light may be measured. 

i&7* FfCsncFs Biprism. As a modification of the experi- 
ment with the two mirrors, Fresnel devised the following experi- 
ment for producing interference fringes by refraction. An 



isosceles glass prism C E D, (Fig, 1 1 5), with the ang^e at E very 
nearly 180", receives monochromatic light from a vertical sUt at 
O. The two halves of the prism CE and DE, behave as two right 
angled prisms put base to base, and the light from the upper half 
is refracted downward as if coming from a virtual source B, while 
that passing through the lower half of the prism gives rise to a 
second virtual image at A, The distance between these two 



virtual images A and B, is smaller the smaller the angles C and D 
become, so that by making E very nearly 180°, the two pencils 
emerging from the two halves of the double prism (biprlsm) over- 
lap throughout a certain region FMG the screen. M, being equi- 
distant from the two virtual sources, is a bright band for all 
colors. On either side of M there appear alternately dark and 
bright bands, standing normally to the plane of the paper, mark- 
ing the positions for which the difference of path is an odd or 

- even multiple of - for the special wave-length of light under con- 
sideration. If white light be used a series of rainbow-colored 
fringes replace the dark and bright bands, violet on the inner and 
red on the outer edges. 

The distance of the nth band from the center is readily 
calculated. Thus let OE equal a, EM equal b, « equal the 
angle C or D of the prism, and /* its refractive index. The 
deviation S produced by either half of the biprism may be 



/ . 



written ^ = 
c = 
Therefore 

X = 
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e (m — '■ I ), and the distance AB = c, becomes 
2 a sin ^ = 2 a d = 2 a (fi — i)-- 



(a + b) ^£ 



a +b ^^ 

'^ • n — 

2a e(At — i) 2 



>, 



The biprism has the advantage that the fringes are very bright 
and are readily obtained, while the adjustment for the two mir- 
rors is exceedingly delicate, difficult to secure and troublesome to 
maintain. 

188. Interference in Thin Films. Films of any transparent 
substance if sufficiently thin, exhibit brilliant colors if viewed by 
white light, or a series of dark and bright bands if examined by 
monochromatic light. Examples of such films are seen in soap 
bubbles, thin films of glass, thin films of oil upon water, or of oxide 
upon heated surfaces of polished metals. In order to comprehend 
the relation of these interference bands to other interference phe- 
nomena it is necessary to conceive the, two interfering pencils as 
produced by reflection 'at the upper and lower surfaces of the film. 
Thus let B C (Fig. 116), represent a uniform thin film of air 

enclosed between two plates of glass. 
When monochromatic light falls normally 
upon the film a part of the light is re- 
flected at the upper surface B, in the 
direction BA, the other part penetrates 
the film, and part of this is reflected at C 
in the same direction C B A, while the 
remainder passes through the film. In 
Fig. 116 the reflected parts are denoted by V and H. Both 
reflected components of the original beam are propagated in the 
direction BA, and the illumination produced by H and V depends 
upon their phase difference, which seems to be the double thickness 
of the film, 2 t, expressed in wave lengths of the light under con- 
sideraCtion. From our previous study of interference phenomena 
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Fig. 116. 
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we should expect that according as this difference in path 2 t, 

amounts to o, ^, 2 ^, etc., or to - > 3 -> 5 -> etc., that is, ac- 
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cording as the difference in path amounts to an even or an odd 
number of half wave lengths, the film to an eye looking down 
upon it along A C, should appear bright or dark. 

Observation shows that exactly the opposite result is attained. 
When the film is made as thin as possible it appears black, thus 
showing that for a vanishingly small thickness t, the two pencils 
are in opposite phase instead of coincidence. 

The reason for this is found in the opposite conditions of 
reflection undergone by the two pencils; the beam reflected at B 
is reflected in glass against air, while the beam reflected at C is 
reflected in air against glass. -Theory shows that when reflection 
occurs in the rarer medium against the denser, the wave crest is 
reflected as a trough, while in the case of reflection in the denser 
against the rarer medium, a wave crest is reflected as a wave 
crest. This is usually expressed by saying 
that in the case of reflection in glass against H^ ^ 

air, a half wave length is lost. Fig. 117 
shows the simultaneous positions of the i 

ether particles in the two beams, where the Viffiffit^ifM^^fWffffft 




incident wave is represented by the full line ^^TTmrTfrnTmTrTTTW^ 
and the reflected waves by the dotted lines. Hg. 117. 

In a film of vanishingly small thickness therefore, the two 
wave trains are superposed in opposite phases and the result is 
darkness. The total difference of phase is therefore that due to 
difference in path, 2t, plits that due to difference in conditions of 

reflection, - . Hence the total retardation is 2t + - , and when 
2 2 

this quantity amounts to an even number of half wave lengths the 

film is bright. When it is equal to an odd number the film is dark. 

In the case of oblique illumination it is easily shown that 

the retardation due to the film is 2t cos r, where r is the angle of 



i 
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^ ' refraction in the film. Hence for an eye looking down upon a 
film of uniform thickness, the path retardation increases with the 
obliquity. The film will therefore present a series of interfer- 
ence fringes in the form of circles concentric about the foot of 
the perpendicular from the eye upon the film, the circles being 
the loci of points of equal phase difference . 

If the film be wedge-shaped instead of plane parallel, it will 
be crossed, when viewed by reflected light, by a system of dark 
bands which run parallel to the edge of the wedge, and mark the 
places at which the path retardation is o, ^, 2^, 3^, 4^ . . . . etc. 
\N 189* Interferometefs* Any device whereby two pencils of 
light may be made to interfere, and the resulting phenomena 
studied, is, properly speaking, an interferometer. Certain forms 
of the instrument present peculiar advantages, and merit special 
description. In the interferometer originally devised by Fizeau, 
and modified and improved by Abb^ and Pulfrich, the two pencils 
are made to interfere after normal reflection upon the surfaces of 
two horizontal plates of glass enclosing a film of air, exactly as 
described in the preceding article, Figs. 116 and 117. The other 
parts of the instrument are for convenience of observing and 
measuring the fringe system. 

The under plate of glass is actuated by a micrometer screw so 
that the thickness t, of the air film may be varied at will. The 
plates are slightly inclined to each other, thus giving the air film a 
wedge shape. The interference bands are then straight lines 
parallel to the edge of the wedge. On decreasing the thickness of 
the air film the bands move toward the thicker part of the wedge; 
on increasing the thickness they move in the reverse direction. 
Hence to measure the wave length of any colored light, the system 
is illuminated with that particular light and the micrometer head 
turned until a definite number b, of dark bands have passed under 
a certain point on the plate. The amount s, by which the thick- 
ness of the film has been changed is determined from the micro- 
meter head and the quantities b and s inserted in the general 
formula. 
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Thus for the dark band under the mark we have 



(2n + 



i) - = 2t 

2 



2 



(before) . 



also 



Whence 



or 



[2(n + b) + i] ^ 



= 2(t + s) + - . (after). 

2 



2b . - 

2 



= 2S 
_ 2S 

~ "b 



Q 



In the Michelsoh interferometer, a beam of light from the 
source Q, (Fig. ii8), falls at an angle of 45° upon the half -sil- 
vered face of a plane parallel 
glass plate A, where it is divi- 
ded into two pencils, one of 
which is transmitted and passes 
to the mirror D, the other is 
reflected to the mirror C. These 
two mirrors are set so as to re- I 
turn the two pencils upon their 
paths to the point A, where 
the first is reflected and the 
second transmitted to E. A 
second plane parallel plate B, of the same thickness as A is inserted 
in the path of the reflected ray to make the paths traversed by 
the two pencils meeting at E equal, in case D und C are sym- 
metrically placed with respect to A. 

Now the transmitted ray has passed through the plate A 
three times and been reflected once in glass against air. The 
reflected ray has passed twice through B, once through A, and 
been reflected once in air against glass. When the two pencils 
have traversed equivalent paths they are in condition to inter- 
fere owing to the half wave-length difference in phase introduced 
by opposite conditions of reflection at A. One of the mirrors C, 
is movable in the direction AC by means of a micrometer screw. 
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Wave lengths may be measured as in the Pulfrich-Abb^ instru- 
ment. 

The Michelson interferometer has the advantage of a wide 
separation of the two pencils of light, and it may consequently 
be applied to an almost endless variety of physical problems. 

Diffraction of Light. 

190. Diffraction TIirous:Ii a Narrow Slit. If a strong beam 
of parallel rays be passed through a vertical slit into a darkened 
room and received upon a white screen some two or three meters 
distant, there will be seen a central band of white light, broader than 
the dimensions of the slit would justify from strictly rectilinear 
propagation, and on either side a series of colored fringes. It 
is apparent that through a narrow slit the light does not travel 
in straight lines even approximately, but V)ends around the edges, 
and spreads out in all directions, from all points of the open- 
ing as new centers of subsidary waves. Such a phenomenon is 
called diffraction y and the fringes are called diffraction fringes. As 
has been pointed out already, diffraction is a sp^H^c; of itjtf^r- 
ference between waves arisiner from different points on thejamc- 
waT^ frojji. 

Let ab, (Fig. 119), represent a horizontal section through the 

vertical slit, and let r be a point on the screen M N, such that 

A ad b B ^^ — br. Then the disturbances from all points 

Py,\J\ in the slit will reach r in practically the same 

phase. They will therefore reenforce each other 

and r will be a bright point for all colors, and 

the central band will be white. If now a point 

s be taken near r, such that as — bs = ^, for 

K I ■ A Jv .some definite color, as the violet, then the waves 

^ Fig. 119. setting out from b would reach s one whole 
period ahead of the waves from a. If d be a point midway 
between a and b, then a wave from d would arrive at s just one- 
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half period later than the one from b, and hence these waves would 
annul each other. In like manner every elementary wave from 
a point in da, would be cancelled by a wave from a corresponding 
point in bd. The result at s would therefore be z&tofor -violet 
light. If on the other hand a point s, be chosen, such that 



for violet light, then the slit ab can be divided into three parts, 
from two of which the waves will interfere as before, while the 
remaining third will produce violet illumination. 

In general, if a s — bs = ± n - for points on either side 
of r, we shall have a series of bright and dark bands, for mono- 
chromatic light. The bright bands will correspond to the points 
where n is odd and the dark bands to the points where n is even. 
For white light the fringe system is a series of rainbow-colored 
bands, violet on the inner, and red on the outer edge, thus 
showing again that violet has the shortest, and red the longest 
wave length of the spectral colors. 

(9J. The Difftactkm Grating. If instead of a single sHt, 
a series of parallel, equidistant shts be ruled upon a piece of 
smoked glass, or better upon the opaque film of a photographic 
plate, then the colors of the diffraction 
fringes are much more lively, and the phe- 
nomena in strong sunlight are very beautiful. 
Such a ruled surface is called a diffraction 
grating, and the resulting spectra are called 
diffraction spectra. 

Let M|N,, N|M,, (Fig. lao}, represent the 
transparent and opaque parts respectively of 
a diffraction grating, and suppose the light 
from a collinator slit to come in a parallel 
beam from the left. Then along the direc- '*' '"' 

tion indicated by the dotted line from Mj we shall have a bright 
band, which may be focussed by a lens into an image of the slit, 

) 
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Next suppose that for light of wave length A, emerging in 
direction NjDi, MaDj, the difference in path of the waves from the 
corresponding points in the grating as Mj and M2, should be one 
wave length, or M3D2 = ^; then it is clear that the light from the 
first slit will be in advance of the light from the second slit by a 
whole wave length, and ahead of that from the third slit by two 
wave lengths and so on. The light from all the sHts will, there- 
fore, agree in phase and the resultant illumination may be f ocussed 
by the lens into a diffracted image of the sHt. This is called the 
first diffracted image of the sHt, or a diffraction image of the 
first order. 

If the direction of the light for the first spectrum make an 
angle ^1, with the normal to the grating, and MiNj = a, and 
N1M2 = b, then since the angle D2M1M2 = ^1, we have 

M2D2 = A = (a + b) sin ^1 (i) 

Similarly for an angle ^2 such that the difference in path 
between corresponding points of adjacent slits is 2 x, we have for 
the second spectrum 

2A=(a + b) sin B^ (2) 

for the third spectrum 

3/ = (a + b) sin(93 (3> 

and so on. From equation (i) we have 

which shows that the sine of the angle of diffraction is directly 
proportional to the wave length, hence in a diffraction spectrum 
the violet light is deviated least and the red light most. Moreover 
since the deviation of every color is directly proportional to the 
wave length, it follows that each color lies in its proper place and 
that in such a spectrum there can be no irrationality of dispersion. 
Again, since sin*^i varies inversely as ( a + b), the ''grating 
constant, ' * it is clear that the lengths of diffraction spectra from 
two different gratings are inversely proportional to the constants- 
of the two gratings and hence can be compared at once. 



— 243 — 

Rutherford ruled gratings upon glass having 700 lines to the 
millimeter. The magnificent gratings of Professor Rowland are 
ruled upon speculum metal and have in some cases as many as 
1,700 lines to the milHmeter. 

J 92* Measurement of Wave-lengths* The diffraction grat- 
ing affords the simplest method for the measurement of wave- 
lengths of light since, if the grating constant ( a + b) be known, 
the process is reduced to the measurement of a single angle, which 
can be made with great accuracy. A grating is mounted verti- 
cally upon the table of a spectrometer and so adjusted that the 
beam of parallel rays from the collimator strikes the grating sur- 
face normally. The slit is illuminated with monochromatic Ught, 
furnished by a Bunsen burner carrying a tip of asbestos paper 
saturated with sodic nitrate. On turning the telescope so as to 
look directly into the collimator the direct, or central image of 
the slit should be seen sharply focussed, when the telescope and 
collimator are set for parallel rays. On either side of this central 
image will be seen the yellow diffracted images of the slit, of the 
first, second, third, and fourth order. Owing to the small frac- 
tion of the aperture in each slit that is effective in producing illu- 
mination, the intensity of the diffracted images falls off very 
rapidly. The vertical cross hair of the telescope is set upon the 
first diffracted image on each side of the central image, and the 
readings taken. One half the difference of these readings is ^]. 
In the same way the values of ^2. ^3, and ^^ are determined. 

Then; = (a + b)sin6^i = (a + b)?HL?2 = (a -f b) ^^, etc. 

Conversely, if light of a known wave-length be used, the grating 
constant, (a -|- b), may at once be determined. 

J 93. Three Kinds of Spectra. Through the investigations 
of Kirchoff and Bunsen, 1858-60, the following fundamental 
facts were established concerning the three more important types 
of spectra. 

(a) Bright line spectra. When light from an incandescent 
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gas or vapor is examined by means of a prism, its spectrum is 
seen to consist of a number of bright lines, colored images of 
the slit, which are always the same for the same gas under the 
same conditions of temperature and pressure. Thus the spectrum 
of sodium vapor at the temperature of the Bunsen burner, con- 
sists of a single pair of bright yellow lines corresponding to the 
Fraunhofer lines Di and Dg. The spectrum of lithium consists 
of ia single line in the deep red. The light from hydrogen in 
a Geissler tube shows four well marked lines; one in the red 
and one in the blue corresponding to the Fraunhofer lines C 
and F, and two fainter lines in the violet. 

Such a spectrum is called a bright line spectrum and its pres- 
ence indicates to us that the source of light is a mass of gas or 
vapor under a ^essure so low as to allow the gas molecules 
suflGicient freedom of motion to execute whatever form of vibra- 
tion they will. From the fact that the spectrum of a chemically 
pure substance in the gaseous form may contain numerous bright 
lines, we are driven to the conclusion that the molecule of such 
a gas may execute a number of different vibrations at the same 
time, just as a string or a plate may vibrate in a number of 
different modes, and produce a number of corresponding tones 
at the same time. Under this aspect of the case the character- 
istic bright lines in the spectrum of any gas at a giVeu tem- 
perature may be regarded as representative of \h.^free vibrations 
which its molecules can execute at that temperature, 

(b) Contintums Spectra, When the light from an incandescent 
solid or liquid, or from a mass of incandescent gas under high 
pressure is analyzed, the spectrum is found to contain all colors 
from red to violet, and to show no discontinuities at any point. 
Such a spectrum is called a continuous spectrum and shows that 
the source is a mass of incandescent solid, liquid or gas at high* 
pressure. The spectra from flames, molten metals, the filaments 
of incandescent lamps or from the carbon tips of an arc lamp are 
all continuous spectra. 
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In the case of such a luminous source, it is clear that the 
molecular motions due to incessant molecular collisions, must be 
extremely irregular and constantly interrupted. The molecules 
have practically no mean free path, and no time in which to pro- 
duce their characteristic vibrations. The result is a confused, 
jangled mass of vibration of every possible frequency, which the 
eye interprets as light of all colors, i, e., a continuous spectrum. 

(c) Dark Line, or Absorption Spectra, Absorption spectra 
are produced when light from an incandescent solid is passed 
through a layer of some unequally transparent medium, and then 
analyzed. The spectrum is seen to be crossed by one or more 
dark lines or bands, indicating that in these regions the energy 
of the spectrum has been absorbed by the medium under inves- 
tigation. Liquids are examined for absorption by placing them 
in tanks with parallel sides of plane parallel glass plates. 

Many substances present characteristic absorption spectra. 
Thus a piece of cobalt glass absorbs all colors except a small 
strip in the red, and the blue end of the spectrum. The absorp- 
tion spectrum of chlorophyl shows a dense black line in the red, 
while blood, even in very dilute solution, shows two characteristic 
bands in the green. 

In the case of a glowing gas the absorption spectrum exhibits 
one or more dark lines sharply defined upon the continuous spec- 
trum of the source. These lines are characteristic for the gas 
and correspond to certain bright lines emitted by the same gas. 
Thus at the temperature of the Bunsen burner, sodium vapor 
absorbs only the yellow rays belonging to the D lines. 

The principle of absorption is merely the principle of reso- 
nance applied to the motion of ether particles. The light emitted 
by a vibrating atom of a heated gas may be considered as repre- 
sentative of the vibrations which it can execute. If those same 
vibrations fall upon the gaseous atoms they will covibrate or 
take up the vibratory motion, just as a tuning fork will respond 
to vibrations of its own frequency but to no others. 
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It is to be noted further that the glowing gas acta at the 
same time both as an absorbing and as an emitting layer. If 
light from a source at a temperature higher than that of the gas 
pass through the gas then the gas molecules take up more 
energy than they give out, or light is absorbed by the gas. But 
if the gas be at the higher temperature, then the gas molecules 
give out more energy than they absorb, and light of that peculiar 
quality is added to the light of the source. In the first case the 
lines are darker the greater the degree of absorption, /. e.^ the 
greater the difference of temperature. In the second case the line 
shows as a bright line on the continuous spectrum. For equality 
of temperature between the sources the line vanishes. 

J 94* KirchhofPs Law* From a study of the absorptive 
powers of glowing gases, Kirchhoff deduced a law connecting the 
radiation and absorption of bodies, which may be stated as 
follows: If I be the intensity of the monochromatic light which 
falls upon a body at a given temperature, and I' be the part of 
the light absorbed by that body, then Kirchhoff terms the ratio 

^' - A 
- - A 

the absorptive power of that body for that particular color. Also if 
E, the intensity of the light of the same color which the body 
emits at the same temperature be called the emissive power of the 
body, then Kirchhoff' s law states, that the ratio between the absorp- 
tive power and the emissive power is the same Jor all bodies at the same 
temperature, and that the value of this ratio depends only on the 
temperature and the wave-length. An absolutely black body is 
defined as one which absorbs all the light which falls upon it, 

and does not reflect or transmit any. For such a body, therefore, 

I' . 

the absorptive power j is imity for all colors and for all tempera- 

tures. Now according to Kirchhoff' s law we have the ratio — 

A 

for one body, the same as that for another, hence 

E e 

■T — - where e is the emissive power of 



^ 



— 247 — 

the black body for the given color and temperature. From this 

E 
it follows at pnce that the ratio -x, for any body is equal to the 

emissive power of a bl<uk body for the same color and tempera- 
ture. This means that if a vapor, as sodium vapor, at a given 
temperature, emit light of a certain color more abimdantly than 

other colors, it will absorb that same color more abimdantly, since 

E 

-^ = e, a constant. 

If we write the law in the form E = e A and remember 
that A can never be zero for any body, we reach the important 
conclusion, that as soon as a black body reaches a temperature 
where it begins to radiate a given color, a^ red light, then any 
other body begins to radiate red light at the same temperature, or all 
bodies become red hot at the same temperature. This temperature is 
about 525^ C. As the temperature rises, shorter wave lengths 
are radiated in addition to the red. At 1000° the body becomes 
yellow, and at 1200°, white. 

J95« Spectrtim Analysis* Since the character of the light 
emitted by an incandescent gas depends first of all upon the vibra- 
tions of its constituent atoms, it follows that a study of the light 
emitted by a glowing gas gives us direct testimony concerning its 
chemical composition. Hence, if the bright line spectrum of any 
substance be once definitely known, then whenever this spectrum 
presents itself we may conclude at once that the given substance 
is present in the source of light, whether that source be a Geissler 
tube in the laboratory or a fixed star in the depths of space. This 
is the method of spectrum analysis. A minute quantity of a salt 
is introduced into the colorless flame of a Bunsen burner and the 
light examined by the spectroscope. The method is most useful 
in the detection of the metallic constituents of salts, since at the 
temperatures necessary to vaporize a salt and tinge the flame, the 
spectrum is generally independent of the acid constituent. 

The method is characterized by its ease and rapidity, and 
especially by its enormous sensitiveness. In the flame of the 
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Bunsen burner, of a millisram of sodium is suflGicient to 

'14,000,000 *=* 

show the characteristic sodium lines, while in the spark of an 

induction coil, 5 of a millisram of lithium maybe detected 

' 80,000,000 *=* •' 

On account of the extreme sensibility of the method it has led to 
the discovery of numerous new elements, which have been pres- 
ent in minute quantities as impurities in the substances under 
examination, and revealed themselves through characteristic new 
lines in the spectrum. Among the elements so discovered may 
be mentioned caesium, rubidium, thallium, indium and gallium. 

Spectrum analysis gives at once the explanation of the Fraun- 
hofer lines in the solar spectrum, and enables us through com- 
parison with bright line spectra from known sources to prove 
the presence of many chemical elements in the sun. Thus the 
two D lines of the solar spectrum coincide exactly with the two 
yellow lines of the spectrum of sodium, and Kirchhoff concluded 
that there must be sodium vapor in the sun's atmosphere. By 
means of the Fratmhofer lines Rowland has definitely proven the 
presence of thirty-six chemical elements in the sun. 

Again, it should be noted that while the spectrum of any 
substance is characteristic of that substance,* and furnishes a reli- 
able criterion for conclusions concerning the constitution of its 
molecule, yet the same substance may exhibit dififerent spectra 
for different conditions of pressure and temperature. It seems 
reasonable to suppose that a complex molecule is capable of 
more varied forms of vibration than a simpler one, and hence 
it seems likely that a complicated spectrum corresponds to a 
complicated molecular structure, and a simple spectrum to a 
simple molecular structure. Experiment seems to show that 
each compound that can exist at the temperature at which light is 
emitted y has its own spectrum. As the temperature of solid rises, 
the spectrum changes correspondingly. 

From the first appearance of color, the spectrum grows to 
the completed, continuous spectrum. For a slightly higher tem- 
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perature, but one at which the compound molecule can still exist, 
the spectrum is marked by the appearance of bright parts, which 
are not yet sharp lines, but rather broad bands, set off by bright 
lines which shade off into darkness on one side. Such a spectrum 
is called a band spectrum or 2. fluted spectrum, since it has the fluted 
appearance of a Greek column. Such spectra correspond to rela- 
tively low temperatures and complicated molecular structure, 
usually that of a chemical compound. 

For still higher temperatures the compound molectde breaks 
up into its constituent atoms, and the bright line spectrum appears, 
which as we have seen corresponds to a highly heated gas under 
low pressure. 

Again, the spectrum of an element may contain but a few 
bright lines that seem to be arranged in some apparently definite, 
rythmical order, as in the spectrum of lithium or it may contain 
a thousand lines arranged in apparently the greatest confusion as 
in the case of iron. These lines may also occur singly as in 
lithium, or in pairs as in sodium, or in triplets as in magnesium. 
These groups of single lines, or pairs or triplets recur at regular 
intervals, the intervals growing shorter as we approach the violet 
end of the spectrum. The analogy between these rythmically 
recurring groups of lines and the overtones produced by a sound- 
ing body is certainly very striking. Through the investigations 
of Kayser and Runge, certain harmonic relations between the vibra- 
tion frequencies of the spectral lines of many of the elements 
have been established, but these relations are by no means simple, 
nor have they as yet been shown to exist in the case of all the 
elements. 

{96* The Visible and the Invisible Spectrum* It has been 
seen that many substances exhibit marked absorption for light of 
definite wave-lengths. Investigation has proven that this absorp- 
tion is manifested even by transparent substances for longer or 
shorter wave-lengths. By means of the photographic plate it is 
possible to follow the spectrum far beyond the point at which i^ 
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ceases to affect the eye, and to map out the dark lines in the invisible 
solar spectrum, as Fraunhofer did in the visible part. To do this, 
however, it is necessary to avoid the absorption of prisms and lenses. 
For this purpose a spectrum is produced by a diffraction grating 
and focussed by means of concave mirrors. In the Rowland's 
concave gratings, the focussing is done by the grating itself. 

The study of such spectra shows that the luminous spectrum 
which we can perceive by the eye is only about one-thirtieth of 
the spectrum that has now been explored. The only physical 
difference between visible and invisible light is one of wave-length. 
The eye like the ear is limited in its range of sensibihtyand responds 
only to those vibrations whose wave-lengths lie between 0.000812 
and 0.000330 mm. For wave-lengths shorter than these the photo- 
graphic plate must be used. This region is termed the ultra vio- 
let end of the spectrum. 

In the region of longer waves, called the infra red, recourse 
is had to the heating effect of the radiant energy, and the spec- 
trum is explored by means of an eye-piece containing a series of 
thermal couples. This is connected to a sensitive galvanometer 
and shows the presence of bright or dark lines as hot or a?/t/ lines, 
by the deflection of the galvanometer. The same instrument may 
be used to detect the presence of maxima and minima in a system 
of electric waves, and consequently enables us to explore the 
spectrum of electric radiation as well. The connclusion to which 
we are driven by these facts is, that radiant energy, i. e., energy 
transmitted as undulations in the ether, is essentially one in kindy 
whether it manifest itself in the form of electric waves, or heat waves, 
which affect the thermal couple, or light waves which affect the eyCy 
or ultra violet waves which affect the photographic plate , The only 
essential differetue is that of wave length. 

Again, no one substance is equally transparent for all wave 
lengths. Fluor spar alone transmits the shortest wave lengths; 
quartz transmits a large part of the ultra violet. Glass is trans- 
parent for the visible part of the spectrum but absorbs the infra 
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red. Rock salt is very transparent for all but the longest heat 
waves, while for the longer electric waves an oak plank or a 
brick wall is fairly transparent. 

The following table of wave lengths gives some idea of the 
range of the spectrum thus far explored, and of the relatively 
small part occupied by the visible spectrum. 



Wave Lengths. 



Kind of Light. 

Limit of the photographic rays in vacuum 

Ivimit of the photographic rays in air •. 

Limit of visible light in the blue 

Blue hydrogen line 

Yellow sodium line 

Red hydrogen line 

Limit of visible light in the red 

Longest heat waves as yet detected 

Shortest electric waves 



A in mm. 



o.oooioo 

0.000185 

0.000330 

0.000486 

0.000589 

0.000656 

0.000812 

0.06 

6. 



Resolvustg Power of Optical Instruments. 

J97» Resolving Power of the Telescope* The performance 
of every form of optical instrument reaches a limit imposed by 
the nature of light itself. If a plate ruled with fine parallel 
equidistant lines, be examined, either by the unaided eye, or by 
-means of a telescope or a microscope, there will in each case be 
found a hmiting distance s, between the lines, below which they 
are no longer seen as separate and distinct lines. This limit- 
ing value of s, is termed the limit of the resolving power of the 
instrument in question, or more briefly, the resolving power. The 
principles involved in the determination of this limiting value may 
best be explained from the telescope. 
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Suppose ES (Fig. 121), to be a narrow slit and O its middle 
point. Let p be any point on a line normal to ES and at a dis- 
tance from the slit, then p is a bright point for light of any wave 
length entering the slit. Next let p' be a point on a perpendicu- 




Fiiir 121. 



lar to Op through p, such that Ep' — Sp' = - for light of some 

definite wave length. Then waves starting from the points E and S 
will reach p' in opposite phase, and so annul each other. But it 
is 07ily'for the extreme edges E and S that this is true, hence there 
will be some illumination at p'. But if we take a point p", such 
E p" — S p" = >^, then p" is a dark point for light of wave length A. 
(See Article 190.) 

We should therefore have a series of bright and dark bands, 
parallel to E S, and normal to the plane of the paper, of which 
p" marks they^r^/ dark bayid. If now the slit E S, be regarded 
as the diameter D, of a telescope objective, we have a series of 
bright and dark rings concentric about the bright center p. This 
bright center may be regarded as the image of a point source of 
light of wave length >^. Calculation shows the radius of the first 
dark ring to be slightly larger than the value derived for jhe 
first dark band. Thus the radius of the first dark ring is 
1.2 pp", or the diameter is 2.4 pp". 

Let E S = D, Op = F, the focal length of the objective, 
d = 2.4 pp", the linear [diameter of the image of the point 
source, and E a = -^. About p" as a center, with p"S as radius 



— 253 — 



describe the short arc Sa. Then the triangles ESa and pp"0 

are similar, and 

Ea ES .' •, - " 



or 



PP 



ft 



PP 



ft 



Op 

D 

F ' 



F'' 




whence 2.4 pp" = 2.4 - . A = d, the linear diameter of the 

image of the artificial star. The angle subtended by this 

image at C, the center of the objective is ^ , which (Fig. 122), is 

F 

readily seen to 
be the same as 
that subtended 
the object at 
the same point, 'g 

Then f>&- "2. 

d 2.4 A 

^ = — jT- = the angular diameter of the star image. If two 

star images are to be seen as separate discs, then their angular 
separation must be at least 

d 2.4 A 

F D 

If we set A = 0.00056mm., and D = one inch = 2.54cm., 
then the angular diameter of the star disc is 10.92", or the images 
of two stars which subtend an angle of 10.92" would appear in 
the telescope with an objective one inch in diameter, with their 
discs just touching, if the light could be traced out to the edges 
of the discs. On account of the faint light of the stars how- 
ever, the extreme edges of the discs are invisible, and under 
most favorable circumstances two stars can be separated, which 
are a little less than half this distance apart, or the limit of the 
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resolving power of a telescope whose objective is i inch in diameter is 
odouts". Hence to find the resolving power of any telescope 
divide 5" by the diameter of the objective in inches. 

t98* Resolvmgf Power of the Eye* It was shown in the 
last article that the resolving power of a telescope depends simply 
upon the wave length of light employed, and upon the diameter of 
the objective, or two objects to be resolved must subtend an angle 

^ 2.4A 
^ D 

In the case of the eye, the crystalline lens has a refractive 

index of 1..4, and hence the wave length ^ in air, becomes — hi 

1.4 

the lens of the eye. The diameter of the pupil corresponds to 

the diameter of the objective of the telescope, and putting this 

diameter equal to 4mm, we have as the resolving power of the eye 

= — • — = 49.5 . 
^ 4 1 .4 ^^ ^ 

The actual limit is about one minute. This means that a 
normal eye can see two lines separated, whose distance apart 
subtends at the eye an angle of one minute of arc. 

It is interesting to note that the ** rods and cones " or light 
sensitive elements of the eye, subtend the same angle, one min- 
ute, at the nodal point of the eye. From this it appears that 
whether we consider the resolving power of the eye as depending 
upon the smallest distance between two nerve endings capable of 
receiving separate stimuli, or whether the eye be regarded as 
a simple lens, the theoretical resolving power comes out the 
same in either case. The resolving power of the eye may be 
readily determined by the following experiment. 

Draw a series of equidistant lines upon a piece of white 
paper, making the Unes and spaces of about the same width, and 
determine the distance from the eye at which the lines under 
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bright light can just be seen resolved. The angle subtended at 
the eye by the distance between two lines will give the resolving 
wer for the eye in question. 

t99* Resolvins: Power of the Microscope^ It has been 
pointed out that the magnification of a simple lens soon reaches 
a limit owing to the short working distance and the minute dimen- 
sions of the lens. A more serious difl&culty is found in the fact 
that as the lens grows smaller the dimensions of the opening are 
no longer very great as compared to the wave length of light. 
The image of a point source is therefore a diffraction disc of 
definite radius and this radius increases as the diameter of the 
lens decreases. It can be shown experimentally that for a lens 
whose diameter is less than one one-thirtieth of an inch the 
confusion arising from the increased diffraction is very great. 

The angular aperture 2a, is the angle included between the 
extreme rays, which can pass through the microscope objective, 
from a point distinctly seen on the axis of the instrument. If ai 
be the index of the medium front which the light enters the 
objective, then At sin a = N, is called the numerical aperture of 
the objective. In air ai — i and the maximum value for N, is 
also I. Since this would denote an angular aperture of 180°, it 
is obvious that the greatest diameter D, that can be used in a 

simple lens is twice the focal length F, or N = ^ , where N 
has its maximum value of i . , 

By placing upon the cover glass, a drop of some fluid in 
which the objective may be immersed, the factor p- may be varied 
at pleasure and the aperture N may be increased to i .4 or even 
more. Such a lens system is termed an immersion system. If a 
liquid be used whose index is the same as that of the objective, it 
is termed homogeneous immersion. If a grating of constant, 
(a + b) = d, be viewed by a microscope in direct light, then 
the diffraction pattern in the image will resemble the structure of 
the object (grating), only when all the rays diffracted by the 
object of sufficient intensity to produce appreciable effects in the 
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focal plane of the objective, are received by the objective. 
Hence the resolving power depends directly upon the numerical 
aperture of the objective. When the grating is viewed by direct 
light, therefore, the first maximum from the center of the field, 

lies in the direction sin ^ = - . Hence if the grating is to be 

d 

seen resolved, that is, if the Hues are to be seen separated in the 
image, the objective must receive rays whose inclination is at 

least equal to ^, where sin ^ = - . 

d 

In an immersion system, the wave length A' in the fluid, is 
equal to - , where fi is the refractive index of the immersion fluid, 
and A is the wave length in air. In this case 

At sin ^ = J for resolving a grating of 

constant d. But since At sin a is the numerical aperture N, of 
the objective, then to resolve the grating,. N = At sin a must 
equal ai sin ^, or 

N = -T . Hence the smallest distance d, 
d 

which can be resolved by a microscope of numerical aperture N, 
in direct illumination is 

In the case of oblique illumination this may be reduced one- 
half under the most favorable conditions, or 

A 



d = 



2N 



Since the resolving power increases as d decreases it is clear that 
the resolving power oj the microscope varies inversely as the wave 
length of light used, and directly as the numerical aperture of the 
objective employed. 

Letting A = — \ — of an inch or 0.000508 mm, for greenish 

50000 
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blue light, and putting N = i, we have for oblique UluminaHon^ 
in air, under most favorable conditions, 

d = -— - = o.oocx>i inch or 0.000254 mm. 

2 N 

This means that under the above conditions a grating having 
looooo lines to the inch could be seen resolved. In the case of 
hojjogeneous immersion this limit may be extended to 135000. 
mAA^ 2()0. Resolving: Power of a Grating:. If light fall upon a 
^ diffraction grating of constant (a + b) = d, at an angle of 
incidence «, and the transmitted light be diffracted at an angle /?, 
then it may be shown that for the points of maximum illumina- 
tion the maximum phase difference between wave systems from 
corresponding points of adjacent slits of the grating is 

d sin a + d sin /5 = d(sin a -|- sin /5) = m a . 

This is the general form of the equation for the grating and 
appUes equally well to reflection or transmission gratings. 

In order to investigate the resolving power of the grating 
it is necessary to inquire into the conditions necessary to separate 
the mth spectral image of wave length A, from the mth image 
of wave length A -|- dA, where dX is a very small fraction of a 
wave length. The solution given by I^ord Rayleigh is as follows: 
In a grating of n lines, the mth spectrum lies in such a direction 
that the phase difference between corresponding points of adjacent 
slits is m A, and between wave systems from the extreme slits, it 
is m n A. The nearest points of minimum intensity on either 
side of the mth maximum correspond to phase differences between 
the extreme slits of m n A ± A. If now the mth maximum for 
wave length A -|- d A, fall in the position of phase difference 
m n A + A, then the two lines are seen sharply separated, and we 
may equate length of paths for this point, or 

(mn+ i)A = m n(A + d A) 
whence -— = m n = r, tAe resolving power of the 

grating. The quantity r = — indicates by what fraction of a 

dA 



— 258 — 

wave length two lines must differ in order to b^ completely 

separated. For example, the two sodium Unes Di and D, , having 

wave lengths 5896 and 5890 X 10"^ mm., diff^ by 6 units, or the 

X 6000 

ratio ^-r may be said to have, in round numbers, the value — - — ,or 

QA - 6 

1000. A grating which will separate the D lines must therefore 

have a resolving power of at least 1000. Also, since r = ^- . 

= m n, it is plain that if the sodium lines are to be seen sep- 
arated in the/irst spectrum, the grating must have at least 1000 
Hnes, while for the second spectrum 500 would suf&ce. 

Again, if the general equation for the grating be multiplied 
by n, the number of Hnes on the grating, we have 

m n A = n d (sin a -f- sin fi). 

But m n = r, the resolving power of the grating, and n d = b, 
the breadth of the grating, hence we may write 

r = J (sin a + sin /J). 

This equation shows that the resolving power is a maximum 

for a and IS each equal to 90°, or 

^ 2b - 

r voMx = — • 

A 

This value, however, cannot be attained since it corresponds 

to an infinitely small bundle of rays. If either a or i? be made 

zero, the other angle may amount to 60°. By the use of the Lit- 

trow autocollimation principle (Art. 150), in which telescope and 

colHmator are combined, it is possible to make a = ^ = 45° to 50°; 

so that practically the maximum resolving power may be set 

down as 

r = |b to r = 3b . 

8X 2A 

From this it follows that for the largest and best gratings 
now made, in which b = 5.5 inches, the resolving power for 
A = 5500 X 10 ^ m m., is about 375000, if the lyittrow method be 
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adopted. Other arrangements give much less. In the usual 
arrangement of the Rowland concave grating the resolving power 
probably does not exceed looooo. 



POLARIZED LIGHT. 

201, Polarization of Light. Throughout the various opti- 
<^al phenomena thus far studied, there has been no indication as 
to the nature of the ether vibrations, which have been assigned 
as their cause. If, as in sound, the direction of vibration be in 
ihe line of propagation, in other words, if the vibration be longi- 
tudinal, then there will be nothing to distinguish the beam of 
light when viewed from one side, from its aspect when viewed 
from another. If a guitar string be plucked or a violin string be 
bowed so as to cause it to vibrate horizontally, then the entire 
excursions of its vibrating parts are confined to that plane and the 
motion is linear and simple harmonic in that plane. A card hav- 
ing cut in it, a narrow slit, slightly wider than the diameter of 
the string and several centimeters long, may be passed over the 
string with the slit horizontal, without disturbing the motion of 
the string in any way. If, however, the card be rotated in its 
own plane through 90°, so that the slit may stand vertical, the 
horizontal vibration is at once extinguished, although a vertical 
vibration would be rendered possible. It is clear that the card 
would have no influence upon the hngitudial vibration of the string 
in any position. 

The transverse vibrations of a string are therefore such as to 
enable us to distinguish its sides, or to give to the string a two sided- 
ness or polarity. If now it could be shown that a beam of light 
behaves in a similar way, it would indicate the presence of trans- 
verse vibrations. If a beam of ordinary light be allowed to fall 
normally upon a plate of tourmaline cut parallel to the axis of the 
crystal, the light which emerges will be found to possess the two 
sided property of the vibrating string. If we allow the light 
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from one plate of tourmaline to fall normally upon a second similar 
plate, we shall find that it passes freely through the second when 
the two plates are parallel as at AB (Fig. 123). If, however, the 
second plate be rotated about the beam as axis, as A'B', the emer- 
gent light gradually di- 
minishes in intensity and 
is entirely extinguished 
when the two plates stand 
at right angles to each 
Fig. "3. other, as at A" B." If 

the second plate be rotated still further, the light again increases and 
when the plates are again parallel, it reaches its full intensity, to be 
extinguished again when the plates stand at right angles to each 
other. It thus appears that when the plates are crossed, the Hght 
from the first plate is stopped by the second, just as the vibra- 
tions of the string were stopped by the slit. The light has thus 
been changed in its nattu-e so as to exhibit a two-sidedness or pol- 
arity in one plane and is therefore said to be plane-polarized. We 
also conclude that the vibrations of the ether particles are trans- 
verse to the line of propagation. 

Again, since the light emerges freely from the first plate of 
tourmaUne, no matter how it be rotated about the beam as axis, 
we conclude that in ordinary light, the transverse vibrations 
occur in all possible planes through the axis of propagation 
(Fig. 124); whereas, the light trans- 
mitted by the first plate is due to the 
vibrations parallel to the longer axis of 
the plate (Fig. 124). For this reason, 
ordinary light is considered to be made Fig. 124. 

up of a mixture of light polarized in all possible planes, due to 
the rapid rotation of the plane of polarization about the line of 
propagation as axis. 

202. Polarization by Reflection* If a plate of unsilvered 
glass A (Fig. 125), blackened upon its rear surface, be placed 
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in a beam of ordinary light at an angle of incidence of about 57' 
the light reflected from such a 
mirror, will be found to he plane 
polarized. This may be demon- 
strated by testing the beam by 
means of a plate of tourmaline, 
or by receiving the reflected beam 
upon a second similar mirror Fig. 125. 

(Fig. 125), whose plane of incidence coincides with that of the 
first. The light in this position is freely reflected from the mir- 
ror B. If now the mirror B, be rotated about the beam AB as 
axis, the light reflected from the second mirror, will gradually 
diminish in intensity, tmtil when the planes of incidence of the two 
mirrors are at right angles to each other, it vanishes entirely, 
A'B', (Fig. 125-b), as in the case of the tourmaline plates, and reap- 
pears again in its original intensity when the mirror is rotated 
through another 90°. 

It should be noted that in the case of the crossed mirrors, 
the light reflected from B, is not zero except for a particular 
angle of incidence for both mirrors. This angle is called the 
ayigle of polarization and for glass it is between 55° and 57°. 
Other transparent substances may be used as mirrors, and for each 
substance there has been fotmd an angle of incidence depending 
upon the substance, which gives a maximum of polarization, but, 
according to Jamin, only a few substances of refractive index near 
1.46 polarize light completely by reflection. 

If we suppose the beam A B, to be of unknown origin, then 
it may be analyzed^ that is, its condition of polarization may be 
examined by means of the second mirror. If on rotating the 
mirror B about the beam as axis, the reflected light show no 
change in intensity, we conclude the beam AB is one of ordinary 
light. If, however, for certain positions of the mirror B, the 
light vanishes, it is plane polarized and the plane of incidence iji 
which it is reflected tnost copiously from the second mirror^ is called the 
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plaru of polarization. According to the theory of Fresnel, the 
vibrations of plane polarized light are perpendicular to the plane 
of polarization. Thus the direction of the vibration in light 
polarized by reflection is normal to the plane of incidence, that is, 
it is parallel to the surface of the mirror, 

203* BfcwstCf's Law* It has already been stated that the 
angle of polarization differs for different substances. In 1811, 
Sir David Brewster discovered the remarkable fact, that when 
light falls upon a transparent substance, at the polarizing angle, 
the reflected and refracted beams are at right angles to ea^h other. 
Thus, if EO, (Fig. 126), be the incident ray, OR the reflected ray, 
and OB the refracted ray, then by Brewster's law the angle 
BOR = 90°. This law may be put in another form. Since the 
angle between the reflected and the refracted rays is equal to 90°; 
then 



-,_o 



i + r = 90 



or cos 1 = 
therefore 



cos (90 — r) = sin r, 




sin 1 



sin 1 



or 



sin r cos 1 
M = tan i. 



= /^ 



Fig, 126. 



Now since 11 is greater than unity we 
learn from Brewster's law that the polar- 
izing angle is always greater than 45° 
and further, that if the index of refrac- 
tion for a transparent substance be known, 
the polarizing angle can at once be deduced. Brewster's law 
has been verified by Seebeck for a number of refractive media. 

204. Polarization by Refraction. If a beam of ordinary 
light fall upon a thin transparent glass plate at an angle of about 
55° to 57°) ^ P^t o^ t^is light is reflected, and by this reflection 
polarized, the plane of polarization being in the plane of incidence. 
The other part of the light is transmitted, and if examined 
will be found to show traces of polarization in a plane at right 
angles to the plane of incidence. If the light emerging from the 



— 263 — 



first plate be passed through a second parallel and similar plate, 
the amount of polarized light in the emergent beam is increased, 
and after passing- through some eight oir ten such parallel plates 
the transmitted light is found to be completely polarized. Such 
an arrangment is called a pile of plates and may be used either as 
a polarizer or as an analyzer in optical apparatus. 

The pile of plates may also be used to replace one or both 
the mirrors shown in Fig. 125. When the plates are used to 
replace mirror B (Fig. 125), and the planes of mirror A and the 
plates are made parallel the light reflected from A is also reflected 
from the first plate of the pile as it would have been from mir- 
ror B. If, however, the plates be rotated into the position of B'^ 
(Fig. 125), the light is no longer reflected by the plates but is 
wholly transmitted. Finally, if two 
piles of plates be used they behave 
toward each other exactly as two 
mirrors. 

The action of the plates of glass 
may be understood from the following 
siderations: Let a beam of light fall 
upon a glass plate at the polarizing an- 
gle. If the light is already polarized in 
the plane of incidence, (Fig.* 127), then 




Fig. 127. 



about 1-7 of the incident light is re- 
flected along OR. the rest penetrates 
;^ the plate. The vibration of the ether 
particles parallel to the surface of the 
plate are represented by the dots upon 
the path of the ray. If the incident 
light is polarized at right angles to the 
plane of incidence, (Fig. 128), then 
the entire beam penetrates the plate 
Fig 128. and no light is reflected along OR, 

In this case the vibrations in the plane of incidence are indi- 
cated as shown in Fig. 128. 
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205* Double Refraction* When a ray of light falls upon 
a transparent isotropic substance it is refracted along a single 
direction, and the refracted ray obeys the Igiw of refraction. 
When, however, a ray of light falls upon the surface of any trans- 
parent crystal other than one belonging to the regular system, 
it is in general divided into two refracted rays^ one of which 
obeys the law of refraction and is called the ordinary ray^ while 
the other follows a law of refraction altogether different from 
that of isotropic bodies, and is called the extraordinary ray. 
This phenomenon is called double refraction. It is exhibited by 
many animal and vegetable substances, and by glass, glue, gela- 
tine and similar substances when under stress. Double refrac- 
tion is very readily observed in Iceland spar (crystallized CaCOs), 
in which it was first observed in 1669, by Erasmus Bartholinus. 
Iceland spar belongs to the hexagonal system of crystals 
and splits readily in planes corresponding to the three faces 
of a rhombohedron. Two of the solid angles which lie diam- 
etrically opposite, are botmded by three equal, obtuse angles of 
101° 53', while each of the remaining six are bounded by one 
obtuse and two acute angles. A line a a' (Fig. 129), making 

equal angles with the three faces 
forming the obtuse solid angles 
is called the optic axis of the 
crystal. 

In the case of crystals which 
possess a principal axis of sym- 
^*^- '^- metery, a plane laid through 

this axis and including the normal to the surface, or any plane 
parallel to it is called a principal section. Consequently the plane 
which can be passed through the shorter diagonal of the rhom- 
bohedral surface and the axis of the rhombohedron is also a prin- 
cipal section. The rule for the double refraction in Iceland spar 
may be stated as follows: A ray of light incident normally upon 
a rhombohedral surface of Iceland spar is separated into two 
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rays, one of which vibrates at right angles to the principal sec- 
tion and is not deviated, (ordinary ray), while the other vibrates 
in the principal section, and is deviated in the principal section, 
away from the end of the axis a a' (Fig. 129), in the face toward 
which it is going, (extraordinary ray). 

This may be illustrated by placing a rhomb of spar over a 
small black dot on white paper, and looking at the dot along the 
normal to the upper face of the crystal, (Fig. 129). The ej^e 
will perceive two images, one in the continuation of the normal 
to the horizontal faces (ordinary image), and the other in the 
principal section^ and displaced from the upper end of the principal 
axis, (extraordinary image). On rotating the crystal over the 
dot the extraordinary image rotates about the ordinary image 
but keeps its position relative to this image and the end of 
the axis a of the crystal. 

206. Polarization by Double Refraction* If a ray of light 
be admitted through a small hole in a black card 
and a rhomb of Iceland spar be placed over it, 
the eye will perceive two ra)^ emerging from 
the upper surface. These tested either with . 
a polarizing mirror, or a pile of plates, will 
show the following peculiarities: ^^'* ^^°" 

(a) The ordinary ray o (Fig. 130), will be found to be 
polarized in the principal section of the crystal y i, e. , it swings at 
right angles to the principal section ^ while the extraordinary ray is 
polarized at right angles to the principal section, or its vibrations 
are in the principal section. Fig. 130 represents the upper face of 
the rhomb shown in Fig. 129, and c denotes the end of the axis 
in the upper surface, designated by a in Fig. 129. 

(b) If a second rhomb of equal thickness be similarly 
placed upon the first, that is, with the end of the optic axis in 
the upper face at c (Fig. 131), in each case, the same two images 
o and e, (Fig. 131), appear as before, with similar polarization, 
but the separation of the two rays is now twice as great as before. 
This is easily explained since the two rays emerge from the 
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crystal as parallel rajrs and enter the second crystal in the same 
relative position in which they left the first. Hence the ordinary 

ray traverses the second crystal as ordinary and 
the extraordinary as extraordinary. The 
ordinary ray penetrates the crystal normally 
and hence suffers no deviation while the ex- 
traordinary ray suffers the same deviation, in 
the second as in the first, and since the plates 
Fijf. 131. are of equal thickness the separation of the 

rays is twice as great for a rhomb of double the thickness. 

(c) Next let the upper rhomb be rotated clock wise upon 
the lower, through an angle of about 30°. There will now 
appear four images instead of two in the posi- 
tions shown in Fig. 132. Upon examination it 
will be seen that the ordinary ray O in the first 
rhomb has been split into two by the second, 
producing an ordinary Oq and an extraordinary 
Eo , while the extraordinary in the first rhomb f»&- >32. 

is likewise doubly refracted in the second producing an ordinary 
Oe and an extraordinary Ee- 

The intensities of the four rays increase and diminish in 
pairs. Thus the two rays Oe and Eo are at first faint and gradu- 
ally increase while the pair Oq and Ee diminish in 
brightness and when the crystal has been rotated 
through 90°, vanish entirely leaving Oe and Eo, 
(Fig. 133). For a rotation of 45° all rays pos- 
sess equal intensity. After passing 90° the 
iMv: 13V P^^^ ^o and Ee reappear, and 

increase in brightness, the other pair diminish- 
ing to zero at 1 80° . At this point the two re- 
maining rays, Oq and Eg coincide /t7r two rhombs 
of equal thickness and we have a single image 
caused by two beams of light polarized at right 
a7igles to each other y (Fig. 134). The paths of 
the rays through the two rhombs of equal thickness is shown 





— 267 — 




in Fig. 135. The variations in the relative intensities of the 
four rays is readily understood 
from Fig. 136. Let J A and JB 
represent the directions of vibra- 
tions of the ordinary and extra- 
ordinary ray in the first rhomb, 
and JF and JD the corresponding 
directions of vibration imposed ^*«- '35. 

upon the two rays of light upon entering the second rhomb which 

has been rotated upon the first through 
an angle OJD. Let JA and JB represent 
the intensities of the two rays on emerg- 
ing from the first rhomb. By projecting 
JA and JB upon each on the new axes 
in turn, we have the four amplitudes of 
vibration, 

JD = Oo = JF = Ee 

= Oe = JC = Eo 




Fig. 136. 



and 



JG 



(J^sM^ 



whence the subsequent variations may be readily deduced. 

207* Indices of Refraction in Iceland Spar* Since a ray of 
light in passing through a rhomb of Iceland spar is split up 
into two rays^ which are differently refracted it follows that 
the crystal must have two indices of refraction. In determining 
the refractive indices of any uniaxial crystal it is convenient 
to employ the form of prism described in Article 150, and 
arrange the apparatus so that the incident light is normal to the 
first surface of the prism. In each case the ^ 

direction of the optic axis in the prism is 
indicated by fine lines. 

Three cases will be considered: 

{a) The optic axis of the crystal is par- 
allel to the incident ray^ (Fig. 137). In this 
case the ray traverses the crystal parallel Fig. 137. 

to the optic axis and no double refraction results. The refractive 
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index for sodium light is that for the ordinary ray, a*© = 1.6585. 
{b) The optic axis is parallel to the refracting edge oj' the prism y 

(Fig. 138). Here the plane of incidence is 
normal to tie axis, and consequently two 
rays emerge from the second, side of the 
prism. The two values for the refractive 
index are, fcMr the ordinary ray 

Fig. 138. A*o = 1.6585, 

for the extraordinary ray a*c = 1.4865. 

Should the angle of incidence change in this case, the direction 
of the ray through the prism would be changed, but the light 
would at all times traverse the crystal at right angles, to the 
axis, and the values of the indices for the two rays would 
remain constant. 

{c) The optic is normal to the refracting edge of prism,, and 
parallel to first face of prism and to plane of incidence , (Fig. 139). 
In this case so long as the incident light 
is normal to the first face of the prism, 
the same result will be obtained as in 
case b. Should the angle of incidence 
vary however, the direction of the light 
through the prism is no longer normal to 
the optic axis, and the index for the ordi- ^**f- ^39- 

nary ray alone remains constant, 1.6585, while the extraor- 
dinary index varies from 1.4865 to 1.6585. 

From this it is apparent that only in the second case would 
it be possible to determine the two indices by the method of 
minimum deviation, since in this case only does the light remain 
normal to the optic axis. In both the other cases the value of 
A£e would vary between 1.4865 and 1.6585. 

The results maybe stated thus: A ray of light penetrating a 
crystal of Iceland spar is in general split into two rays. One, the 
ordinary ray, obeys the law of refraction and has always the same 
refractive index /^o = 1.6585. For the extraordinary ray, the 
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value of the refractive index varies between 1.6585 and 1.4865. 
It assumes the maximum value whenever the ray follows the optic 
axis and the minimum value when it passes through the crystal 
at right angles to the optic axis. 

0^^\mA20&* Wave Stiffaces in Uniaxial Crystals* Huyghens 
explained the phenomena of double refraction in uniaxial crys- 
tals by an extension of the method adopted by him in the treat- 
ment of ordinary refraction. Since he had shown that the wave 
stu*face in an isotropic medium was a sphere, and since one of the 
rays in Iceland spar obeyed the laws of refraction in isotropic 
media, he assumed that for this ray the wave surface was a 
sphere. For the extraordinary ray he assumed the wave surface 
to be an ellipsoid of revolution about the optic axis, with its center 
at the point of incidence, and having for one of its axes the diam- 
eter of the sphere. Between this axis and the second axis of the 
ellipsoid he assumed the same ratio to exist as existed between 
the velocities of the ordinary and extraordinay rays in the crys- 
tal. By means of these two surfaces the refracted waves may be 
ioimd as in Article 182. 

Thus let pp2 (Fig. 140), represent a plane wave front incident 

upon A!B, the surface of 
a uniaxial crystal whose 
optic axis p C, is assum- 
ed to lie in the plane of 
the paper. Then in time 
t, needed for the wave 
to travel the distancep2P2' 
in airy the spherical wave 
about p as center has 
reached Co,and thespher- 
oidal wave has spread to 
Fig. 140. Ce. Then by the prin- 

ciple of Huyghens, tangent planes p'a o'o and p'ae'e from p?' 
upon the sphere and spheroid respectively, mark the wave fronts 
of the ordinary and extraordinary waves in the crystal. 
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If the point of tangency to the sphere be o, then po is the 
ordinary ray, normal to the wave front. It Hes in the plane of 
incidence and thus obeys both laws of refraction. If the tangent 
plane from pa' touch the spheroid 
at e, then pe is the extraordinary 
ray, which in general is not nor- 
mal to the wave front and does not 
lie in the plane of incidence un- 
less the optic axis is either in the 
plane of incidence or normal to 
it. In the figure the axis is as- 
sumed to He in the plane of inci- 
dence and hence the extraordinary ray also lies in that plane and 
so obeys one of the laws of refraction. 

In one special case, however, when the optic axis is normal 
to the plane of incidence (Fig. 141), the extraordinary ray obe5rs 
both laws of refraction; that is, it is normal to the wave-front 
and lies in the plane of incidence, and consequently its velocity 
in the crystal bears a constant ratio to the velocity in air, for all 
angles of incidence. This ratio is termed the extraordinary 
index of refraction fi^. 

Thus (Fig. 141), the sections of the sphere and spheroid by 
the plane of incidence are both circles and if the velocity in air 
be taken as unity, and the velocities of the ordinary and extraor- 
dinary rays, as b and a respectively then 

/£q = EiEl = ^ = fj^o J ordinary index, 
po b 

jt£g = &Ei_ = ^ = /jtj , extraordinary index, 
pe a 

This case corresponds to (b) of Article 207, in which it was 
shown that the values of both refractive indices were constant 
for all angles of incidence. 

Crystals in which the extraordinary index, fi^ is greater than 
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the ordinary index /Iq, are called /^wVzt;^ crystals; those in which 
Aij is less than /Iq are called negative crystals. In positive crystals 
such as quartz, ice and potassium sulphate the ellipsoid lies within 
the sphere; in negative crystals, as Iceland spar, tourmaline, beryl, 
and sodic nitrate, the ellipsoid lies without the sphere. 

I . 209* The Nicol Prism* We have seen that a beam of plane 
polarized light may be produced in any one of a number of ways, 
as by reflection from a polarizing mirror at an angle of 57®, by a 
pile of plates, by a crystal of tourmaline, or by double refraction 
through a crystal of Iceland spar. To all these methods there 
are more or less serious objections. In the polarizing mirror it is 
difiicult to secure an intense beam of polarized light, since only 

about ^ of the incident beam is reflected. In the pile of plates there 

is trouble from absorption by the plates, and diffusion of light from 
dust particles on the surfaces of the plates, thus causing stray 
light in the field. Tourmaline in plates of more than 2 mm thick- 
ness absorbs the ordinary ray completely, but has 
the disadvantage that the extraordinary ray which 
is transmitted, is colored either green or red by the 
crystal, and also that tourmahne is not very trans- 
parent in plates of the required thickness. 

The most effective means of securing a strong 
beam of plane polarized light is by means of the Nicol 
prism. A clear crystal of Iceland spar is split out so 
that it is fully three times as long as it is broad. 
The end surfaces which in nature make an angle 
of 72° with the edges of the side, are so cut as to 
make the angle SPQ, (Fig. 142), 68°. Let the 
section PQRS represent a principal section of the 
rhomb. The prism is then sawed in two along a 
plane normal to the new end surfaces and to the 
plane of the principal section PR. The two new faces are then 
poHshed and cemented together with Canada balsam, which has 
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a refractive index smaller than that for the ordinary ray in 
the spar, but larger than that for the extraordinary ray. If 
now a ray AB, enter the rhomb parallel to its length the two 
rays are separated, as usual in the spar, and the ordinary ray 
meets the Canada balsam at an angle slightly greater than the 
critical angle and is totally reflected through the side of the crystal 
and absorbed by its covering, which is painted dead black. The 
extraordinary ray passes into the Canada balsam as from a rarer 
to a denser medium and meets the second surface of the spar at an 
angle less than the critical angle from balsam to spar, and so is 
transmitted undiminished through the rhomb. As shown in the 
figure the vibrations in the extraordinary ray lie in the principal 
section through the shorter diagonal of the end stu-faces of the 
rhomb. The Nicol thus transmits only those vibrations which 
are in the plane of its principal section, and quenches all vibra- 
tions at right angles to this plane. 
'^ 2I(X Two Nicols. It is clear that if light emerging from 

one NicolXpolarizer), be passed through a second Nicol (analyzer), 
it will be transmitted if the principal sections of polarizer and 
analyser be parallel, and will be totally extinguished if their 
planes be at right angles to each other. In any other position of 
the two Nicols there will be a portion transmitted and a portion 
absorbed. This is readily seen from Fig. 143. 

Thus let a ray of plane polarized light, incident at O normally 
to the plane of the paper, have its vibrations parallel-to OP, and let 

Op represent the amplitude of its vibra- 
tion. Now if OA represent the principal 
plane of the analyzer, it is clear that the 
component of vibration parallel to this 
plane is Oa, the transmitted portion; 
Fifir.i43- while the normal component Ob i^ ab- 

sorbed by the analyzer. 

If a = POA be the angle between the planes of the two 
Nicols, then Oa = Op cos 0. and the intensity of the transmitted 
component is proportional to cos ^a. 




^aA-^ ^^^' 
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If a plate G, (Fig. 144), of any isotropic substance be placed 
in a beam of plane P ^ 

polarized Hght be- s Z^ /^X7 * 

tween crossed Ni- Fig. 144. 

cols, the field remains dark for any position of the plate rotating 
about the beam ST as an axis. The reason for this is found at 
once in the fact that an isotropic substance affects in no wise the 
directions of vibrations of light transmitted by it; it is not doubly 
refracting and hence the plane polarized light from the polarizer 
is transmitted through it unchanged and is extinguished by the 
^^yzer. 

\ , 2\\. Dotfbly Refracting Sul)stance in Parallel Plane Polar- 
ized Light* If a thin plate of doubly refracting crystal be inter- 
posed in a parallel beam of monochromatic light between crossed 
Nicols, there will be two positions of the plate in which the field 
will remain dark. These positions of the plate are those in which 
the two rectangular directions of vibrations in the crystal coin- 
cide with the planes of vibration in the two Nicols. In these 
positions, the light from the polarizer is transmitted unchanged 
by the crystal and quenched by the analyzer. In any other posi- 
tion of the plate as it is rotated about the beam as an axis, the 
field will Hght up. This is because the plane polarized vibrations 
from the polarizer are resolved by the plate into two component 
vibrations at right angles to each other, each of which will fur- 
nish a component parallel to the principal plane of the analyzer 
and so pass through, lighting up the field, while the other two 
components being at right angles to the plane of the analyzer, are 
quenched. If now white light be used instead of monochro- 
matic light, the field will light up as before, on rotation of the 
crystal plate, but the light emerging from the analyzer will be 
colored and the color will depend upon the thickness of the crys- 
tal plate. If, on the other hand,ithe plate be fixed and the ana- 
lyzer be rotated, the color fades until white is reached at the posi- 
tion of coincidence of the planes of the Nicols, after passing this 
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position the color changes to the complementary hue and grows to 
a maximum at 45° from the position for white. This production 
of color from polarized light is due to interference. From the 
experiments of Fresnel and Arago, it was shown that two con- 
ditions were necessary for two beams of polarized light to inter- 
fere in the same way as in the case of ordinary light. Firsl, that 
the two beams of light shall be polarized in the same plane; second, 
that they shall have a common origin. 

Now the two rays into which the light from the polarizer is 
split up by the crystal, traverse the crystal plate with different 
velocities, and hence when the two components parallel to the plane 
of the analyzer are reunited, there will be a difference in phase, 

whidi for some color will amount to - 1 the corresponding color 

will be absent, and the remaining light will be colored. The 
component from the extraordinary ray will be in advance of that 
from the ordinary ray, if the plate be from a negative crystal, 
it will be behind in phase if the plate be from a positive crystal. 
212. Ring? and Cross in Iceland Spar. If a thin parallel 
plate of Iceland spar or other uniaxial crystal be cut at right 
angles to the optic axis and interposed between crossed Nicols 
in a convergent beam of plane polarized light, there results a 
series of brilliantly colored concentric rings 
about a dark center and traversed by a dark 
cross as shown in Fig. 145. The axis of the 
convergent beam should strike the plate nor- 
mally, in which case it is transmitted along 
the axis of the crystal, suffers no double re- 
Fig- M5- fraction, and is quenched by the analyzer, 

thus forming the dark center. Since the plate is cut normally to 
the optic axis, all planes normal to the surface of the plate and 
passing through the axis ax^ principal sections. The vibrations 
of the ordinary ray are normal to these planes or tangential to the 
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system of circles, while the vibrations of the extraordinary ray 
are in these planes and hence radial to the circles. Now all 
rays of the convergent pencil, except the central one will pierce 
the plate at an angle to the optic axis, and hence would ordi- 
narily undergo double refraction, but in two of these planes, 
representing the planes of vibration of the polarizer and analyzer, 
one of the components is wanting. Thus if the polarizer trans- 
mit only vertical vibrations, then in the vertical diameter the 
ordinary vibration is zero, and in the horizontal diameter the 
extraordinary vibration is wanting, thus leaving only vertical 
vibrations in these two diameters which are quenched by the ana- 
lyzer. In all other directions the rays traversing the plate fur- 
nish both extraordinary and ordinary rays which after resolution 
by the analyzer produce components vibrating in the same plane 
but differing in phase, owing to different speeds of transmission 
through the plate. Now the locus of all points in the plate pro- 
ducing any definite difference of phase, due to the passing through 
a given thickness of the plate, will be a circle. Hence after the 
extinction of any wave length ^, there is left a circle of residual 
color through these points. Again since a smaller thickness is 

needed to produce a difference of phase of - for violet than for 

red, it follows that the violet is extinguished first and the red 
last in each successive ring of color. The rings of residual color 
are therefore red on their inner and violet on their outer edges. 
Also, since the thickness of the plate traversed increases with 
the obliquity of the rays, the successive rings grow narrower 
toward the edges and by overlapping soon produce uniform illu- 
mination. If the analyzer be rotated through 90°, the black 
cross is replaced by a white one, and the rings are seen projected 
upon a white field instead of upon a dark background. The 
effect of superposing upon a uniaxial plate cut normally to the 
optic axis, a second similar plate is the same as increasing the 
thickness of the first plate, if they be from crystals of the same 



— 276 — 

sign. Hence a second negative plate laid upon the plate of Ice- 
land spar would cause the rings to contract, A plate from a pos- 
itive crystal would cause them to dilate. In this way the sign of 
a crystal may be determined by comparison with another crystal 
of known sign. 

2(3« Double Refraction in Isotropic Media tmder Stress* If 
any isotropic substance be subjected to an unequal stress, the sub- 
stance becomes doubly refracting and shows characteristic reac- 
tions when examined between crossed Nicols. Thus, if a piece 
of well annealed glass, which shows no double refraction, be 
placed between the Nicols and subjected to slight pressure or ten- 
sion, a characteristic colored pattern at once appears. If a nar- 
row glass plate be placed between the crossed Nicols and then set 
in longitudinal vibration by stroking it with a moist cloth, the 
field will light up at each stroke of the cloth, thus showing the 
effect of the alternate compressions and dilations at the nodes of 
the sounding glass plate. Kundt showed that the glass plate 
behaved as a positive crystal (quartz) when dilating and as a neg- 
ative (Iceland spar) crystal when contracting. 

Mach has shown that viscous substances, like Canada balsam, 
warm colophonium, hot glass, etc., may be made doubly refract- 
ing for a few moments by pressure or distortion. The effect 
passes away as soon as the molecules readjust themselves. Ken- 
has also shown that fluid as well as solid dielectrics become doubly 
refracting when subjected to electrical stresses. When isotropic 
water freezes into ice the direction of the optic axis is coincident 
with the direction of the stress due to gravity. 

214. Ellipttc Polarization. We have seen that if a beam of 
plane polarized light fall upon a thin plate of doubly refracting 
crystal, the original vibration is resolved into two vibrations at 
right angles to each other. These two sets of vibrations travel 
through the plate with different velocities and consequently on 
emerging from the plate one vibration is behind the other in phase. 
Now within the region in which the two rays of light overlaps the 
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ether partjcles are simultaneously subjected to these two simple 
harmonic vibrations at right angles to each other which have the 
same period, but which, in general, have different amplitudes and 
some definite difference in phase dependent upon the thickness of 
the plate. The motion resulting from compounding two such 
vibrations of the same period, is an elliptic motion. Hence the 
light emerging from the plate is said to be elliptically polarized in 
the region where the two beams of Mght overlap. This means that 
the paths of the ether particles transmitting the luminous disturb- 
ance are ellipses. Polarized light which has been reflected 
from a metal surface is also in general elliptically polarized. In 
the special case in which the two rectangular components have the 
same amplitude and a difference of phase of one quarter of a 
period, the resultant is circular motion. Circularly polarized light 
is produced by passing plane polarized light through a sheet of 
mica of such thickness that the retardation of one set of vibra- 
tions with respect to the other, is a quarter wave length. Such a 
plate is called a quarter wave plate. Light which has-been circu- 
larly polarized will appear equally bright for all positions of the 
analyzer. Elliptically polarized light shows maximum brightness 
when the plane of the analyzer is parallel to one axis of the ellipse, 
and minimum brightness when it is parallel to the other. 

2I5» Rotary Polarization* If a plate of quartz cut nor- 
mally to the optic axis be interposed between a pair of crossed 
Nicols the darkened field is at once lighted up. If monochromatic 
light be used the field can again be darkened by rotating the 
analyzer through a certain angle a. This shows that the light 
emerging from the quartz plate is still plane polarized, since it 
can be extinguished by the analyzer, but that the plane of polar- 
ization has been rotated by the quartz plate through the angle a. 
Experimental measurements have shown that the rotation is pro- 
portional to the thickness of the quartz plate ^ and increases as the 
wave length decreases, being about three times as great for violet 
light as for red. If therefore, white light be used and the quartz 
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plate be interposed between the crossed Nicols, the field will be 
colored, the tint depending upon the thickness of the plate; the 
color will remain no matter how the quartz plate be rotated 
about the beam as an axis. Is the analyzer be rotated, the sep- 
arate colors may be extinguished, one after the other as the 
angle of rotation for the various colors is reached, but the field 
remains constantly lighted with the residual color. Some varie- 
ties of quartz rotate the plane of polarization clockwise and are 
termed right-handed, others rotate in the opposite direction and 
are called left-handed quartz. Besides quartz, many otiier crys- 
tals as cinnibar, sodic chlorate, and the hyposulphates of lead, 
calcium and potassium possess this rotary power. Not only this, 
but even liquids and vapors have been found to possess rotary 
power, though in a much less degree. This seems the more 
remarkable, in view of the fact that crystals when fused lose their 
rotary power. Of the rotary active substances, perhaps the sugars 
are the most important, and the methods of testing and determ- 
ining percentages of sugar in solution, forms one of the most 
important commercial applications of polarized Hght. 

2 J 6* Magfncto-Optical Rotation* In 1845, Farraday dis- 
covered that isotropic substances, especially substances having 
high refractive power such as dense glass, were capable of rotat- 
ing the plane of polarization of light when they were placed in 
a strong magnetic field. The rotation is clockwise , to a person 
looking along the lines of force, and in the direction of propagation 
of the light. When the light is made to retrace its path by 
reflection, the direction of rotation is reversed and so the effect is 
increased proportionally to the number of times the light traverses the 
isotropic substance. No effect is produced if the light pass at 
right angles to the lines of force. The radical difference between 
this and other rotary phenomena ' is, that in crystals or liquids 
the rotation produced by passing a beam through the substance 
is reduced to zero if the ray be made to retrace its path, while 
in the case of a magnetic field the rotational effect is doubled. 



PEOBLEMS. 

loi. Two plane mirrors are placed parallel and facing each other at a 
distance of 20 cm. Required the distance of the three nearest images, in 
each mirror, of an object placed 8 cm. from one of the mirrors. 

r 8, 32, and 48 cm. from first. 
12, 28, and 52 cm. from second. 
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102. A circular disc is placed parallel to, and 3 feet in front of, a wall. 
Required the size and shape of the mirror which, placed on the wall, shall 
enable an observer standing 8 feet in front of the wall to see the exact 
outline of the disc. 

Ans. A circular mirror, three-fourths of the diameter of the disc. 

103. Show that when the sun is shinging obliquely on a vertical plane 
mirror an object placed just in front of the mirror may cast two shadows 
besides the direct one. 

104. AB and AC are two plane mirrors inclined to each other at an 
angle of 15°. Required the angle at which light-waves should fall on 
AC from a point in AB, in order that they should, after three reflections, 
proceed in a direction parallel to AB. Ans. 45°. 

« 

105. A mirror is made to revolve about a vertical axis 25 times a 
second. If a horizontal beam of light is allowed to fall on the mirror 
from a fixed source, required the velocity at which the reflected beam 
would traverse a circle 78 cm. in diameter having its center on the axis 
of the mirror. Ans. i.23(io)*cm./sec. 

106. Let AB and CB be two mirrors inclined to each other at an 
angle, x. Also, let />' be the image in AB of any joint, p, placed between 
the mirrors, and p" the image of /»' in CB. Show that the angular sep- 
aration of pBp" is twice the angle between the mirrors. 

107. An object 0.96 cm. long is placed at a point 35 cm. in front of a 
concave mirror having a focal length of 30 cm. Required the size and 
position of the image. Ans. 5.8 cm. long; 210 cm. in front. 

108. What is the radius of a spherical mirror which forms an image 
at a distance of 46.2 cm. in front of the mirror when the object is placed 
153 cm. from the vertex? Ans. R = — 71.0cm. 
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log. Required the radius of curvature and position of a mirror which 
would form on a wall a three times magnified image of a gas flame at a 
distance of 80 cm. from the wall. 

Ans, R = — 60 cm.; distance, 120 cm. from wall. 

no. What will be the size of the image of the sun formed by a mirror 
having a radius of 275 cm., the diameter of the sun being taken as 32 
min.? Ans. 1.28 cm. 

111. An object 3.2 cm. long is placed at a distance of 6 cm. in front 
of a convex mirror having a focal length of 12 cm. What will be the 
position and size of the image? Ans. 4 cm. behind; length, 2.1 cm. 

112. If an object be placed at a distance of 25 cm. in front of a con- 
cave mirror having a curvature of 0.0167 per cm., what will be the posi- 
tion and size of the image? 

Ans. 150 cm. behind the mirror, and magnified six times. 

113. What will be the apparent depth of a lake 27.3 feet deep? 

Ans. 20.5 feet. 

114. If an eye immersed in a fluid whose index of refraction is 1.42, 
look out through a horizontal surface, what will be the greatest apparent 
zenith distance of a star? Ans. 44° 46'. 

115. Find the radius of the circle on the upper surface beyond which 
light-waves, emitted by a luminous point at the bottom of a layer of 
liquid 4.2 cm. deep and having an index of refraction of 1.25, will cease 
to emerge. Ans. 5.6 cm. 

116. When a layer of liquid 4.65 cm. deep is poured upon a dot on a 
glass plate, the position of its image, as found by the necessary change 
in the focus of a micro*scope, is 1.37 cm. above the plate. What is the 
index of refraction of the liquid? Ans. f^ = 1.42. 

117. If the index of refraction from water into another liquid is 1.23, 
what will be the index of refraction for light passing from air into this 
liquid? Ans. fi = 1.64. 

118. The relative index of refraction for two media is 1.26. If the 
absolute index for the first is 1.38, what will be the velocity of light in 
the second medium? Ans. 1.72 (10)^* cm. / sec. 
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up. What would be the minimum deviation produced by a prism 
whose angle is 1.3**, for which ^=1.54? Ans. 45.4 min. 

120. The minimum deviation produced in monochromatic light by a 
prism whose angle is 45.05° was 26.67**. What is the index of refraction? 

Ans, fi = 1.530. 

121. Prove that the focal power of a glass lens, fi = 1.5, when im- 
mersed in water is only % oi its power when immersed in air. 

122. The radii of curvature of a thin double convex lens are 46.4 cm., 
and the index of refraction 1.53. What is its focal length? 

Ans. /^ 43.8 cm. 

123. Required the focal length of a thin lens which forms an image 
at a distance of 30.3 cm. behind the lens, when the object is placed 
91. 1 cm. in front. Ans. f = 227 cm. 

124. An object is placed 59 cm. in front of a positive lens whose focal 
length is 14.9 cm. Required the magnification. Ans. Three times. 

125. If the nearest distance of distinct vision for a far-sighted person 
is 2 ft. II in., what should be the focal length of the spectacles he would 
require for reading? Ans. /=i4in. 

126. If the greatest distance of distinct vision for a myopic eye is 
3.9 in., what should be the focal length of the proper reading spectacles? 

Ans. / = 6.4in. 

127. A converging lens placed at a distance of 5.2 cm. from a luminous 
object forms an image on a screen. When the lens is moved a distance 
of 23 cm. nearer the screen, another image is formed. What is the focal 
length of the lens? Ans. / = 4.4cm. 

128. A converging lens placed at a distance of 12.7 cm. from a screen 
forms on it an image six times the size of the object. What is the focal 
length of the lens ? Ans. f = 10.9 cm. 

129. A luminous object placed a distance, d, in front of a screen has 
an image thrown on the latter bx means of a convex lens. On moving 
the lens toward the object another image is formed which is a times as. 
great as the first. Required the focal length of the lens. 

Ans. f= ^ ^"--..A 

(1 + V «) 
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130. A luminous point is placed on the axis of a hemispherical lens of 
radius R, at a distance, d, in front of the plane surface. If the image 
formed by reflection at this surface coincides with that formed by refrac- 
tion at the plane and reflection at the spherical surface, show that the 

index of refraction of the glass is /« = ^ n, . 

131. Show that if lig^t- waves fall at an angle of 60^ on a sphere, whose 
refractive index is y/3, they will emerge after one internal reflection 
parallel to their original direction. 

132. A small air bubble is embedded in a sphere of glass whose radius 
is 7.03 cm. and index of refraction 1.4, at a distance of 5.98 cm. from 
the nearest point of the surface. What will be its apparent depth when 
observed from this side? Ans, 5.64cm. 

133. The upper surface of a thin convex lens has a radius of curva- 
ture of 10 in., and an index of refraction of 1.6. The lower face with a 
radius of 15 in. is just immersed in water. Find the position of the 

two principal foci. , t-^ , x ^ • 

^ *^ f Downward waves, A = 17. 1 m. 

Ans. ^ 
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Upward waves, f =12.9 in. 



134. Find the focal length of a glass sphere. - /i 

135. A wire grating in which the width of the slits is equal to the 
diameter of the wires, gives angles of diffraction of i** 30', 4° 30' 18" 
for the first and third spectra with sodium light. Find the grating con- 
stant. Ans. 0.02257 mm. 

136. The image of a stick immersed in water is inclined to the horizon 
at an angle of 45"* ; find the inclination of the sticky 4/3 being the index of 
refraction from air into water. 

137. A pencil of parallel rays is incident directly upon a spherical 
refracting surface, and after refraction converges to a point at a distance 
from the surface equal to three times the radius — ^find the index of refrac- 
tion (i) when the surface is concave, (ii) when it is convex. 

138. If the direction of a ray proceeding from a point P on the cir- 
cumference of a circle, after refraction at the curve pass through a point 

on the circumference at an angular distance - from P, find the point of 

o 
incidence; — V3 being the refractive index. 
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139* A coin is placed at the bottom of an empty hemispherical basin 
•of given radius, and is just not visible to an eye looking over the edge — 
^"wrhen the basin is filled with water, the whole of the coin is just visible 
\to the eye in the same position — ^find the diameter of the coin. 

140. An eye is placed close to the surface of a sphere of glass ( /< = t ) 
which is silvered at the back; shew that the image which the eye sees of 

Jtself is three-fifths of the natural size. 

141. An opaque sphere is placed upon a plane, and in the diameter 
.passing through the point of contact a luminous point is placed, — its dis- 
tance from the sphere being equal to the radius, — 

Prove that the area of the shadow cast on the plane is three times 
:that of a great circle of the sphere. 

If a transparent liquid, whose refractive index is V3 be placed above 
^e plane, so as just to cover the sphere, shew that the area of the shadow 
will then be reduced to twice that of the great circle. 

142. The centre of a spherical ball is movable to the vertical plane 
which is equidistant from two candles on a table : find its locus when the 
two shadows on the ceiling of the room are always in contact. 

143. A person whose height is h, observes vertically beneath his eye, 
an object at the bottom of a clear pool : he then removes to a distance d, 
keeping his eye on the object, when his line of vision makes 45" with the 

rsurface; shew that if fi^ = 2.5, the depth of the pool = 2 (d — h), 

144. AB is the diameter of a polished semicircular arc APB. A ray 
of light proceeds from a point Q in the tangent at A, and after reflection 
at P and B returns to Q. If the length of the ray*s path be 2 feet, the 
mirror's diameter is very nearly 7*35 inches. 

145. A man 6 feet high stands in front of a looking-glass, which rests 
on the ground and leans at an angle of 30° against a wall, from which he 
is 10 feet distant. What must be the length of the glass that he may just 

;see his whole person? 
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JU)be, i88, 210; spectrometer, 220; 

interferometer, 238. 
-Aberration, chromatic, 208, 212; 

spherical, 200, 212. 
-Absorption, spectra, 245, 246, 247. 
Acceleration, 6, 9, 17, 18; angular, 
55 ; centripetal, 21 ; in simple har- 
monic motion, 23; of gravity, 19; 
proportional to displacement, 27. 
Achromatic prisms, 209; system, 209. 
Achromatism, conditions of, 209. 
Acoustics, definitions, 113. 
Adhesion, 89. 
Adiabatic expansion, 127. 
Air, weight of, 81. 
-Air-pump, 80. 

Amplitude, 24, 136, 225, 226, 227, 267. 
. Analyzer, 272, 273, 274. 
Angle, critical, 185, 186; of contact, 
96; of incidence, 170, 228, 229; of 
reflection, 17b, 228; of polarization, 
261; refracting, 188; visual, 215. 
-Angular, acceleration, 55, 59; veloc- 
ity, 22, 53. 
..Antinodes, 147, 148. 
Apertures, images through, 173. 
-Archimedes, principle of, 69, 70. 
Atmosphenc pressure, 77. 
Attraction, molecular, 88, 89. 
^Axis, of shadow, 172; optic, 264, 267, 
268, 269, 270, 274; principal, 178, 
189, 190, 197, 199, 201. 

Balance, 50; sensibility of, 51. 
"iBarometer, y6. 
JBeats, interference and, 135. 



Black Cross, 274. 
Blind spot, 213. 
Boundaries of Physics, 2. 
Boyle's law, 82. 
Brewster's law, 262. 

Camera obscura, 211. 

Canada balsam, 271. 

Capillary action, 90, 91 ; elevation 
and depression, 99. 

Centimetre, 4. 

Centre, of inertia, 42; of oscillation, 
59; of percussion, 60. 

Chemistry, 2. 

Chlorophyl, 245. 

Chromatic aberration, 208, 212. 

Circle, of reference, 24. 

Circular motion, uniform, 21. 

Circularly polarized light, 277. 

Coefl5cient, of elasticity, 62; of ex- 
pansion for gases, 127. 

Cohesion, 89. 

Colloids, 104. 

Color, by polarized light, 273; of 
the spectrum, 201^202; surface, 20^. 

Colored rings, 274. 

Components, 8. 

Composition, of simple harmonic 
motions, 142, 227, 277. 

Compression, adiabatic, 127; iso- 
thermal, 126. 

Concave, grating, 250, 259; lenses, 
191, 192; spherical mirrors, 178, 
179, 180, 181. 

Condensation, 120, 125, 126, 132, 155, 
156. 
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Conjugate foci> 178, 189; planes, 195. 

Conservation, of energy, 2, 38; of 
matter, 2. 

Construction, for images in a con- 
cave mirror, 180, 181 ; for refract- 
ed ray, 183. 

Contact, angle of, 96. 

Converging lens, 191. 

'Convex lens, 191 ; spherical mirrors, 
181. 

Corrections for temperature, 127. 

Couples, 41 ; moment of, 42. 

Critical angle, 185, 188, 272. 

Cross, black, 274. 

Crystalloids, 104, 105. 

Crystals, negative, 271 ; positive, 271 ; 
uniaxial, wave surfaces in, 269. 

Current, electric, 10. 

Curvature, 9. 

Curve of sines, 28. 

Dark lines in solar spectrum, 203. 

Density, 6 ; and specific gravity, 71 ; 
of liquids, 72, 73. 

Derived units, 5, 6. 

Deviation, by rotation of mirror, 
176; in prisms, 187; minimum, 
187, 188; without dispersion, 205. 

Dialysis, 105. 

Diatonic scale, 139. 

Diffraction, 230; through narrow 
slit, 240 ; grating, 241 ; spectra, 
207, 242; wave-lengths by, 243. 

Direct-vision spectroscope, 210. 

Diffusion, of gases, 106; of liquids, 
106. 

Direct-vision spectroscope, 210. 

Dispersion, 201 ; anomalous, 207 ; 
irrationality of, 206; total, mean, 
partial, etc, 204; without devia- 
tion, 205. 

Dispersive power, 205. 

Distinct vision, distance of, 214. 

Dollond, 209. 



Double refraction in Iceland spar,. 
263; in quartz, z'JT, polarization* 
by, 265; produced by stress, 276. 

Double weighing, 50 ; refraction, 263.- 

Doubly refracting plate, 274. 

Dyne. 4f 12. 

Ear, the, 166, 167. 

Echo, 131. 

Eclipse, 172; of Jupiter's satellites,. 
221. 

Efflux, velocity of, 83. 

Elasticity, 60; limit of, 61; coeffi- 
cients of, 62; equals pressure, 124^ 

Elliptically polarized light, 277. 

Emulsions, 102. 

Energy, 34; conservation of, 2, 38 r 
kinetic, 35, 56; potential, 35, 56;- 
transformations of, 37. 

Epoch, 24. 

Equilibrium, conditions of, 43. 

Ether, 170, 224; disturbance in, 224 p 
universal medium, 170. 

Eye, the, 212. 

Falling bodies, 19. 

Film, liquid, 98. 

Fluid, mechanics • of , 66; elasticity 

of, 61 ; perfect, 66 ; pressure, ^t, 68. 
Focal lengths, 196, 197; methods of 

determining, 198. 
Foci, conjugate, 178, 189. 
Focus, principal, 190. 
Force, 12; moment of, 40; as the- 

cause of motion, 12; practical^ 

unit of, 12. 
Forces, molecular, 88; parallel, 40. 
Formation of images in concave- 

mirror, 180, 181. 
Foucault's experiment, 223. 
Fraunhofer, 203. 
Free, fall of bodies, 19; surface oF 

liquids, 68. 
Fresnel, bi-prism, 234 ; mirrors, 233:- 
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Friction, laws of, 49. 
l*'ulcrum, 46. 

Galileo, i. 
Gauss, 195, 198. 
Geometrical optics, 169, 172. 
Gramme, defined, 4. 
Grating, concave, 250, 259; diffrac- 
tion, 241, 242, 243 ; Rowland's, 243. 
Gravity, acceleration of, 19. 
Gyration, radius of, 54. 

Harmonics, 153. 

Hearing, sound and, 113. 

Heat-energy, 38. 

Helmholtz, 161, 207. 

Homogeneous light, 231 ; immersion, 
255; media, 174. 

Hooke's law, 61. 

Horse-power, 34. 

Huyghens, principle of, 129, 228, 229. 

Hydrometers, 74; constant immer- 
sion, 75 ; variable immersion, 74. 

Iceland spar, 264, 265, 271 ; indices 
of refraction of, 267; rings and 
cross in, 274. 

Images, 173; and object at fixed dis- 
tance, 194; formation of, in a 
plane mirror, 175; perverted, 173; 
produced by small apertures, 173; 
virtual, 173. 

Impulse, 13. 

Inclined plane, 47, 48, 20. 

Index, absolute, 183; extraordinary, 
268; of refraction, 183; ordinary, 
268; relative, 183. 

Inertia, centre of, 42, 43 ; illustrated, 
3; moment of, 52, 53, 54, 55, 56. 

Interference, of light, 230 ; two aper- 
tures, 231 ; 133 ; and diffraction, 
230; by thin films, 236; of sound- 
waves, 134, 135. 

Interferometer, Abbe- Pulf rich, 238; 
Michelson, 239. 



Interval, musical, 138. 
Irrationality of dispersion, 206. 
Isotropic media, 169. 

Jupiter's satellites, 221. 

Kinetic energy, 35 ; in terms of mass 

and velocity, 36; of rotation, 56. 
Kirchhoff's law, 246. 
Kundt, 207. 
Kundt's experiment, 163. 

Laplace's correction, 126. 

Law, Brewster's, 262 ; Hooke's, 61 ; 
Kirchhoff's, 246; of Boyle, 82; of 
reflection, 174; of refraction, 182; 
of refraction from undulatory the- 
ory, 228, 229. 

Laws of motion, 14, 15, 16. 

Length, of seconds pendulum, 58; 
unit of, 4. 

Lens, 188; achromatic, 209; converg- 
ing, 191 ; diverging, 191 ; formu- 
lae, 190, 192; positive or negative, 
191 ; thin, refraction through, 189 ; 
thick, constants of, 195. 

Lever, 46. 

Light, 170; complexity of, 201; ex- 
tinction of, 260, 272; interference 
of, 230; nature of, 170; polarized, 
259; propagation of, 171 ; speed of, 
221, 222; theory of, 224; recompo- 
sition of, 202. 

Liquids, density of, 72 ; in communi- 
cating tubes, 73; flow of, through 
tubes, 85, 86 ; free surface of, 68. 

Lissajous* figures, 143; graphical 
method for, 144. 

Loudness, of sound, 119, 136. 

Machines, 45 ; simple, 47. 

Magnification, 196, 215, 216; of sim- 
ple lens, 216; of telescope, 217; of 
compound microscope, 218. 
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Major chord, 153. 

Manometers, ^^, 

Manometric flames, 162. 

Mass, unit of, 4. 

Matter, defined, 2; three states of, 

63. 

Measurement, fundamental units 
of, 4. 

Medium of propagation, 169. 

Melde's experiment, 149. 

Michelson, method, 223; interfero- 
meter, 239. 

Microscope, compound, 218; simple, 
216. 

Minimum deviation, 187. 

Minor chords and transition, 140. 

Moment, of a couple, 41 ; of a force, 
40 ; of inertia, 52, 53, 54, 55, 56. 

Momentum, 6. 

Motion, 12; laws of, 14, 15, 16, 17; 
uniform, 17; on inclined plane, 20; 
rectilinear, 18; simple harmonic, 
23 ; uniformly accelerated, 18 ; uni- 
form circular, 21, applications of, 
22. 

Mouthpieces, 164. 

Musical, intervals, 138; scale, 139; 
transposition, 140. 

Narrow apertures, 173. 

Nature of light, 170; of sound, 117; 

law of, 2. 
Negative uniaxial crystals, 271. 
Newton, 14, 124, 170, 202, 208. 
Newton's corpuscular theory, 170; 

equation for velocity, 124, 125; 

laws of motion, 14, 15, 16. 
Nicol's prism, 271 ; extinction of 

light by, 272. 
Nodes, 147, 148, 156. 
Normal, spectra, 207. 

Octave, 139. 
Optic axis, 264. 



Optics, definitions, 169; geometrical, 
169; physical, 169; ordinary ray, 
264. 

Organ of hearing, 166. 

Organ pipes, length of, 154. 

Oscillation, centre of, 59; period of, 

58. 

Osmose, 102. 

Osmotic pressure, 103, 104. 
Overtones, 152; relation of to fun- 
damental, 155, 156. 

Path of rays, 175. 

Pendulum, equivalent simple, 59 
ideal simple, 57; period of, 58 
physical, 58; reversibility of, 60 
seconds, length of, 58. 

Penumbra, 172. 

Percussion, centre of, 60. 

Period of motion, 24; of pendulum, 
57; of oscillation, 58. 

Perverted image, 173. 

Phase, 24. 

Pitch, 119, 137. 

Plane, of incidence, 170; of refrac- 
tion, 170; principal, 196. 

Plane mirror, images in, 175; rota- 
tion of, 176; successive reflection 
from, 177. 

Polarization, angle of, 261 ; by dou- 
ble refraction, 265; by reflection, 
260; by refraction, 262; rotary, 
277; magneto optical, 278. 

Polarized light, 259; circularly, 277; 
colors produced by, 273 ; elliptical- 
ly, '^'7'7\ plane, 260. 

Polarizer, 272, 274. 

Positive uniaxial crystal, 271. 

Power, 34 ; dispersive, 205. 

Pressure, at any point in a fluid, (fj ; 
directly as depth, (iT\ on any im- 
mersed surface, 68; osmotic, 104. 

Principal axis, 178, 189, 190, 197, 
199, 201 ; focus, 190 ; place, 196. 
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Principle Abbe-Littrow, i88; of 
Archimedes, 69; of Huyghens, 
129, 228, 229. 

Prism, of large and small angle, 187 ; 
NicoFs, 271 ; refraction through, 

185. 

Projection upward, 20; upon rectan- 
gular axes, 8; apparatus, 211. 

Propagation, medium of, 169; recti- 
linear, 171. 

Pulley, 47. 

Pulfrich, 238. 

Pumps, 78; air pump, 80; force 
pump, 79; jet pump, 87. 

Quality of sound, 119, 161. 

Quartz, double refraction in, 277; 

left-handed, 278 ; right-handed, 

278. 

Radiant energy, 250. 

Radius of gyration, 54. 

Range, molecular, 92. 

Rarefaction, 120. 

Ray, extraordinary, 264; ordinary, 

264. 
Recomposition of white light, 202. 
Rectilinear motion, 12; propagation, 

171-^ 

Reflection of a plane wave, 228; law 
of, 174; law of from undulatory 
theory, 228; of light, 174; polari- 
zation by, 260; total, 185. 

Refracted ray, 183. 

Refraction, 182; at a plane surface, 
184; double, 263, 264; index of, 
182, 183, 187, 230; in Iceland spar, 
267; through thin lens, 189; 
through a prism, 185. 

Refractive index, 182, 183, 187, 230; 
in Iceland spar, 267. 

Refrangibility, 202. 

Relative index of refraction, 183. 



Resolving power, of eye, 254; of 
grating, 257; of microscope, 255; 
of telescope, 251. 

Resonance, 159, 160. 

Resonators, 161. 

Restitution, force of, 61. 

Resultant of two simple harmonic 
motions, 143. 

Rigid body, motion of, 39. 

Rigidity, simple, coeff. of, 63. 

Rings, colored, 274. 

Roemer, 221. 

Rotation, kinetic energy of, 56; of 
plane of polarization, 278; mag- 
neto-optical, 278. 

Rowland, 248, 259. 

Scales, musical, 139; tempered, 141. 

Science and Natural Law, 2. 

Seconds pendulum, 58. 

Segmental vibration, 151. 

Sensibility of the balance, 51. 

Sextant, principle of, 178. 

Shadows, theory of, 172. 

bhear, 63. 

Simple harmonic motion, 24; equa- 
tions of, 25. 

Sines, curve of, 28. 

Siphon, 79. 

Size, apparent, 215. 

Solution, 100; of solids, 1Q2. 

Sound, and hearing, 113; character- 
istics of, 117; definition of, 113; 
source of, 114; reflection of, 130, 
131 ; velocity of, 121. 

Specific gravity, 71. 

Spectra, absorption, 245 ; bright line, 
243; continuous, 244. 

Spectrometer, 218, 219, 220. 

Spectroscope, 218, 219. 

Spectrum, 202; analysis, 247; visible 
and invisible, 249; diffraction, 207, 
242 ; normal, 207 ; solar, 202. 
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Spherical, aberration, 200, 212; mir- 
rors, 178; formulae for, 179, i8o; 
images in, 181. 

Stability of bodies, 43. 

Statical friction in fluids, 66. 

Stationary waves, 146* 

Stress and strain, 60. 

Strings, transverse vibration of, 148. 

Successive reflection, 177. 

Superposition of sound waves, 132. 

Surface, immersed, pressure on, 68. 

Surface tension, 93, 94, 95, 96; illus- 
trations of, 95. 

Temperament, equal, 141. 
Tempered scales, 141. 
Tension, surface, 93-96. 
Theory, of double refraction, 269. 
Thin films, 98; interference in, 236. 
Third, interval of, 139. 
Time, unit of, 4. 
Torricelli, i ; theorem, 84. 
Total reflection, 185, 188. 
Tourmaline, 260, 271. 
Transformations of energy, 37. 
Transverse vibration, 259. 
Trigonometrical formulae, 7, 8. 

Umbra, 172. 

Undulatory theory, 224; law of re- 
flection, 228; of refraction from, 
229. 

Uniaxial crystals, "negative, 271; pos- 
itive, 271. 

Unit, angle, 7 ; of force, 6 ; of length, 
4; of mass, 4; of power, 34; of 
time, 5 ; of work, 34. 



Vectors and Scalars, 9; addition of, 
10, II. 

Velocity, angular, 22, 53; at any 
point, 9; linear, 6, 53; of lig^t, 
Foucault's method, 222; Michel- 
son's method, 223; Roemer's meth- 
od, 221 ; of sound, correction for 
temperature, 127 ; experimental 
determination of, 121 ; in solids 
and liquids, 128; Newton's form- 
ula, 125; Laplace's correction, 126; 
theoretical determination of, 124. 

Vibration, laws of^ for strings, 148; 
of strings in segments, 151 ; sta- 
tionary, 146; of air columns, 154. 

Virtual image, 173, I79, 181, 193, 217, 
218. 

Vision, defects of, 214; distance of 
distinct, 214. 

Vocal organs, 165. 

Volume, 5. 

Watt, 34. 

Wave, longitudinal, 120; transverse, 
224. 

Wave- front, 116. 

Wave-lengths of light, 251. 

Wave- motion, 114; characteristics 
of, 115; equaticMis of, 225. 

Wave surfaces, in uniaxial crystals, 
269. 

White light, complexity of, 201 ; re- 
composition of, 202. 

Wollaston, 203. 

Work, defined, 33; unit of, 34, 

Young, 170, 230. 
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ANATOMY. — Outlines of Anatomy^ A Guide to the Dissection of the 
Human Body. Based on a Text-Book of Anatomy. By American 
Authors, 54 pages. Leatherette, 50 cents. 

The objects of this outline are to inform the student what structure are found in 
each region and where the description of each structure is found in American Text- 
Book of Anatomy. 

BOWEN.— /^ Teachers* Course in Physical Training. By Wilbur P. 
Bowen, Director of Physical Training, Michigan State Normal Col- 
lege. A brief study of the fundamental principles of gymnastic 
training, designed for Teachers of the Public Schools. 183 pages. 
43 illustrations. Cloth, $1.00. 

CHEEVER. — Select Methods in Inorganic Quantitative Analysis. By 
Byron W. Cheever, A.M., M.D., late Acting Professor of Metal- 
lurgy in the University of Michigan. Revised and enlarged by Frank 
Clemes Smith, Professor of Geolc^y, Mining and Metallurgy in the 
State School of Mines, Rapid City, S. D. Parts I. and II. Third 
edition. i2mo. $1.75* 

The first part of this book, as indicated by the title, consists of Laboratory Notes 
for a Beginner's Course in Quantitative Analysis. It considers the subiects of 
Gravimetric and Volumetric Analysis, for beginners, by means of the chemical 
analysis of a set of substances, properly numbered, in each case giving the methods 
to be followed in such analysis; also the methods for calculatint; and preparing 
volumetric standard solutions, generally following the course offered by Professor 
Cheever to bis students. It also considers the methods for the determination of the 
specific gravities of various liquids and solids. 

Although a number of the analyses contained in Part I. may be of only approxi- 
mate accuracy, and of small commercial value, such are yet inclurled with a special 
purpose, to wit: — that they may supply the student with a wider range of work and a 
greater diversity of chemical manipulation. This was Professor Cheever^s idea, 
and it is certainly a good one, especially since, in most cases, the ^ork of the ' egin- 
ner simply serves to emphasize the necessity of careful scrutiny of details and 
methods for practical work in the future. 

Part I. is offered, then, for the use of schools and colleges, and it is intended to 
supply a source of elementary information upon the subject of Quantitative Chemi- 
cal Analysis rarely offered in such form in works upon that subject — Preface 

The author was for many years Professor of Metallurgy in the University of 
Michigan, and the methods here presented are those mostly offered by him to his 
students. As a beginner's book in quantitative analysis, it will be found eminently 
practical, and it can be honestly recommende'* to the student who desires a source 
of elementary information upon this branch of applied science. The book is divided 
into two parts, the first consisting of laboratory notes for beginners. The subjects 
of gravimetric and volumetric analysis are considered by means of the chemical 
analysis of a set of substances, properly numbered, in each case giving the methods 
to be followed in such analysis, and also the methods of calculating and preparing 
volumetric standard solutions, etc. Methods for the determination ox specific 
gravities of various liquids and solids are also considered. 

Part II. contains a number of select methods in inorganic quantitative analysis, 
such as the analysis of limestone, iron ores, manganese ores, steel, the analysis of 
coal, water, mineral phosphates, smelting ores, lead slags, copper, arsenic, bismuth, 
etc. A chapter on reagents concludes the work.— P/iarma«eut<cal Era. 

CLASSEN - lAhR'RWih^^.— Quantitative Analysis. By Alexcnder 
Classen, Director of the Laboratory of Inorganic Chemistry and 
Electro Chemistry in the Royal Technical School, Aachen. Author- 
ized Translation from the Fifth German Edition, with an Appendix 
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on the Qualitative Analysis of Minerals, Ores, Slags, Metals, Alloys, 
Etc., Including the Rare Elements, by Norman F. Harriman, Assist- 
ant in Chemistry in the University of Michigan. 79 Illustrations. 
Handsomely bound in half leather, I4.00. 

DOCK.— Out/ines 0/ Case Taking as Used in the Medical Clinic of the Uni- 
versity of Michigan. By George Dock, A. M., M. D. Professor of 
Medicine, University of Michigan. 32 pages. Cloth, 25 cents. 

D'OOGE. — Helps to the Study of Classical Mythology; for the Lower 

Grades and Secondary Schools. By B. L. D'Ooge, Professor in the 

Michigan State Normal College. 12 mo. 180 pages. Cloth. 45 cents. 

A bibliography based on practical experience. The author is a professor in the 
Michigan State Normal College. As the myths of all nations manifest themselves 
first in religion, secondly in art, and third in literature, these reading references are 
grouped in the above classes. One section is devoted to the study of mythology in 
the grades, and an introductory chapter gives hints for teaching the subject in the 
lower grades. The books suggested in the body of the work are given in one alpha- 
bet at the end, with publishers and prices ; there are also blank pages for additional 
references, and a good general index.— Puit>tto/i rtt Weekly, 

DOW. — Outlines and References in European History. For the use 
especially of Students in History i and 2, University of Michigan. 
Part I. From the Fourth to the Ninth Century. By Earle Wilbur 
Dow, University of Michigan. 42 pages. Pamphlet. 35 cents. 

DOW. — Outlines and References in European History. For the use 
especially of Students in History, i and 2, University of Michigan. 
Part II. From the Ninth to the Thirteenth Century. By Earle 
Wilbur Dow, University of Michigan. 66 pages. Pamphlet. 35 
cents. 

DWYER. — Cases on Private International Law. By John W. Dwyer, 
University of Michigan. 8vo. 509 pages. Buckram, $2.50. 

This is a very excellent coUectior of cases on private international law made by 
Mr. Dwyer. covering a variety of subjects, and is intended especially for the use of 
students, though certain to prove interesting and valuable to all piactitioners. — Al- 
bany Law Journal. 

The cases are not new, many of them are quite old, but are well chosen with the 
view of illustrating international law where the contests arise between parties, one 
of whom is domiciled in this country, and the other in a foreign country, or between 
parties re<iiding in different states in this country. These « ases, which have been 
selected by the author with much good judgment, illustrate with great fullness under 
the conditions above stated the law pertaining to marriage, div rce, legitimacy, 
guardians, administration, judgments, corporations, unmovables. movables, attach- 
ment, contracts, statute of fiauds, torts, procedure Also domicil of students, 
sailors, appi entices, innane persons infants, married women, commercial domicil, 
reverter, domicil in uncivilized countries, domicil of origin and choice. Tbese 
cases may well be called leading cases, and will afford much aid to the seeker of 
information analogous to the subjects in these cases discussed.— Central Lena 
Journal. 

I have examined with care the copy of Prof. Dwyer's selected cases on Private 
International Law, which you sent me some weeks since, and I have no hesitation in 
saying that it is the best selection I have yet seen of cases upon thin subject. It is 
especially satisfactory on the subject of 'Domicile", "Administration" and 
"Guardianship". 

Had I not already made a selection of cases for the use of my classes in the Law 
School cf the University of Maryland, I should unhesitatingly select this book as a 
text-book for that subject As it is I find that I am using several of the cases 
selected by Mr. Dwyer, and have been for some time. 

HENRY STOCKBRIDGB, 

Baltimore, Md. 

I have received and examined with much fullness and interest the volume of 
"Cases on Private International Law", by Dwyer. I am much pleased with the 
selection of cases, and think the topics covered by the cases are those of most 
interest and importance in connection with the subject of Private International 
Law. I have taught Private International Law by mi*ans of lectures for several 
years, and feel quite competent to judge of the sagacity in the selection of the 
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cases, and of the admirable arrangement of them in their .sequential ordet by 
Mr. Dwyer in his volume of cases. I can most cordially commend the volume, and 
shall myself hereafter use it in the Iowa College of Law. C. C COLE, 

Iowa College of Law. 

I have examined with care Dwyer^s "Cases on Private International Law,'* and 
find them judiciously selected and edited. The author has succeeded in presenting 
in a small compass many important decisions in which the leading doctrines of this 
branch of the law are exhibited and applied in a manner to make the book useful 
alike to the student and to the practitioner. I trust the work will meet with the 
favorable reception it deserves. GEO. B. YOUNG, 

St. Paul. Minn. 

DWYER. — Law and Procedure of United States Courts, By John W. 
Dwyer, LL. M., author of "Cases on Private International Law." 
Instructor in the Law Department of the University of Michigan. 
8vo. 361 pages. Bound in Buckram, $2.75. Sheep, $3.50. 

The purpose of this work is to give a brief and concise statement of the organiza- 
tion, jurisdiction and practice of the various courts of our national government. It 
is intended as an elementary work for students in law schools, students in law 
offices and for young lawyers who have not received systematic instruction in this 
subject. In stating the jurisdiction of the courts, the author has inserted a number 
of the decisions of the Supreme Court. This valuable feature of the book cannot 
fail to commend itself to students and instructors alike. Similarly, the object of 
the chapter on the history of the United States is to remind the student of the cir- 
cumstances as they existed at the time our government was formed — to recall the 
principal events in our historical development, so that the constitutional provisions 
may be interpreted in their true light. The author asserts, truly, that a knowledge 
of this branch of the law is more necessary at this time than ever before, because of 
the steady increase of litigation, arising from the rapid growth and reaching out of 
the business of the country and the bringing of certain questions within federal 
control. The book is exceedingly well arranged, containing besides tables of cases 
and tables of contents, a copious index. It cannot fail to prove highly useful for 
the purposes intended. We can heartily commend it to instructors and students. — 
Albany Law Journal. 

DZIOBEK. — Mathematical Theories of Planetary Motions. By Dr. 
Otto Dziobek, Privatdocent in the Royal Technical High School of 
Berlin, Charlottenburg. Translated by Mark W. Harrington, for- 
merly Chief of the United States Weather Bureau, and Professor of 
Astronomy and Director of the Observatory at the University of 
Michigan, President of the University of Washington, and Wm. J. 
Hussey, Assistant Professor of Astronomy in the Leland Stanford, 
Jr. University. 8vo. 294 pages. $3.50. 

The determination of the motions of the heavenly bodies is an important problem 
in and for itself, and also on account of the influence it has exerted on the develop- 
ment of mathematics It has engaged the attention of the greatest mathematicians, 
and, in the course of their not altogether successful attempts to solve it, they have 
displayed unsurpassed ingenuity. The methods devised by them have proved use- 
ful, not only in this problem, but have also largely determined the course of advance 
in other branches of mathematics. Analytical mechanics, beginning with Newton, 
and receiving a finished clearness from Lagrange, is especially indebted to this 
problem, and in turn, analytical mechanics has been so suggestive in method as to 
determine largely both the direction and rapidity of the advancement of mathemat- 
ical science. 

Hence, when it is desired to illustrate the abstract theories of analytical mechan- 
ics, the profundity of the mathematics of the problem of the motions of the 
heavenly bodies, its powerful influence on the historical development of this 
science and finally the dignity of its object, all point to it as most suitable for this 
purpose. 

This work is intended not merely as an introduction to the special study of 
astronomy, but^rather for the student of mathematics who desires an insight into the 
creations of his masters in this field. The lack of a text-book, giving, within moder- 
ate limits and in a strictly scientific manner, the principles of mathematical astron- 
omy in their present remarkably simple and lucid form, is undoubtedly the reason 
why so many mathematicians extend their knowledge of the solar system but little 
beyond Kepler's law. The author has endeavored to meet this need, and at the 
same time to produce a book which shall be so near the present state of the science 
as to include recent investigations and to indicate unsettled questions. 



6 Publications of George Wahr, Ann Arbor. 

FARRAH-DWYER.— CVzj^fj on the Law of Husband and Wife. By 
Albert J. Farrah, Dean of the Law Department of the John B. 
Stetson University, Deland, Florida, and John W. Dwyer, author of 
Cases on Private International Law, and Instructor of Law in the 
Department of Law of the University of Michigan. 8vo. 488 
pages. Buckram, $2.50. 

FLORER.— ^ Guide for the Study of RiehV s Burg Neideck and von 
JagemantCs German Syntax. By Warren Washburn Florer, Uni- 
versity of Michigan. 88 pages. Pamphlet. 30 cents. 

FLORER. — Biblical Selections for Beginners in German. With word 
list. By Warren Washburn Florer, University of Michigan. Cloth. 
88 pages. 40 cents. 

FLORER. — Guide for the study of Biblical Selection. Containing questions 
for conversation and grammar drill. By Warren Washburn Florer, 
University of Michigan. In press. 

FLORER.—^ Guide for the Study of Heyse's VArrabbiata. With 
Questions for Grammar Review. By Warren W. Florer, University 
of Michigan. Pamphlet. 20 pages. 20 cents. 

FLORER. — Heyse's VArrabbiata. With word list and questions for gram- 
mar review. By Warren Washburn Florer, University of Michigan. 
Cloth, 80 pages. 35 cents. 

FORD. — The Cranial Nerves. 12 pairs. By C. L. Ford, M.D., late 
Professor of Anatomy and Physiology in University of Michigan. 
Chart, 25 cents. 

FORD. — Classification of the Most Important Muscles of the Human 
Body., With Qrigin Insertion^ Nervous Supply and Principal Action 
of Each. By C. L. Ford, M.D., late Professor of Anatomy and 
Physiology in the University of Michigan. Chart, 50 cents. 

FRANCOIS. — Les Aventures Du Dernier Abencerage Par Chateaubri- 
and^ Edited with Notes and Vocabulary. By Victor E. Francois, 
Instructor in French in the University of Michigan. Pamphlet, 35 
cents. 

GRAY. — Outline of Anatomy. A Guide to the Dissection of the Human 
Body, Based on Gray^s Anatomy. By S. M. Yutzy, M. D., Instructor 
in Osteology and Demonstrator of Anatomy in the University of 
Michigan. 54 pages. Leatherette, 50 cents. 

The objects of the outline are to inform the students what structures are found 
in each region and where the description of each structare is found in Gray's Ana- 
tomy. — Fifteenth edition, dated 1901. 

GREENE. — The Action of Materials Under Stress, or Structural Me- 
chanics. With examples and problems. By Charles E. Greene, 
A.M., M.E., Professor of Civil Engineering in the University of 
Michigan. Consulting Engineer: Octavo. Cloth, $3.00. 

Contents. — Action of a Piece under Direct Force. Materials. Beams. Tor- 
sion. Moments of Inertia. Flexure and Deflection of Simple Beams. Restrained 
Beams: Continuous Beams. Pieces under Tension. Compression Pieces:— Col- 
umns, Posts and Struts. Safe Working Stresses. loternal Stress : Change of 
Form. Rivets: Pins. Envelopes: Boilers, Pipes, Dome. Plate Girder. Earth 
Pressure: Retaining Wall: Springs: Plates. Details in Wood and Iron. 
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HERDMAN-NAGLER. — A Laboratory Manual of Electrotherapeutics, 
By William James Herdman, Ph.B., M.D., Professor of Diseases of 
the Nervous System and Electrotherapeutics, University of Michigan, 
and Frank W. Nagler, B.S., Instructor in Elect A)therapeutics, Uni- 
versity of Micbig^an. Octavo. Cloth. 163 pages. 55 illustrations. 
$1.50. 

It has been our experience that the knowledge required by the student of medi- 
cine concerning electricity and its relation to animal economy is best acquired by 
the laboratory method. By that method of instruction each principle is impressed 
upon the mind through several separate paths of the sense perception and a manual 
dexterity is acquired which is essential to success in the therapeutic applications. 

This nas been the plan adopted for teaching electrotherapeutics at the Univer- 
sity of Michigan. Every form of electric modality that has any distinctive physio- 
logical or therapeutical effect is studied in the laboratory as to its methods of gen- 
eration, control and application to the patient. We believe this to be the only 
practicable way for imparting the kind of instruction required for the practice of 
electrotherapeutics, but in our attempt to develop a naturally progressive and at the 
same time complete and consistent course of laboratory instruction we have found it 
a thing of slow growth. 

This laboratory manual is the final result of our various trials and experiences, 
and while we do not claim for it either perfection in the arrangement of matter or 
completeness in detail, we feel that the time has come for putting our plans in a form 
that will permit for it a wider usefulness as well as gain for it in the intelligent criticism 
of the experienced workers to the field which it seeks to cultivate. — From Preface, 

HILDNER-DIEKHOFF. —Storm's Immensee. Edited by Hildner 
and Diekhoff, University of Michigan. Cloth. 70 pages. 35 
cents. 

HILDNER-DIEKHOFF.— Z«V/irtf^^» zu Storms Immensee. Von 
Hildner und Diekhoff, University of Michigan. Pamphlet. 16 
pages. 15 cents. 

lilL.l^^B.R'Dl'EKliOFF.—Freytag die Joumalisten. With notes and 
questions. By Jonathan Hildner and Tobias Diekhoff, University of 
Michigan. Cloth. 174 pages. 60 cents. 

HOWELL. — Directions for Laboratory Work in Physiology for the Use 
of Medical Classes. By W. H. Howell, Ph.D., M.D., Professor of 
Physiology and Histology. Pamphlet. 62 pages. 65 cents. 

HUBER. — Directions for Work in the Histological Laboratory. By G. 
Carl Huber, M.D., Assistant Professor of Histology and Embry- 
ology, University of Michigan. Third edition, revised and enlarged. 
Octavo. 204 pages. Cloth, $1.50. 

It is adapted for classes in medical srchools and elsewhere where it is desired to 
furnish the class with material already prepared for the demonstration of structure 
rather than to give instruction in the technique of the laboratory Provision for the 
latter Is made, however, by the addition of a section of about 60 pages on the meth- 
ods for laboratory work. This section includes methods of macerating, hardening 
and fixing, decalcifying, impregnation, injecting, embedding, ctaining. and methods 
for preparing and staining blood preparations. The last is accompanied by^ an ex- 
cellent plate of blood elements. The selection of methods has in the main been 
judicious. The expositions are both clear and concise.— Journal of Comparative 
ifeurology. 

In this little book Dr. Huber has given us a model manual of microscopical tech- 
nique in the laboratory study of histology. The subject matter is divided into con. 
venient chapters, commencing with the cell and cell division (karyokinesis) in plant 
and animal life, and gradually developing, by easy stages, the most complex tissues 
of the animal and vegetable organism. Between each lesson blank pages are inter- 
leaved, to be used by the student for drawing the objects seen by him with a pencil 
or crayon — a most excellent plan as nothing fixes the appearance and characteristics 
of objects more firmly on the mind than drawing them, either free-hand or with a 
camraa lucida (the former being preferable, as it educates the band and eye). With 
each subject is given the source and origin, the best methods for obtaining and pre- 
paring it. and attention is called to the most noteworthy or characteristic points for 
examination. 
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The second part of the hook is devoted to methods for laboratory wwk : soften 
ing. hardening, decalcification, etc., of the matter in gross; embedding, sectioning, 
staining and mounting, etc. The best stains, with methods of preparing the same, 
and, in short, a general formulary for the various reagents, etc., concludes the work, 
which is intended, as stated, as an aide memoire supplementary to a course of lec- 
tures on histology. 

We congratulate Dr. Huber on the skill with which he has developed the idea, 
and the didactic methods which he has employed. Such a book cannot but prove a 
great help to both student and teacher, and it should be more widely known. — St. 
Louis Medical and Surgeon's Jovmal. 

Dr. Carl Huber's Laboratory Work in Histology is an excellent manual, and if 
the medical students of Michigan University are conscientiously put tbrongh it they 
must be extremely well taught. Dr. Huber puts the methods of embedding, staining, 
etc., in a clear tabular form, and gives full practical instructions in all those minute 
details which can only be given by a man who has a masterly knowledxe of his sub- 
ject. The American student, according to the evidence of this textbook, has the 
work of cutting and staining done for him, and has only to mount sections affixed to 
coverslips. By this plan he must gain an excellent collection of slides. — British 
Medical Journal. 

lOH'^SOll.— Elements of the Law of Negotiable Contracts. By E. F. 
Johnson, B.S., LL.M., fonnerly Professor of Law in the Department 
of Law of the University of Michigan. 8vo., 735 pages. Full law 
sheep binding. $3.75. 

Several yeais of experience as an instructor has taught the author that the best 
method of impressing a principle upon the mind of the student is to show him a prac- 
tical api>lication of it. To remember abstract propositions, without knowiu:! their 
application, is indeed difficult for the average student. But when the primary prin- 
ciple is once associated in his mind with particular facts illustrating its applica- 
tion, it is more easily retained and more rapidly applied to analo ous cases. 

It is deemed advisable that the student in the law should be required, during his 
course, to master ia connection with each general branch of the law, a few well-se- 
lected cases which are illustrative of the philosophy of thatsubject. To require each 
student to do this in the larger law schools has been found to be impracticable, ow- 
ing to a lack of a sufficient number of copies of individual cases. The only solution 
of this difficulty seems to be to place in the hands of each student a volume contain- 
ing the desired cases. In the table of cases will be found many leading cases printed 
in black type.— From Preface. 

KIRN. — Religion a Rational Demand. By Rev. G. J. Kirn, M.A., Ph.D. 
230 pages. i2mo. $1.00. 

It is really a fascinating theme, particularly to thoughtful and intelligent people. 
The chapter on Materialism is alone worth the cost of the book. — Evangelical Mes- 
senger. 

The style is remarkably clear and terse. — Christian Harvester* 

Dr. Kirn has done the cause of religion a great service by writing this book. — 
Church Advocate. 

The argument is well sustained: every point is met with candor and fairness, 
and the conclusions are clear and strong if not unanswerable. — Methodist Protestant » 

LEVI-FRANCOIS. — Questions Based on Levi and Francois* Reader 
37 pages. Pamphlet. 25 cents. 

LEVI-FRANCOIS.—^ French Reader for Beginners, with Notes and 
Vocabulary. By Moritz Levi, Assistant Professor of French, Univer- 
sity of Michigan, and Victor E. Francois, Instructor in French, Uni- 
versity of Michigan. 12 mo. 261 pages. $1.00. 

This reader differs from its numerous predecessors in several respects. First, 
being aware that students and teachers in the French as well as in the German de- 
partments of high schools and colleges are becoming tired of translating over and 
over again the same old fairy tales, the editors have avoided them and selected some 
interesting and easy short stories. They have also suppressed the poetic selections 
which are never translated in the class room. Finally, they have exercised the great- 
est care in the gradation of the passages chosen and in the preparation of the vocab- 
ulary, every French word being followed not only by its primitive or ordinary mean- 
ing, but also by the different English equivalents which the text reauires. After 
careful examination, we consider this reader as one of the best on the American 
market. 
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LLQYD. — Philosophy of History, An Introduction to the Philosophical 
Study of Politics, By Professor Alfred H. Lloyd, University of 
Michigan. i2mo. 250 pages. Cloth, $1.00. 

Philosophy of History. — ^'Professor Lloyd has already outlined his conception 
of history in a volume entitled Citizenship and Salvation (1897). The present ex- 
position IS at the same time more definite and more comprehensive. About a third 
of the book is devoted to a philosophic study of the data of history ; and this is 
followed by an analysis of the social unit, the group, and by a systematic account of 
the formula of history as it appears to the philosopher. The last tour chapters are 
essays in which such topics as "Good and Evil*' and ' The Great Man" are treated 
from the historical point of view which is expounded in the main part of the vol- 
ume. In these chapters as well as in the second part of the book acute and valua. 
ble comments oa different phases of historical development abound. The first part 
of the volume, however, discussing Time. Causation, the Individual and Nature as 
data of history [is the most] valuable.^^ — The Philosophical Review y March, iqoo. 

"The Philosophy of History is a meritorious attempt to connect the facts of 
history with the causes which have influenced the social evolution of the human 
race. Most writers are satisfled with the visible, immediate and direct causes of 

the rise or fall of nations but Professor Lloyd wants us to go deeper 

yet [but] whatever be the mental attitude of the readers with regard 

to the positions advocated in the book all will admit that it is written with great 
keenness of perception and with a sincere desire to reconcile, so far as possible, ail 
intellectual and moral differences. If the author has not succeeded in accomplish- 
ing the task [of reconciliation], it is because there are differences that can not be 
reconciled, even by benevolence and ingenuity combined."— yi««a/j of the Ameri- 
can Academy of Political and Social Science^ March, 1900. 

LYMAN-HALL-GODDARD.— ^/^^^rtf. By Elmer A. Lyman, A.B., 
Edwin C. Goddard, Ph.B., and Arthur G. Hall, B.S., Instructor 
in Mathematics, University of Michigan. Octavo. 75 pages. Cloth, 
90 cents. 

MATTHEWS. — Syllabus of Lectures on Pharmacology and Therapeu- 
tics in the University of Michigan. Arranged Especially for the 
Use of the Classes Taking the Work in Pharmacology ana 7 hera ■ 
peutics at the University of Michigan, By S. A. Matthews, M.D., 
Assistant in Pharmacy and Therapeutics, University of Michigan. 
i2mo. 114 pages. $1.00. 

McCANDLESS. — Tabular Analysis of the Law of Real Property^ 
following Blackstone, Arranged by L. W. McCandless. 19 charts. 
Quarto. Cloth, $1.50. 

This analysis follows Book II of Blackstone, and will prove a very valuable aid 
Co students. The critic remembers that in the dim and hoary past when he was 
a student himself, he prepared an analysis of Bispam's Equity. He certainly en- 
deavored to do complete justice to that learned work and the result was a sheet 
some 1x4 (yards) in dimensions. Acting according to the advice of some intimate 
fnendl he hung it up, on a shade roller, but somehow, never could persuade any- 
body to read it completely thr..ugh In fact, the aforesaid critic was afraid to 
attempt it itself when the " magnum opus " was once finisiied and the fearful and 
wonderful document still remains filed away somewhere among his dusty papers. 
This little incident of a past career is mentioned not that we would discourage the 
reader of Mr. McCandless's work or in any way compare his learned production with 
the superficial synopsis which we had ourselves compiled. It has long been a source 
of wonder to us why real estate law has not hitherto been "cha.rtered," for thei e seems 
to be no branch of jurisprudence so well adapted to such a form of presentation. 
The author^s work gives a bird's eye view of real property principles and as pre- 
viously stated wil( prove of great value to the student, particularly around examina- 
tion time for he can tell at a glance what would otherwise force him to sp^nd much 
valuable time in searching through Blackstone. Take it all in all, the author is to 
be heartilv commended and we would like to see his work used as a text book in 
Dot only the University of Michigan but in all the leading law schools of the country. 
For the benefit of them who have not had the pleasure of perusing it we can state 
that it is a series of some nineteen large charts each about 2 feet by iH handsomely 
bound so that the entire subject may be embraced in series of sweeping glances. — 
Law JourntUf N. Y, 
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MEADER. — Chronological Outline of Roman Literature. By C. L. 
Meader, A.B., Instructor in Latin in University of Michigan 
Chart, 25 cents. 

MICHIGAN BOOK.— rA^ U. of M, Book. A Record of Student Life 
and Student Organizations in the University of Michigan. Articles 
contributed by members of the Faculty and by prominent Alumni. 
$1.50. 

MONTGOMERY-SMITH.— Ztf^^rfl/<?rj^ Manual of Elementary Chem- 
istry. By Jabez Montgomery, Ph.D., Professor of Natural Science, 
Ann Arbor High School, and Roy B. Smith, Assistant Profes- 
sor in Chemical Laboratory, Ann Arbor High School. 12 mo. 150 
pages. Cloth, $1.00. 

This Work is intended as a laboratory guide to be used in connection with a good 
text-book or course of ieciures, and in its arrangement and scope it is based upon 
the practical experience of two instructors in the Ann Arbor High School. It is 
therefore restricted to snch work as may be done by the average high school pupil. 
The experiments which are directed are given more to enable the student to compre- 
hend the methods of analytical chemistry than to acquire particular proficiency in 
the work of chemical analysis. The work is characterized by minuteness of explan- 
ation, a feature which will be appreciated by the beginner. — PlxarmoceulidiaX tira 

NETTO. — The Theory of Substitutions and its Application to Algebra. 
By Dr. Eugene Netto, Professor of Mathematics in the University of 
Giessen. Revised by the author and translated with his permission, 
by F. N. Cole, Ph.D., formerly Assistant Professor of Mathematics 
in the University of Michigan, Professor of Mathematics, Columbia 
University. 8 vo. 301 pages. Cloth. ^JJs.oo. 

NOVY. — Laboratory Work in Physiological Chemistry. By Frederick G. 
Novy, Sc.D., M.D., Junior Professor of Hygiene and Physiological 
Chemistry, University of Michigan. Second edition, revised and 
enlarged. With frontispiece and 24 illustrations. Octavo. Cloth, 
$2.00. 

This book is designed for directing laboratory work of medical students, and in 
showing them how to study the physics and physiology of the digestive functions of 
the blood, the urine and other substances which the body contains normally, or 
which it speedily eliminates as effete material. The second edition has appeared 
within a very short time after the publication of the first. The first chapters deal 
with the facts the carbohydrates and proieids. Then follow others upon the saliva, 
the gastric juice, the pancreatic secretion, the bile, blood, milk, and urine, while the 
closing chapter deals with a list of reagents. 

While the book is manifestly designed for the use of Dr. Novy's own students, we 
doubt not that other teachers will find it a valuable aid in their work. At the close 
of the volume are a number of illustrations of the various sedimentary substances 
found in the urine, taken from the work of von Jaksch.— T/UJ r?i*'rai>etituj Woze/te 

This book, although now in its second edition, is practically unknown to British 
readers. Up to the present, anyone wishing to find out how a particular analytical 
method in physiological chemistry ought to be carried out, had of necessity to reier 
to a German text-book. This comparatively small book— for it only covers some 
three hundred pages — gives as good a general account of ordinary laboratory methods 
as any teacher or student could desire. Although the author refers in his preface to 
help derived from the works of Salkowski, Hammarsten and others, it is but fair to 
say that the book has undoubtedly been written by one who has worked out ihe- 
methods and knows the importance of exact practical details— £>dinbur(]f/l Jlfed. 
Jour., Scotland 

Physiological chemistry is one of the most important studies of the medical curri- 
culum. The cultivation of this field has until recently been possible to but few. 
The rapid development of this department of science within a few years past has 
thrown much and needed light upon physiological processes. It is from this quarter 
and from bacteriological investigations that progress must chiefly be expected. The 
rapid growth of this branch of chemistry is attended by another result. It necessi- 
tates the frequent revision of text-books. The present edition of Dr. Novy's valu- 
able book is almost wholly re-written. It is representative of the present state of 
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knowledge and is replete with information of value alike to student and practitioner. 
Few are better prepared to write such a book than Dr. Novy, who has himself done 
much original work in this field.— T/u; Medical BuUtun. Hhilad Uthta, 

This is a greatly enlarged edition of Dr. Novy's work on Phy&iologtcal Chemistry, 
and contains a large amount of new material not found in the former edition. It is 
designed as a text-book and guide for students in experimental work in the labora- 
tory, and does not therefore cover the same ground as the works of Gamgee, Lea, 
ana other authors of books on physiological chemistry. As a laboratory guide it 
should be adopted by our medical colleges throughout the country, because it is an 
American production, contains only such directions and descriptions as have been 
verified by actual practice with students, and because it is clear, concise and definite 
in all its statements. Its Urst ten chapters treat of fats, carbohydrates, proteins, 
saliva, gastric juice pancreatic secretionf bile, blood, milk, a' d urine. Chapter xi. 
is devoted to tne quantitative analysis of urine, milk, gastric juice, and blood, while 
chapter xii. gives tables for examination of urine and a list of reagents.^^m. 
Medico-SuraUial BvdUtxn^ A. F. 

NOVY. — Laboratory Work in Bacteriology. By Frederick G. Novy, Sc. 
D., M^D., Junior Professor of Hygiene and Physiological Cheniistry, 
University of Michigan. Second edition, entirely re-written and 
enlarged, 563 pages. Octavo. $3.00. 

As a teacher of bacteriolo|;y, the author has had extensive experience, and the 
second edition of his book will be highly prized by students for its practical service 
and thoroughness. The methods of investigation described are mainly those which 
have been employed in the hygienic laboratory or the University of Michigan, and 
they have stood the test of practical demonstration and usefulness. One of the 
most interesting parts of the book is the chapter on the chemistry of bactet ia, and 
the general reader cannot fail to obtain from it a clear understanding of the com- 
plex changes induced by these minute organisms. The functions of the various 
ferments are also very cleverly discussed. An enumeration of the chapter headings 
will serve to show the scope of the work : Form and Classification of Bacteria; Size 
and Structure of Bacterial Cell; Life History of Bacteria; Environment of Bacteria; 
Chemistry of bacteria; the Microscope; Cultivation of Bacteria; Non-Pathogenic 
Bacteria; Bouillon, Agar, Milk and Modified Media, the Incubator and Accessories; 
Relation of Bacteria to Disease — Methods of Infection and Examination ; Patho- 
genic Bacteria; Yeasts, Moulds and Streptotrices ; Examination of Water, Soil and 
Air; Special Methods of Work. To the latter subject, two chapters are devoted, 
in which are very fully outlined various special methods of value to advanced 
students.— Pharmaceutical Era, N. T. 

This book is intended for the student and seems admirably to subserve the pur- 
pose for which it has been written. The arran(;ement of the subject-matter con- 
forms closely to that followed in the Hygienic Laboratory of the University of 
Michigan. Those methods only are described that have withstood the test of prac- 
tical experience. Many of the methods and son. e of the apparatus are original. 
Illustrations of bacteria and descriptions of cultural peculiarities have been 
omitted, inasmuch as the student is expected to learn these from personal observa- 
tion. The work is divided into 15 chapters under the following headings . Form and 
classification of bacteria; size and structure of the bacteual cell: the life-history of 
bacteria; the environment of bacteria; the chemistry of bacteria; the microscope; 
the hanging drop; simple staining; gelatin and potato media; cultivation of bac- 
teria; the nonpathogenic bacteria; bouillon, agar, milk, and modified media; the 
incubator and accessories; relation of bacteria to disease, methods of infection and 
examination; the pathogenic bacteria; yeasts, moulds, and streptothrices : examina- 
tion of water, soil and air; special methods of vrork.—PniladeipAia Medical 
Journal, 

REED-GUTHE. — A Manual of Physical Measurements, By John O. 
Reed, Junior Professor of Physics, University of Michigan, and 
Karl E. Guthe, Assistant Professor of Physics, University of Michi- 
gan. 185 pages, 89 illustrations: Octavo. ]S5i.5o. 

REED. — College Physics, For Students in Academies and Colleges. 
Physics I. Mechanics — Sound — Light, By John O. Reed, Junior 
Professor of Physics University of Michigan. Octavo. Cloth. 300 
pages. $1,^^, 

KOOl>.— Important English Statutes, Edited by John R. Rood, Uni- 
versity of Michigan. 8vo. 24 pages. Imitation leather, 25 cents. 
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This pamphlet contains the Statute of Frauds (39 Car. II. c. 3) complete, also 
Lotd Campbell's Act, the Mandamus Act of 9 Anne, and the Victorian Wills Act. 
The intention is to furnish students a copy of all those important English statutes 
which have been generally re-enacted in the American statutes and are therefore 
prominent in his courses of study. 

ROOD. — On Attachments^ Garnishments^ JudgmentSj and Executions. By 
John R. Rood, University of Michigan. The table of contents, 
table of cases, and text cover 183 pages. The leading and illustra- 
tive cases and notes cover 514 pages. A very full index has been 
compressed into 36 pages. ^Total 733 pages. The two books 
bound as one, in buckram, for one price. ^3.00. Octavo. 

The text is not claimed to be exhaustive upon any point. To make it so would 
defeat the very purpose for which it was written A tree is not complete without all 
its foliage, but the outline of the branches cannot be clearly seen till the leaves have 
fallen. In the present discussion, details have been similarly omitted so that the 
more important matters can be seen. Anson on Contracts may be said to cover all the 
matters treated in the elaborate works on particular contracts, such as sales, agency, 
partnership, suretyship, deeds, mortgages, etc In like manner this manual is 
intended to explain all the m9tters covered by the extensive treatises on jurisdiction, 
judgments, res judicata, attachment, garnishment, and executions. It is not de- 
signed to trespass on the field occupied by any of these books, but to give what 
none of them do or can — a clear outline of the whole, without that cloud of details 
and the confusing review of inconsistent decisions upon them, which the writer of a 
complete text must give. In this way, it is hoped that a comprehensive view of 
broad fundamental principles may be obtained, with a clear vision of the relations 
between each part and all the others, and of the successive steps in each pro- 
ceeding from beginning to end. 

SOLIS. — The Diagnosis of Diseases of the Cord, Location of Lesions, 
By Dr. Grasset. Translated by Jeanne C. Solis, M.D., Demon- 
strator of Nervous Diseases and Electrothereapeutics in the Uni- 
versity of Michigan. 9S pages. Cloth, 65 cents. 

STRUMP£LL. — Short Guide for the Clinical Examination of Patients. 
Compiled for the Practical Students of the Clinic, by Professor Dr. 
Adolf Striimpell, Director of the Medical Clinic in Erlangen. Trans- 
lated by permission from the third German edition, by Jos. L. Abt. 
Cloth, 39 pages, 35 cents. 

Preface to the Second Edition. — The second edition of this book has been 
improved by me in several parts, and particularly the sections treating of the exam- 
ination of the stomach and nervous system nave been slightly extended. The author 
trusts that the book may also fulfill its purpose in the future, in assisting the student 
to learn a systematic examination of the patient, and to impress on him the most 
importaut requisite means and methods. 

SUNDERLAND.— t>«<f Upward Look Each Day. Poems of Hope ana 
Faith. Selected by J. T. Sunderland. Third Edition, 16 mo 
White Binding, 30 cents; Cloth, 40 cents; Full morocco, 75 cents. 

SUNDERLAND— 6J^r«««j of Gold. Some Thoughts and a Brief Prayer 
For Each Day of the Months. Designed as Daily Helps in the 
Higher Life. Compiled by J. T. Sunderland. White Binding, 35 
cents. 

WARTHIN. — Practical Pathology for Students and Physicians. A 
Manual of Laboratory and Post-Mortem Technic, Designed Espe- 
cially for the Use of funior and Senior Students in Pathology at 
the University of Michigan. By Aldred Scott Warthin, Ph.D., M. 
D., Instructor in Pathology, University of Michigan. Octavo. 234 
pages. Cloth, $1.50. 

We have carefully examined this book, and our advice to every student and prac- 
titioner of medicine is — buy it. You will never regret having invested your money in 
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it, and you will acquire such a large fund of information that the study of pathology 
will becnme a pleasure instead of the drudgery which it so unfortunately seems to 
be in many cases. 

Part i. of thib book, embracing some 103 pages, deals with the materials, which 
includes the proper examination and notation of the gross changes which have 
occurred in every part of the body. In fact it is a complete expose of what a com- 
plete and accurate autopsy should be, the observance of which is oftener followed 
in the breach than in the actuality. Part II., which includes 134 pases, deals with 
the treatment of the material. This is a very important part of tne*work, as it gives 
explicit directions in regard to the instruments to use, stains and staining methods, 
drawing, the preservation of specimens, hardening methods, in fact, of all those 
technical points connected with practical pathological microscopy. The examina- 
tion of fresh specimens, injections, methods fixing specimens as well as special 
staining methods are taken up. In fact, space forbids us to give the entire, which 
are most valuable in every detail.^tSC. IjmU Medical and Surgical Journal. 

WARTHIN.— /^ Blank Book for Autopsy Protocols. Second Edition. 

By Aldred Scott Warthin, M.D., Ph.D., Assistant Professor of 

Patholc^y in the University of Michigan. Bound in Full Canvass, 

50 cents. . 

The medical student at the University of Michigan is expected to attend twenty 
autopsies during the last two years of his studies, and this book is designed to 
facilitate the keeping of a careful protocol, which he is required to make in every 
case. The book is of a convenient eize and can accommodate the autopsy protocols 
of ten cases. Each autopsy is allowed ten pages, carefully ruled for the various 
organs. 

WATSON. — Tables for the Calculation of Simple or Compound Intet est 
and Discount and the Averaging of Accounts. The Values of 
Annuities^ Leases^ Interest in Estates and the Accumulations and 
Values of Investments at Simple or Compound Interest for all Rates 
and Periods; also Tables for the Conversion of Securities and Value 
of Stocks and Bonds. With full Explanation for Use. By James 
C. Watson, Ph.D., LL.D. Quarto. Cloth, $2.50. 

A book most valuable to bankers, brokers, trustees, guardians, judges, lawyers, 
accountants, and all concerned in the computation of interest, the division and set- 
lement of estates, the negotiation of securities, or the borrowing and lending of 
money, is the above work of the late Professor James C. Watson, formerly Director 
of the Observatories and Professor of Astronomy at the Universities of Michigan 
and Wisconsin, and Actuary of the Michigan Mutual Life Insurance Company. 

It contains, in addition to the usual tables for the calculation of simi^le or com- 
pound interest and discount, many tables of remarkable value, not found'^elsewhere, 
for the averaging of accoutn<, the values of annuities, leases, interests in estates, 
and the accumulations and values of investments; also tables for the conversion of 
securities, and the values of stocks and bonds. 

• There are also given very full and clear explanations of the principles involved in 
financial transactions, and a great variety of miscellaneous examples are worked 
out in detail to illustrate the problems arisinje; in interest, discount, partial payments, 
averaging of accounts, present values, annuities of different kinds, annual payments 
for a future expectation (as in life insurance), or for a sinking fund, conversion of 
securities, values of stocks and bonds, and life interests. 

This book was issued from the press under the author's careful supervision. 
Professor Watson was noted for his clear insight into problems involving computa* 
tions. and also for his wonderful ability in presenting the method of solution of such 
problems *n a plain and simple manner. The varied array of practical examples 
given in connect on with his "Table ^' shows these facts in a remarkable manner. 
This book provides, for those least expert in calculations, the means of avoiding 
mistakes likely to occur; and for the man engrossed in the cares of business, the 
means of making for himself, with entire accuracy, the calculation which he may 
need, at the moment when it is needed. 

WRENTMORE-GOULDING.— ^ Text-Book of Elementary Mechan- 
ical Drawing for Use in Office or School. By Clarence G. W rent- 
more, B.S., C.E., and Herbert J. Goulding, B.S., M.E., Instructors 
in Descriptive Geometry and Drawing at the University of Michigan. 
Quarto. 109 pages and 165 cuts. $1.00. 

This book is intended for a beginners course in Elementary Mechanical Drawing 
for the office and school. Illustrations have not been spared, and the explanations 
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have been made in a clear and concise manner for the purpose of bringing the stu- 
dent to the desired results by the shortest route consistent with the imparting of an 
accurate knowledge of the subject^ 

The first chapter is devotea to Materials and Instruments; the second chapter, 
Mechanical Construction; third chapter, Penciling Inking, Tinting; fourth chap- 
ter, Linear Perspective; fifth chapter. Teeth of Gears. 

WRENTMOJIE.— /%»•» Alphabets for Offiice and &:hooL Selected by 
C. G. Wrentmore, B.S., C.E., Instructor in Descriptive Geometry 
and Drawing, University of Michigan. Oblong. 19 plates. Half 
leather, 75 cents. 

REV. J. T. YOUNG— '*Mormomsm: Its Origin, Doctrines, and 
Dangers,^* Pamphlet. 72 pages. 25 cents. 

This brochure of seventy pages In paper covers is a sharp attack on the Mormon 
system, showing that its beginnings were in fraud and villainy, that its doctrines 
are debasing, and that its continuance in the United States is a political and reli- 
gious menace. If Mormonism is one-tenth as bad as this booklet represents, the 
marvel is that the viper life was not crushed out long ago. — The Standard^ Chicago, 

Souvenir of the University of Michi^^an, Ann Arbor. Containing 38 
photo-gravures of President James B. Angell, prominent University 
Buildings, Fraternity Houses, Churches, Views of Ann Arbor, Etc., 
Etc. Done up in blue silk cloth binding. Price, 50 cents, postpaid. 

Physical Laboratory Note Book. — A Note Book for the Physical Lab- 
oratory. Designed to be used in connection with any Physical 
Laboratory Manual. Contains full directions for keeping a Physical 
Laboratory Note Book. 112 pages of excellent ledger writing pap)er, 
ruled in cross sections. Metric System, size 7x9^ inches. Bound in 
full canvass, leather corners. Price, by mail, 30 cents. Special 
prices to Schools furnished on application. 

Sotanical Laboratory Note Book. — A Note Book for the Botanical Lab- 
oratory. 200 pages of best writing paper, ruled with top mai^ns. 
Pocket on inside of front cover for drawing cards. Bound in sub- 
stantial cloth cover and leather back. Size 6x 9^. Price, by mail, 
35 cents. Special prices to schools furnished on application. 

Bngineering Laboratory Note Book. — A Note Book for the Engineering 
Laboratory, University of Michigan^ Full sheep binding. Size 
5^x8. Contains 200 pages. (With general directions. Cross sec- 
tion ruled). Price 75 cents. 

Field Engineering Note Book, Surveying. — 200 pages. Cross section 
ruled. Full Sheep binding, 50 cents. 
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